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Abstract 

This paper presents a toolkit for measuring and analysing inter-individual inequality in length of life by Gini 
coefficient. Gini coefficient is treated as an additional function of the life table. A new method for the estimation of  

Gini coefficient from life table data has been developed and tested on the basis of hundreds of life tables. The 
method provides precise estimates of Gini coefficient for abridged life tables even if the last age group is 85+. New 
formulae have been derived for the decomposition of differences in Gini coefficient by age and cause of death. A 

method for further decomposition of age-components into effects of mortality and population group has been 
developed. It permits the linking of inter-individual inequalities in length of life with inter-group inequalities. 

Empirical examples include the decomposition of secular decrease in Gini coefficient in the USA by age, 
decomposition of the difference in Gini coefficient between the UK and the USA by age and cause of death, 

temporal changes in the effects of elimination of causes of death on Gini coefficient, and decomposition of changes 
in Gini coefficient in Russia by age and educational group. Consideration of the variations in Gini coefficient during 
the last decades and across modern populations show that these variations are driven not only by historical shifts in 

the distribution of deaths by age, but also by peculiar health and social situations. 
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Introduction 
In present, the average level of length of life is high in many countries and it is interesting to 
study to what extent this advantage is equally accessible to all people. This is why measures of 
heterogeneity in respect to length of life attract growing attention (Anand et al., 2001). Gini 
coefficient is a very useful measure of inequality in age at death (or length of life) in practical 
terms reflecting degrees of variability in age at death. As a formal construct Gini coefficient has 
significant similarities with life expectancy, which allow applying similar methods for its 
calculation or decomposition. 

Gini coefficient is the most common statistical index of diversity or inequality in social sciences 
(Kendall and Stuart, 1969, Allison, 1978). It is widely used in econometrics as a standard 
measure of inter-individual or inter-household inequality in income or wealth (Atkinson, 1970 
and 1980, Sen, 1973, Anand, 1983).  

In a number of studies Gini coefficient has been applied to mortality schedules. It has been 
employed for analyses of the variation in degree of people's inequality in the face of death over 
time and across countries. In some studies, Gini coefficient was used to measure variability in 
levels of mortality among socio-economic groups (Leclerc et al., 1990). However, in most 
studies it expressed inter-individual variability in age at death (Le Grand, 1987, 1989, Illsey and 
Le Grand, 1987, Silber, 1989, 1992, Llorka et al., 1998). 

Raimond Illsey and Julian Le Grand (1987), who justified the use of Gini coefficient for the 
analysis of inequality in health in the 1980s, stressed that the individual-based measurement of 
inequality in health is a way to a universal comparability of degrees of inequality over time and 
across countries. This makes a difference to the problematic comparability of group-based 
(social class-based) measurement of inequality in health, which can be biased by differences in 
subjective labels of social classes and differences in their relative sizes (degrees of group's 
selectivity). In addition, there is a difficulty in attaching social-class labels to people who are not 
at working ages or do not work for some other reasons. 

By all means, it is worth understanding that greater or lower values of Gini coefficient or other 
measures of individual variability in age at death show a greater or lower magnitude of inter-
individual differences, but do not necessarily correspond to greater or lower degrees of social 
inequality in mortality/health. A principal divide between group-based and individual-based 
ways of measuring inequalities played a major role in the dispute of the results of the famous 
Black's report (Black et al., 1980) by Le Grand and Rabin (1986). 

Illsey and Le Grand (1987) computed Gini coefficient from distributions of deaths by age in real 
populations. In order to avoid a bias due to different age structures, a standard population age 
structure was used for weighting. This approach is the same as that in economics since age at 
death and population distributions are independent from each other, exactly like income and 
population in econometrics.  

Other researchers have linked Gini coefficient and other measures of inter-individual inequality 
in age at death with the life table (Hanada, 1983, Silber, 1992, Wilmoth and Horiuchi, 1999, 
Anand, Nanthikesan, 2000, Anand et al., 2001). In this case, the constitution of inequality indices 
becomes more complex since "population" is determined by the life table cohort's survival and, 
therefore, depends on mortality.    

Gini coefficient has also been considered, among other indices of inequality, as a possible 
measure of the rectangularization of survival curves in human populations (Wilmoth and 
Horiuchi, 1999). This approach is closely linked to the wider agenda of studying historical 
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evolution of human mortality, mortality compression and limits of the human life span (Fries, 
1980, Myers and Manton, 1984, Kannisto et al., 1994, Wilmoth and Lundström, 1996, Lynch 
and Brown, 2001).   

The present study has a more utilitarian purpose. It provides a toolkit for operating with Gini 
coefficient as a possible standard function of the life table. Using some of its features we have 
introduced a simple method for its computation from discrete data. We have also given a new 
formula for decomposing differences between two Gini coefficients by age and cause of death. 
We have applied a more general algorithm for additional decomposition of differences in Gini 
coefficient or life expectancy by population group. Finally, variations in Gini coefficient in time 
and across countries during the last decades have been considered.  

       

1. Definitions 
The most common geometric definition of Gini coefficient is based on the Lorenz (or 
concentration) curve. It represents cumulative income share as a function of cumulative 
population share. If a population share is always exactly equal to a share in overall income then 
there is a situation of perfect equality.    

Applying this device to mortality-by-age schedules, one can imagine a person’s years lived from 
birth to death to be "income" and cumulative death numbers to be "population". Hence, the 
Lorenz curve can be defined on the basis of a complete life table as a set of points with  
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ω  , where ω is the oldest age in the life table, x  runs from 0 to ω , 

t is the mean age at death of individuals dying between the exact ages t and t+1. 

For each Lorenz curve Gini coefficient is defined as an area between the diagonal and this curve, 
divided by the whole area below the diagonal (equal to 1/2). If one believes that the Lorenz 
curve can be approximated by a number of straight line segments, then Gini coefficient can be 
computed as (Anand, 1983): 
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--- Figure 1 about here --- 

 

Figure 1 shows Lorenz curves for three female life tables describing the very different female 
mortality patterns of Sweden, Russia, and Bangladesh in 1995. The higher the level of life 
expectancy at birth, the lower the level of inequality in age at death. 

In formula (1) the sum covers the whole range of ages. Apparently, the upper and lower limits of 
summation in formula (1) can be changed. For example, one might be interested in the inequality 
in age at death for ages above 15 ( 15G ) or between 20 and 65 ( 65|20G ). The values of Gini 
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coefficient can be computed for different ranges of ages exactly as for life expectancy. Figure 2 
demonstrates xG−1  curves for Swedish men and women in 1920 and 1995. 

----- Figure 2 about here --- 

 

The definition of the Gini coefficient by Kendall and Stuart (1966) is also helpful in 
understanding its nature. If the population under consideration consists of n  individuals, then the 
Gini coefficient is one-half of the average of absolute differences between all pairs of individual 
ages at death divided by the average length of life    
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This expression can be re-written in terms of the standard life table functions as 
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Gini coefficient has a number of properties described elsewhere (Anand, 1983, Goodwin and 
Vaupel, 1985). These are, for example, mean and scale independence and population size 
independence. The coefficient varies between 0 and 1. It is equal to zero if all people in a 
population die at the same age, and equal to 1 if all people die at age 0 and one individual at an 
infinitely old age. 

Discrete approximation (1) of the Gini coefficient is satisfactory only if deaths are evenly or 
almost evenly distributed within each elementary age interval. This condition can be violated in 
the case of 5-year age intervals in abridged life tables. Formula (2) is simple to understand and 
exact, but hardly applicable for practical calculations.  

For further consideration we will use a continuous expression of the Gini coefficient derived by 
K.Hanada (1983)  
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Most importantly, this formula is quite similar to the one for life expectancy ∫
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0 )( dxxle . It 

suggests that for practical calculation the area under the curve 2)]([ xl  should be estimated 
similarly to the area under curve )(xl  for the life expectancy.     

2. Computation from discrete data: complete and abridged life 
tables 

 The availability of life tables for a population presumes an ability to estimate the integral 
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For an elementary age interval [ ]1, +xx  parameter xA is the average share of the interval lived 

by individuals, who die within the interval. These parameters are known from the life 

table
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Let us assume that the integral [ ]∫
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Unknown parameters xÂ are to be estimated. For ages 0>x survival function )( txl +  can be 

defined as a parabola within the elementary age interval 10 ≤≤ t . A parabola having the value 

xl  at 0=t  and the value 1+xl  at 1=t  with the integral from 0 to 1 equal to xL is 

)1()(6)()( 11 −−+−+=+ ++ ttllCtllltxl xxxxxx ,     (5) 

where 
2

1−= xx AC . 

It is possible then to determine a polynomial of the fourth degree for the function of our interest 
[ ]2)( txl +  (see Appendix 1 for more details) and to derive the expression for xÂ  by using (4) 
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For a simple case where life table deaths are evenly distributed within an elementary age interval 

2

1=xA  and 0=xC  formula (6) yields 
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It implies that 
2

1ˆ =xA  if 0=xq  and 
3

1ˆ =xA  if 1=xq . If the probability of death is low (which 

is true for most of the ages in a complete life table) then the difference between xÂ  and xA  is 

also very small. At old ages, where the probability of dying is higher, the decrease in [ ] 2)(xl  

becomes considerably steeper than that of the decrease in )(xl  and the deviation of xÂ  from xA  

becomes greater. xÂ  tends to be smaller than xA , consequently, a numerical integration (4) of the 

function [ ] 2)(xl  by using the original life table xA  instead of "true" parameters xÂ  would result 

in some underestimation of 0G . 

Formula (6) is also valid for an abridged life table if an elementary age interval [ ]nxx +,  

parameter xA  is defined as 
nxx

nxxn
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 and, therefore is varying between 0 and 1.  

Formula (6) would not work in a proper way for 0=x  because during the first year of life )(xl  
falls much steeper than it can be predicted by a quadratic polynomial. The use of the formula by 
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J.Borgois-Pichat (1951) instead of a parabola (Appendix 2) solves the problem for age 0 and 
results in  
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Let us, finally, find a solution for an open-age interval. For many countries mortality data 
running up to the highest ages are hardly available. For example, in the WHO Mortality 
Database (2001) the last age group is typically 85+. Fortunately, the Berkeley Mortality 
Database (Berkeley Mortality Database, 2000) provides 334 complete life tables for Japan, 
France, Sweden, and the USA with single-year age groups running up to 110. It gives the 

opportunity to establish a statistical relationship between "exact" values of 85Â  equal to 
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relationships:  

8585 680.0440.0ˆ eA ⋅+−=  for women, 8585 626.0227.0ˆ eA ⋅+−=  for men (8) 

Formulae (6), (7), and (8) give a set of parameters xÂ  for a correct numerical integration of the 

function [ ] 2)(xl . 

Table 1 shows the magnitudes of errors depending on the type of input data (complete life tables, 
abridged life tables or abridged life tables with last age 85+) and the way of computation (with 

xA  or xÂ ). Complete life tables for Sweden for the years 1861, 1900, 1920, 1940, 1960, 1980, 

and 1995 were taken from the Berkeley Mortality Database (2001). Abridged life tables and 
abridged life tables with the last age group 85+ were made from complete life tables in a 
conventional way. Table 1 suggests that if the data of compete life tables without upper age limit 

are available, then it is not so important whether the original xA  or modified xÂ  are used. 

Although in the former case where 0G  estimates are systematically lower than the correct ones, 

the deviation is very small. The difference between the functions [ ] 2)(xl  and )(xl  are greater at 
ages of rapid changes in mortality (infant and old ages). Consequently, the errors are somewhat 
greater for historical populations with a high proportion of deaths in infancy and for modern 
populations with a high proportion of deaths at very old ages.  

The values of 0G  computed with xA  are relatively imprecise for abridged life tables, especially 
if the last age group is 85+ (Table 1). Importantly, the error has tended to increase quite 
significantly in the last decades because the proportion of deaths occurring at ages above 85 is 
increasing steeply. 

In all cases the use of modified parameters xÂ  reduce errors a great deal and in most cases they 
are very slight. In order to re-check our prior results on the data, which had not been used to 

estimate 85Â , we made another comparison. First, we computed 0G *100 values from 89 
complete life tables (from the V.Kannisto's collection of life tables) with the last age group from 
90 to 110 (mostly 100-105) for a diverse set of countries and years ("exact" estimates). Second, 

we computed two estimates of 0G *100 using xA  or xÂ  from 89 abridged life tables with the last 
age 85+, corresponding to the complete life tables. For men the average difference from "exact" 

estimates was 0.189 for xA -estimates and 0.014 for xÂ -estimates. For women the equivalent 
figures were 0.291 and 0.026, respectively. 
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Finally, Figure 3 shows the deviations of different 1000 ⋅G  estimates from the "exact" estimates 

(computed from complete life tables with the last age 110 combined with using xÂ ) for 334 life 

tables from the Berkeley Mortality Database. It also completely confirms the results of Table 1 
on the basis of a large number of mortality schedules. In addition, Figure 3 shows that in most 
recent years estimates of 0G computed from female abridged life tables with the last age group 

85+ using xÂ  have been shifting slightly upwards from thir true values. This is a sign that the 

use of 85Â  can not replace data on mortality at ages above 85 if the proportion of life table deaths 

at ages over 85 is high. At present, respective error is small, but it would increase with time and 
in the future it will be necessary to use mortality data by age for ages above 85. 

 

  

3. Decomposition of differences between Gini coefficients. Effects 
of age, cause of death and population composition. 

Age 
When analysing changes in life expectancy in time or its variations across countries it is useful to 
be able to decompose observed differences by age and cause of death. This gives the opportunity 
of linking variations in overall life expectancy with differences in mortality rates in elementary 
age-cause categories to the overall difference in life expectancy.  

For a similar reason the idea of  decomposition of differences between two Gini coefficients 
arises. The age- and cause-specific components would show to what extent differences in 
elementary mortality rates at different ages and from different causes of death influence the 
overall difference in degrees of inequality in length of life. 

The discrete method for the decomposition of a difference between two life expectancies by age 
was independently developed in the 1980s by three researchers from Russia, USA, and France 
(Andreev, 1982, Arriaga, 1984, Pressat, 1985). The formula of decomposition by E.Andreev is 
exactly equivalent to that of R.Pressat.  The formula by E.Arriaga is written in a slightly different 
form, but is actually equivalent to the formula by Andreev and Pressat (Appendix 3). A 
continuous version of the method of decomposition by age was developed by J.Pollard (Pollard, 
1982). 

All these methods are based on the idea of standardisation or replacement (Kitagawa, 1955). If 
there are two populations under consideration then mortality rates of the first population are to be 
replaced in an age-by-age mode by mortality rates of the second population or vice versa. The 
contribution of a particular age group x  to the overall difference in life expectancy can be 
computed as the difference between life expectancy of the first population and the life 
expectancy of the first population after replacement of mortality rate at age x  by respective 
mortality rate of the second population.  

Let us, first, apply this general algorithm to life expectancy at birth and demonstrate that it leads 
to the conventional formula of decomposition. Let ][ xµ  be the force of mortality function equal 
to the force of mortality of the second population )(tµ ′  if xt ≤  and equal to the force of 
mortality of the first population )(tµ  if xt > . Then the difference in life expectancy at birth 
produced by replacement of force of mortality from 0 to x  is  
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where ∫=
x

x dttlL
0

|0 )( . The first additive term in the expression is the effect of replacement at ages 

under x , the second additive term is the effect of replacement at ages under x on length of life 
after age x . If the range of ages is divided into n intervals ],[ 1+ii xx  then the overall difference 

between the two life expectancies can be decomposed into age-specific contributions as 
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iδ  can be regarded as a contribution of the age interval ],[ 1+ii xx  to the overall difference 

between life expectancies at birth. Using (10) and (9) we easily come to the conventional 
formula of decomposition by Andreev and Pressat 
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On the other hand, it is clear that  
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where ][ ixΜ  is a vector of age-specific mortality rates with elements xm′  for ixx ≤  and xm  for 

ixx ≥ . In fact, formula (11) can be considered as a general procedure for decomposition by age 

of a difference in aggregate measures based on the life table. It determines a stepwise 
replacement of one mortality schedule by another one, beginning from the youngest to the oldest 
age group.  

Why does the replacement go from younger to older ages? Generally speaking, it can be 
organised differently. For example, it could go from old to young ages (Pollard, 1988) or in some 
other way. It seems, however, that a certain tradition has been already established and there is no 
reason to re-consider it at present. In addition, it is natural to move from young ages to old ages, 
following the ageing of the life table cohort. 

It is possible now to obtain a decomposition formula for 0G . Using the definition (3) similarly to 

(9), the difference induced by mortality replacement at age x  and younger ages can be expressed 
as 
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The decomposition of the difference in Gini coefficient by age group similar to (10) is  
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and a general procedure for the computation of age-specific components of difference is  

  )()( ][
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1 ii xx
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Formulae (12), (13) allow a difference to be split between two Gini coefficients according to age 
groups. Similar to life expectancy (Andreev, 1982, Pressat, 1985, see also Appendix 3), the 
results of decomposition are not exactly the same for the difference 00 GG −′ in comparison to the 



 9 

difference 00 GG ′− . That is to say that it does matter which mortality schedule is the basic one 

which has to be replaced by another one. A conventional way to avoid this problem is to perform 
the decomposition (13), (14) twice and then to average the resulting age-specific components. 

Formulae (12), (13) are analytical expressions permitting a direct computation. Numerical 
integration for values of xθ  and x|0θ can be completed by using the technique developed in the 

previous section. 

Procedure (14) can also be used for computation instead of (12), (13), but it is more laborious. 
However, we will demonstrate later that it can be used for other types of decomposition (for 
example, by age and social group), where analytical expressions for components are not easily 
available. 

Table 2 shows the results of the decomposition of increase in life expectancy at birth and of the 
decrease in the Gini coefficient in the USA between 1900 and 1995. The results for Gini 
coefficients are very consistent with those of Wilmoth and Horiuchi (1999). The total increase in 
life expectancy at birth is about 26 years for men and 30 years for women and the total decrease 
in 1000 ⋅G is about 24 for both sexes. About 55% of the overall increase in life expectancy is due 

to a decrease in mortality at ages 0-14, a 35% increase in life expectancy for men and 39% for 
women is due to a decrease in mortality at ages 15-64 and a further 9% increase for men and 
17% for women is due to a dcrease in mortality at ages 65 and older. The overall decrease in 
Gini coefficient is distributed differently. The proportion of the decrease due to the youngest age 
group 0-14 is much higher (78% for men and 70% for women), the proportion of the medium 
age group is somewhat lower (27% for men and 37% for women) and the oldest age group made 
a negative contribution of –5%. 

--- Table 2 about here --- 

Gini coefficient decreases when life table deaths concentrate around the average age at death. It 
appears to be very sensitive to mortality reductions in infants and children. On the other hand, 
the increase in life table deaths at very old ages makes the overall distribution of life table deaths 
more unequal as long as these ages are far apart from the average age at death. It does not mean 
that low mortality at old ages is bad for equality. It means that the relatively high remaining 
number of deaths at young and middle ages results in a relatively low average age at death. 
Using analogy with income one can say that it is bad that a relatively large number of people are 
still "poor" (deaths at young and middle ages) and it is not bad that some people are rich (deaths 
at old ages).  

 

Age and cause of death 
With the help of the definition (3) formula (12) can be re-written without xe |0  and x|0θ  as 
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The following relations are true for a small ∆x:   

 l l xx x x x+ = −∆ ∆( )1 µ , e e e xx x x x x+ = − −∆ ∆( )1 µ ,  θ θ µ θx x x x x x+ = − −∆ ∆( )1 2 . 

Applying (13) and (15) to a small age interval ],[ xxx ∆+  after some transformations one can 
yield  
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Integrating (16) from ix  to 1+ix  yields 
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If there are m causes of death then ∑
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otherwise (in relatively rare cases) a numerical integration would be necessary to compute cause-
specific components according to  

  ∫
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A comparison between the USA and the UK in male life expectancy at birth and Gini coefficient 
in the year 1997 is given as an example of decomposition by age- and cause of death (Figure 4). 
The life expectancy of men is very similar in both countries. The difference is only one year in 
favour of the UK (or 1.4%). However, there is a significant 16% difference in Gini coefficients 
in favour of the UK.  

Figure 4 shows age- and cause-specific components of the difference. The advantage of the UK 
in male life expectancy (left panel of Figure 4) is mostly due to lower mortality rates regarding 
external causes of death (accidents and violence) at ages from 15 to 50 and, to some extend, to 
lower mortality rates regarding circulatory disease and cancers at ages from 40 to 59. However, 
this advantage is almost balanced by the effects of lower mortality in the USA at ages above 65 
regarding circulatory and respiratory diseases and cancers. 

The weight of external causes of death at young adult ages is higher in the UK-USA difference 
in Gini coefficients (right panel of Figure 4) than that in the difference in life expectancies at 
birth. In addition, low mortality at old ages increases the level of Gini coefficient in the USA in 
comparison to the UK. 

--- Figure 4 about here --- 

Elimination of causes of death is another method for analysing the influence of causes of death 
on life table measures. A conventional procedure of building the "associated" single decrement 
life table can be applied (Chiang, 1968, Preston et al., 2001). Gini coefficient can be computed 

from this table with modified xÂ  (as described in section 1).  

Figure 5 shows temporal changes in the effects of elimination of leading classes of causes of 
death on 0G  for women in the UK in 1951-1996. Elimination of causes of death usually induces 
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a decrease in Gini coefficient. This is true for all classes of causes of death except cardiovascular 
diseases. Their elimination results in a substantial increase in 0G  because the distribution of life 

table deaths by age becomes more unequal. Since the mid-1970s respiratory diseases, which used 
to be associated with negative elimination effects in the 1950s-60s, joined the class of 
cardiovascular diseases. The reason for such a change is obvious. Respiratory diseases have 
transformed from an important cause of infant and child death into a cause of death of old 
people.  

--- Figure 5 about here --- 

In the 1950s the elimination of perinatal causes and congenital anomalies lead to the greatest 
decrease in 0G  among other causes of death. By the 1990s the effect of this major cause of infant 

deaths has been very much reduced. The same has happened to other common causes of 
mortality in childhood (infectious and respiratory diseases).  

Nowadays, the greatest potential decrease in 0G  can be produced by elimination of external 

causes of death. The elimination effect for this class of causes has been relatively stable in time. 
The same is true for the elimination effect of cancer.   

Age and population group 
Many types of mortality studies have to operate with mortality rates by age (or age and cause of 
death), but also by population group (social, ethnic, regional, etc.), each of which is characterised 
by its own vector of age-specific mortality rates. The decomposition of life expectancy and Gini 
coefficient by population group is an opportunity to link inter-individual and inter-group 
inequalities in the face of death. 

Decomposition of aggregate measures based on cross-classified data has certain peculiarities in 
comparison to decomposition by variables (Das Gupta, 1994, Horiuchi et al., 2001). Additional 
dimensions in the data suggest that there are many different ways to replace group- and age-
specific mortality rates and composition by group of one population by respective rates and 
composition of the other population. For example, one can make a replacement of mortality rates 
by age within each population group or replace group-specific mortality rates within one age 
group. Generally speaking, all replacement schemes are equally acceptable and, therefore, a 
general algorithm for decomposition of the difference in aggregate measures should be based on 
the averaging of effects produced by all possible combinations of replacements (Das Gupta, 
1994, 1999). 

However, a concrete formulation of the decomposition "task" can help to chose an appropriate 
replacement scheme. For example, it might be of interest to estimate impacts of mortality and 
population structure by group at each age. This implies the problem of splitting each age-
component of the overall difference in aggregate measures into additive components related to 
mortality rates and population composition in respective age groups. This can be done after some 
modification of the algorithm of linear replacement determined by (11), (14). 

Let ijm=Μ  be a matrix of mortality rates by age group i  and population group j  and 

ijp=Ρ  be a matrix of the weights of groups in the overall population of age group i  

(∑ ∀=
j

ij ip ,1 ). Apparently, for a given age group k  the age-specific mortality rate for two 

populations under consideration are ∑ ⋅=
j

kjkjk mpm  and ∑ ′⋅′=
j

kjkjk mpm . 

Let us define a "partly replaced" matrix of mortality rates ][kΜ  consisting of elements ijm′  for 

ki ≤  and elements ijm  for ki > . A corresponding matrix of population weights with replaced 
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rows (age groups) up to the age group k  ][kΡ  can be defined in a similar way. It is important to 
stress here that we always replace entire rows of matrices. 

According to the general logic of replacement, the component of inter-population difference in 
(for example) 0G  produced by age group k is  

),(),( ]1[]1[
0

][][
0

−− ΡΜ−ΡΜ= kkkk
k GGε . 

We consider two possibilities for a transition from ),(),( ][][]1[]1[ kkkk ΡΜ→ΡΜ −− : 

),(),(),( ][][]1[][]1[]1[ kkkkkk ΡΜ→ΡΜ→ΡΜ −−−  or ),(),(),( ][][][]1[]1[]1[ kkkkkk ΡΜ→ΡΜ→ΡΜ −−− . 
Accordingly, it is possible to get two versions of the components due to mortality rates (M-
effect) and composition (P-effect) for the age group k : 

)],(),([)],(),([ ]1[]1[
0

][]1[
0

][]1[
0

][][
0
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M
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and 
)],(),([)],(),([ ]1[]1[

0
]1[][

0
]1[][

0
][][

0
,2,2 −−−− ΡΜ−ΡΜ+ΡΜ−ΡΜ=+= kkkkkkkkM

k
P

kk GGGGεεε . 

The final M-effects and P-effects for the age group k  can be obtained by averaging 

)]},(),([)],(),({[
2

1 ]1[]1[
0
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][]1[
0

][][
0
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(17) 
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P
k

P
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(18) 

It might be of additional interest to split M-effects according to particular population groups. To 
do so we should re-define the replacement procedure for M-transitions 

),(),( ]1[][]1[]1[ −−− ΡΜ→ΡΜ kkkk  and ),(),( ][][][]1[ kkkk ΡΜ→ΡΜ − . In our prior consideration it was 
very simple: row k  was to be replaced entirely. However, to obtain the effect of mortality rate in 
the particular population group j  and age group k  two additional steps should be completed. (1) 

Computation of all effects of the replacement of the element kjm  by kjm′  in different 

combinations with klm  or klm′  for population groups jl ≠ . If the number of population groups is 

L then the number of different replacements would be 12 −L . (2) Computation of each (k,j)-effect 
by the averaging of all l-effects for each j. 

For example, if we are making M-replacement for the age group 20 and there are two population 
groups 1 and 2 then the effect of mortality rate in population group 1 would be 

)},()],,(),,([
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1
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.  

The equivalent M-effect for age 20 and population group 2 is 
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Finally, one should keep in mind that the results of decomposition depend on permutations of 
populations. So, decomposition should be run twice. 
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Table 3 shows the educational composition of Russian men by age according to the censuses of 
1979 and 1989. In 1979 the proportion of people with the lowest educational attainment was 
much higher at ages over 40 than at younger ages, by 1989 the borderline had moved up to age 
50. In general, between 1979 and 1989 the educational composition improved significantly in 
terms of the proportions of university and secondary levels of education compared to the 
proportion of low educational levels. Three processes contributed to this favourable change: the 
work of education itself, the natural replacement of older generations with low average 
educational levels by younger people, and, to some extent, migration into Russia of people with 
relatively high levels of education from other parts of the USSR.   

Table 4 suggests that between 1979 and 1989 life expectancy within the age interval 20 to 64 
increased and that inequality in age at death, measured by Gini coefficient, decreased. As we 
know, these changes occurred in the second half of the 1980s and can probably be attributed to 
Gorbachev's anti-alcohol campaign of 1985 (Shkolnikov et al., 1996). Improvements were the 
greatest for men with secondary education, followed by those with university education. In the 
group with a low education, achievements in life expectancy and a decrease in Gini coefficient 
were very modest. Interestingly, for the whole population the increase in life expectancy (1.4 
years) and decrease in Gini coefficient (-2.4) were substantially greater than for those in each of 
the educational groups. This seeming paradox is due to the additional positive effect of change in 
educational composition shown in our earlier study (Shkolnikov et al., 1998).  

A widening of inter-group differences in the life expectancy of Russian men in 1979-89 
coincides with a substantial decline in Gini coefficient (Table 4). This illustrates a difference in 
the meanings of inter-individual inequality in length of life and length-of-life differentials in 
length of life across social-groups.  

The advantage of the group of Russian men with university education is much more pronounced 
in Gini coefficient than in life expectancy. Indeed, a gap between university and low (lower than 
secondary) education in Gini coefficient (20-64) constitutes 61% of its value in 1979 and 85% of 
its value in 1985. The equivalent percentages for life expectancy (20-64) are 11% in 1979 and 
13% in 1989. So, the educational gradient is much more pronounced in terms of the degree of 
inequality the distribution of individuals by length of life.  

Table 5 highlights the "anatomy" of the increase in life expectancy (20-64) and decrease in Gini 
coefficient (20-64) for Russian men in 1979-89. Age-specific components are divided into 
effects of mortality and effects of educational composition. Mortality effects are also given for 
each educational group. The role of compositional effect in the improvements of the 1980s is 
very significant since its magnitude is almost the same as that of the mortality effect, especially 
for Gini coefficient.  

Overall, there is a remarkable similarity between the structures of changes in life expectancy and 
Gini coefficient. For the latter the weight of components related to ages under 40 is somewhat 
higher than that for the former. For both measures the highest effects are related to ages from 30 
to 45. The most significant contributions to overall improvement in both measures are produced 
by changes in mortality in the group with secondary education. Although mortality decline in the 
group with a low education was very small (Table 4), its contribution to overall improvement is 
greater than that for university education because low education has a higher weight in the 
population. 

Finally, it is important to note that the algorithm for the decomposition of differences given in 
this section can be applied not only to life expectancy or Gini coefficient, but to any aggregate 
measure based on the life table.  



 14 

4. Variations in time and across countries 
Prior studies of historical trends in inter-individual inequality in length of life have proved two 
fundamental facts about changes in the mortality of human populations (Illsey and Le Grand, 
1987, Wilmoth and Horiuchi, 1999, Llorka et al., 1998). First, during the 20th century the 
inequality (or variability) in length of life was declining, mirroring the increase in average length 
of life. Second, during the last decade this correlation has become weaker since life expectancy 
has continued increasing, while the decline in inequality has slowed down or even stopped in 
low mortality countries. Both facts can be observed in all countries having a long series of 
mortality statistics independent from a choice of inequality indices. 

An "evolutionary" explanation of this regularity was given by Wilmoth and Horiuchi (1999). The 
historical lowering of mortality rates was much more pronounced in the young than in old ages. 
Therefore, life table deaths have been concentrated around the average length of life. After a 
certain point (in the 1950s, 60s or 70s depending on the country) at which mortality at young 
ages had already been reduced to low values, further reduction was unable to significantly effect 
a general degree of inequality. In addition, in the 1980s-90s the mortality decline in countries 
with low mortality was more pronounced at old ages than at young or middle ages. This process 
(as it was shown earlier) produces positive contributions to inequality as measured by the Gini 
coefficient. 

It means, that old-age deaths are still partly balanced by a considerable proportion of deaths at 
ages, which are considerably younger than the average length of life. In many countries with a 
relatively high average level of length of life, young and middle-age deaths are not as low as 
they could be.  

Our experiments (not given here) with the values of Gini coefficient and life expectancy for 
about 45 countries for the period of 1960s-1990s suggest that if one considers a wide variety of 
populations with very different life expectancies then the association between life expectancy at 
birth and Gini coefficient for the full range of ages would be very tight, with coefficients of 
correlation 0.88-0.95 depending on the selection of countries and years. If only countries with 
comparable levels of mortality are selected then this correlation is smaller due to the country's 
peculiarities in respect to public health and social situations.  

Figure 5 displays the positions of 32 countries according to male life expectancy at birth and 
Gini coefficient (full range of ages). In all these countries male life expectancy at birth was 
higher than 70 years in 1994-99. Correlation coefficient between life expectancy and Gini 
coefficient by country is 0.7 for men and 0.6 for women. In many cases the same or almost the 
same life expectancies correspond to different levels of Gini coefficient. For example, in the 
USA male life expectancy is 73.6 with Gini coefficient 12.3, while in Ireland the equivalent 
figures are 73 and 10.6. In Chile, the USA, Cuba and Singapore the values of Gini coefficient for 
the male population are substantially higher than those predicted by life expectancy. On the other 
hand, in the Czech Republic, Ireland, the Netherlands, Norway and Sweden they are lower. For 
women, Chile, the USA and Singapore have an "excess" in Gini coefficient, while the Czech 
Republic, Portugal, Greece and Sweden have comparatively low values of Gini coefficient.  

Trajectories of the male populations of five countries (Japan, Russia, Spain, USA, UK) in 1950-
99 in the coordinates 0e  (horizontal axis) and 1000 ⋅G  (vertical axis) are shown in Figure 6. The 

countries started their movement in 1950 from very different levels of life expectancy and Gini 
coefficient. In Japan the values of the two indicators were 58 and 23, in Russia they were 52 and 
31, in Spain they were 59 and 22, in the USA they were 65 and 17, and in the UK they were 66 
and 15. Since then all the countries, except Russia, have experienced a progression in the 
lengthening of life and a reduction of inequality in length of life.  

---- Figure 6 about here ---- 
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The case of Russia is remarkable. After impressive improvements in the 1950s, the mortality of 
men had been increasing since the mid-1960s. The chaotic fluctuations of the points for Russia 
correspond to a rapid increase in life expectancy in the second half of the 1980s, after 
Gorbachev's anti-alcohol campaign, and to its striking fall in the first half of the 1990s 
(Shkolnikov et al., 1996).  

Japan and Spain experienced a spectacular increase in the average length of life and also in the 
reduction of inequality in length of life starting from very low levels of length of life and high 
inequality. Inequality in length of life in Japan has always been lower than that in the USA after 
the level of 65 years of male life expectancy. In Spain inequality in length of life has become 
lower than that in the USA starting from the points where life expectancy of men becomes 
higher than 69 years.  

The USA and the UK are two countries where starting levels of mortality in the 1950s were 
much lower than in Japan, Russia or Spain. Male life expectancy in these countries has been 
rather similar with only one year in favour of the UK during almost the whole period of 
observation. There is, however, a considerable difference between the two countries in Gini 
coefficient, which appears to be unusually low in the UK. In the UK the level of inequality in 
length of life is always somewhat lower than in other countries with similar levels of average 
length of life.  

---- Figure 7 about here ---- 

Finally, one can see periods of flattening in Gini coefficient in the USA and Spain in the 1980s 
and early 1990s (Figure 6). Figure 7 presents a zoomed image of changes in male and female life 
expectancies and Gini coefficients in the USA in 1980-1996. For men life expectancy at birth 
continues increasing over the period, while Gini coefficient does not experience any decline 
between 1983 and 1990 (upper-left panel). If we exclude the influence of infant mortality from 
consideration then the pattern becomes more clear for men because life expectancy at age 15 
increases, while Gini coefficient for ages above 15 increases too, between 1983 and 1994 (lower 
left panel). The difference between men and women is very clear because for women the 
situation appears normal, both for the full range of ages and also for ages 15+: life expectancy 
increases and Gini coefficient declines. 

Decomposition of the increase in 15G  for US men between 1983 (beginning of the increase) and 

1989 (a point of maximum) shows that it can be explained by two major factors. First, 
deterioration in mortality of adults at ages from 15 to 44 due to AIDS. Second, a further decrease 
in mortality at old ages. The first factor is clearly related to contemporary health hazards and 
social environment, whereas the second one reflects the influence of the overall shape of 
distribution of deaths by age.   

---- Table 6 about here ---- 

In Spain the nature of the increase in Gini coefficient since 1985 was similar to that in the USA. 
Llorka et al. (1998) explains the increase in Gini coefficient after 1985 mostly by mortality from 
AIDS. Our decomposition for ages 15+ confirms this finding. 
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Appendix 1 
Raising to squire of right and left parts of the equation (5) gives 
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This expression together with (4) allows for deriving xÂ  after simple transformations 
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Appendix 2 
Within the first year of life the survival function can be described by the following "law" 
(Borgeois-Pichat, 1951) 

)1365(ln1)( 3 +⋅−−= ttl βα , 10 ≤≤ t  

Parameters α and β can be derived from two constrains 
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The constants C  and 3S  are universal ones. They do not depend on the population under study 

and should be calculated only once. Since )1( 1010 lAlL −+= , equations (A) and (B) yield  

  

3

00

0 ,

SC

qA

Cq

−
=

⋅−=

β

βα
       (C) 

[ ]2)(tl is obviously equal to )1365(ln)1365(ln)1(2)1( 6232 +⋅++⋅−−− tt ββαα . 

Its integral over t from 0 to 1 is 



 17 

 6
2

3
2

1

0

2 )1(2)1()]([ SSdttl ⋅+⋅−−−=∫ ββαα  ,     (D)  

where ∫ +⋅=
1

0

6
6 )1365(ln dttS . 

From the definition (4) it follows that 
2

1

2
1

1

0
0

)(1

)()(
ˆ

l

ldxxl

A
−

−
=
∫

. Using this expression, (D), values 
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Appendix 3 
 According to Andreev (1982):  
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Generally speaking, .2,11,2
xnxn δδ ≠−  That is to say, the age-components of a difference between 

two life expectancies depend on the permutation of populations.  

To avoid this problem Andreev (1982) and Pressat (1985) suggested using  
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for a "symmetrical" decomposition of 1
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0 ee − . It is easy to see that (A) and (B) are equivalent to 

expression (2) from section 1. 

The formula by E.Arriaga (1984) replicated in the recent textbook by Preston et al. (2001) is 
written in the following form: 
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Taking into account xxx elT ⋅= and nxnxxxxn elelL ++−=  one can express 1,2
xn ∆  in a simpler form: 
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Comparison of (A) and (D) shows that 2,11,2
xnxn δ=−∆ . The latter means that the difference 

between the components by Arriaga and those by Andreev-Pressat does not exist if one uses 
symmetrical components (B). 
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Figure 1. Lorenz curves for three female populations with different levels and
age distributions of mortality.

Sources: Data for computations for Sweden are extracted from the Berkeley Mortality Database. Our own estimates are
based on the original Goskomstat data on deaths and population by age for Russia. Matlab Report, 1996 for Bangladesh.
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Figure 2. Age curves 1-Gx for Swedish male and female life tables for 1920 and 1995.
Sources: Data for computations are extracted from the Berkeley Mortality Database (2001).
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Table 1. Life expectancy at birth and different estimates of the Gini coefficient for Sweden: computed from complete life tables,
abridged life tables, abridged life tables with the last age group 85+ with and without modification of the life table xA .

Estimates of 0G *100 from: Errors in 0G *100 estimates:

Complete LT
with

xÂ "exact"

Complete LT

with xA
Abridged
LT with

xA

Abridged LT

with xÂ
Abridged LT,

85+ with xA
Abridged LT,

85+ with xÂ
Complete
LT with

xA

Abridged
LT with

xA

Abridged
LT with

xÂ

Abridged
LT, 85+

with xA

Abridged
LT, 85+

with xÂ

(1) (2) (3) (4) (5) (6) (1)-(2) (1)-(3) (1)-(4) (1)-(5) (1)-(6)

Year

Life
expectancy

0e

Males

1861 45.03 38.140 38.087 37.995 38.152 37.890 38.152 0.053 0.145 -0.012 0.250 -0.012
1900 50.75 32.931 32.908 32.821 32.944 32.814 32.944 0.023 0.110 -0.013 0.117 -0.013
1920 57.42 26.658 26.647 26.557 26.668 26.533 26.668 0.011 0.101 -0.010 0.125 -0.010
1940 65.40 17.524 17.519 17.398 17.525 17.374 17.524 0.005 0.126 -0.001 0.150 0.000
1960 71.23 12.233 12.227 12.094 12.234 12.046 12.234 0.006 0.139 -0.001 0.187 -0.001
1980 72.78 11.128 11.122 10.998 11.133 10.923 11.132 0.006 0.130 -0.005 0.205 -0.004
1995 76.16 9.684 9.677 9.552 9.694 9.394 9.696 0.007 0.132 -0.010 0.290 -0.012

Females
1861 48.78 35.436 35.403 35.319 35.457 35.309 35.457 0.033 0.117 -0.021 0.127 -0.021
1900 53.62 30.984 30.970 30.872 30.990 30.855 30.989 0.014 0.112 -0.006 0.129 -0.005
1920 60.11 24.627 24.620 24.516 24.627 24.475 24.626 0.007 0.111 0.000 0.152 0.001
1940 68.14 15.473 15.468 15.339 15.473 15.302 15.473 0.005 0.134 0.000 0.171 0.000
1960 74.87 10.382 10.376 10.237 10.387 10.129 10.385 0.006 0.145 -0.005 0.253 -0.003
1980 78.85 9.157 9.151 9.019 9.163 8.692 9.172 0.006 0.138 -0.006 0.465 -0.015
1995 81.45 8.337 8.331 8.192 8.339 7.630 8.381 0.006 0.145 -0.002 0.707 -0.044

Sources: Data for computations are extracted from the Berkeley Mortality Database (2001).



Figure 3. Differences between "exact" 0G  and its estimates for 334 life tables computed
from complete life tables, abridged life tables, abridged life tables with the last age 85+
before and after modification of the life table xA .  ("Exact" 0G  is computed from complete

life tables with the last age 110 using xÂ ).
Sources: Data for computations are extracted from the Berkeley Mortality Database (2001).
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Table 2. Age-specific contributions to the increase
in life expectancy at birth and decrease in Gini
coefficient from 1900 to 1995: USA, men*

Components of
difference in 0e

Components of
difference in

1000 ⋅GAge group

Absolute % Absolute %
All ages 25.96 100.0 -24.02 100.0

0 8.40 32.3 -10.99 45.7
1-4 4.25 16.4 -5.50 22.9

5-14 1.76 6.8 -2.15 9.0
15-24 1.87 7.2 -2.00 8.3
25-39 2.94 11.3 -2.61 10.9
40-64 4.30 16.6 -1.91 7.9
65+ 2.44 9.4 1.14 -4.7

* e0(1900)=46.4, e0(1995)=72.73
  G0(1900)=36.73, G0(1995)=12.71
Sources: Data for computations are extracted from the Berkeley Mortality Database (2001)



Figure 4. Decompositions of the differences in life expectancy at birth and in Gini coefficient
between the UK and the USA by age and cause of death: male populations, 1997.

Sources: Data for computations are extracted from the WHO Mortality Database (2001)
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Figure 5. Effects of elimination of causes of death on Go for women in the UK
in 1951-1996

Sources: Data for computations are extracted from the WHO Mortality Database (2001)
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Table 3. Educational composition of the Russian male
population by age in 1979 and 1989.

University
education

Secondary
education Low educationAge group

1979
20-24 0.089 0.584 0.327
25-29 0.136 0.489 0.376
30-34 0.175 0.438 0.387
35-39 0.156 0.321 0.522
40-44 0.145 0.258 0.596
45-49 0.091 0.161 0.748
50-54 0.084 0.172 0.743
55-59 0.113 0.215 0.672
60-64 0.085 0.173 0.743

1989
20-24 0.109 0.780 0.111
25-29 0.160 0.734 0.106
30-34 0.165 0.679 0.155
35-39 0.176 0.591 0.233
40-44 0.206 0.504 0.290
45-49 0.173 0.374 0.453
50-54 0.159 0.299 0.542
55-59 0.100 0.194 0.706
60-64 0.094 0.194 0.712

Sources: Computed from the original Goskomstat’s tables of deaths and population by
age and educational status.

Table 4. Life expectancy and Gini coefficient for the range of ages from 20 to 64 in the
Russian male population in 1979 and 1989.

e(20-64) G(20-64)
Population group

1979 1989 Difference 1979 1989 Difference
Total population 37.95 39.30 1.35 13.66 11.23 -2.43
University education 41.19 42.09 0.90 7.70 5.99 -1.72
Secondary education 38.45 39.51 1.06 12.69 10.87 -1.82
Low education 36.70 37.04 0.34 16.04 15.57 -0.47
Sources: Computed from the original Goskomstat’s tables of deaths and population by
age and educational status.



Table 5. Components of changes between 1979 and 1989 in life expectancy and Gini
coefficient for the range of ages from 20 to 64 in the Russian male population.

Components produced by changes in mortality rates
 (M-effects)

University
education

Secondary
education

Low
education

Total

Component due to
changing educational

composition
(P-effects)

Total
Age

e(20-64)
20-24 0.009 0.040 -0.006 0.043 0.078 0.120
25-29 0.010 0.047 -0.016 0.042 0.125 0.167
30-34 0.014 0.085 0.032 0.131 0.099 0.230
35-39 0.017 0.068 0.014 0.099 0.104 0.203
40-44 0.019 0.071 0.058 0.149 0.109 0.258
45-49 0.012 0.040 0.013 0.064 0.072 0.136
50-54 0.014 0.042 0.050 0.107 0.044 0.151
55-59 0.010 0.015 0.055 0.080 -0.004 0.076
60-64 0.003 0.003 0.001 0.008 0.001 0.008
Total 0.109 0.412 0.201 0.722 0.628 1.349

G(20-64)
20-24 -0.020 -0.088 0.012 -0.095 -0.173 -0.268
25-29 -0.022 -0.100 0.033 -0.089 -0.266 -0.354
30-34 -0.028 -0.170 -0.065 -0.263 -0.198 -0.461
35-39 -0.031 -0.128 -0.025 -0.185 -0.195 -0.380
40-44 -0.033 -0.123 -0.100 -0.257 -0.189 -0.447
45-49 -0.018 -0.062 -0.020 -0.101 -0.112 -0.213
50-54 -0.020 -0.058 -0.068 -0.146 -0.060 -0.206
55-59 -0.011 -0.017 -0.064 -0.093 0.005 -0.088
60-64 -0.003 -0.003 -0.001 -0.007 -0.001 -0.008
Total -0.186 -0.748 -0.294 -1.228 -1.187 -2.425

Sources: Computed from the original Goskomstat’s tables of deaths and population by
age and educational status.



Figure 5. Relationship between life expectancy and Gini coefficient in 1996-99
for 31 countries with male life expectancy higher than 70 years.

Sources: Data for computations are extracted from the WHO Mortality Database (2001)
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Figure 6. Trajectories of five countries in coordinates 0e  and 0G  for the male populations of
Japan, Russia, Spain, USA, and the UK in 1950-99.

Sources: Data for computation are extracted from the WHO Mortality Database (2001)



Figure 7. Trends in life expectancy and Gini coefficient (age 0 and 15) for men and women
in the USA in 1980-95.

Sources: Data for computations are extracted from the Berkeley Mortality Database (2001)

76.00

77.00

78.00

79.00

80.00

1979 1984 1989 1994

Year

eo

10.00

10.50

11.00

11.50

G
o

Females

G(0)

e(0)

56.00

57.00

58.00

59.00

1979 1984 1989 1994

Year

eo

14.30

14.50

14.70

14.90

15.10

15.30
G

o
Males

G(15)

e(15)

69.00

70.00

71.00

72.00

73.00

1979 1984 1989 1994

Year

eo

12.50

13.00

13.50

14.00

G
o

Males

G(0)

e(0)

63.00

64.00

65.00

66.00

1979 1984 1989 1994

Year

eo

11.50

11.70

11.90

12.10

12.30

12.50

G
o

Females

G(15)

e(15)



Table 6. Components of the increase in 15G *100 for the US men in 1983-1991* by age and
cause of death

Age group
All causes
combined

Infectious
diseases

Cancers

Endocrine,
metabolic, and

immunity
disorders

including AIDS

Diseases of
the

circulatory
system

Diseases of
the

respiratory
system

Diseases of
the digestive

system

Other
diseases

Accidents
and

violence

15-29 0.133 0.004 -0.008 0.088 -0.005 0.002 -0.003 0.002 0.053
30-44 0.202 0.015 -0.023 0.268 -0.063 0.009 -0.005 0.028 -0.028
45-59 -0.191 0.005 -0.030 0.074 -0.193 -0.002 -0.021 -0.004 -0.020
60-74 -0.041 0.000 0.000 0.004 -0.036 -0.001 -0.004 -0.003 -0.002
75+ 0.193 -0.007 -0.018 -0.010 0.288 -0.037 0.002 -0.027 0.001

Total 15+ 0.296 0.016 -0.078 0.424 -0.008 -0.030 -0.031 -0.002 0.005

* Gini coefficient*100 for ages 15+ was 14.6 in 1983 and 14.9 in 1999
Sources: Data for computation are extracted from the WHO Mortality Database (2001)


