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Abstract

In probabilistic forecasting, the key to reasonable results is good cali-
bration of the forecast uncertainty. Analyzing forecasting errors o ers an
empirical solution for the calibration of such forecasts. We propose a novel
guantile-mapping approach whereby we map non-calibrated forecasted out-
come trajectories from a forecast model to a target distribution derived from
historical out-of-sample forecasting errors. We present probabilistic forecasts
of the Finnish Total Fertility Rate (TFR) from 2024 to 2070 calibrated on
the historically observed distribution of forecasting errors. The forecasts
come from two scenario-based models. The postponement time series model
(PPS) assumes that fertility postponement will gradually decline and even-
tually stop. The second model is a naive freeze-rates approach to forecasting
fertility. The validation shows that our TFR forecasts calibrated on histor-

ical data outperform the non-calibrated TFR forecasts in coverage and in-
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terval score metrics. The results demonstrate the e cacy of empirical error
guanti cation and quantile-mapping in calibrating probabilistic demographic

forecasts.
Keywords: conformal prediction, quantile-mapping, empirical prediction

intervals, fertility forecasting, Finland

1. Introduction

Demographic forecasting involves predicting future population trends based
on factors such as birth rates, death rates, migration patterns, and aging.
These forecasts are essential for governments, businesses, and policymakers
to plan for future resource needs, including infrastructure, healthcare, and
social services. However, demographic forecasting is subject to uncertainties
due to unpredictable changes in behavior, policy, and environmental factors.
Forecast uncertainty arises from variability in data inputs, model assump-
tions, and external events such as pandemics or economic crises. Managing
this uncertainty and expressing it in the forecasts requires is essential to
providing a comprehensive view of future demographic outcomes.

In the 1960s and early 1970s, Finland, and other Nordic countries, have
experienced a sharp decline in fertility. After a period of recovery in the
1980s, followed by relatively stable period fertility in the 1990s and 2000s,
Finland’s Total Fertility Rate (TFR) fell again in the 2010s and reached a his-
torical low of 1.26 in 2023 (Statistics Finland (2024)). Starting in the 1970s,
fertility postponement, the delay of childbearing to older ages, has depressed
fertility levels. However, the strong decrease in TFR in the recent decade

is not only due to further acceleration of fertility postponement. Instead,



20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

a4

the decrease in Finnish period fertility likely is a quantum e ect (Hellstrand
et al. (2020)). This was not foreseen by demographic theories, making the
future of Finnish fertility particularly interesting yet highly challenging to
predict.

In light of yet another uctuation in the trend of Finnish fertility, it is
important to capture and convey the uncertainty that comes with forecast-
ing Finland’s fertility. Probabilistic forecasts, in contrast to deterministic
point-forecasts, o er a solution to this problem. These type of forecasts
assign a probability to each possible outcome and therefore allow one to dis-
tinguish between likely and extreme scenarios and to plan accordingly (for
an introduction to probabilistic forecasting see e.g. Lee (1998) and Keilman
(2018)). However, probabilistic forecasts are only of use, if they are well
calibrated. Good calibration means that the forecasted probabilities of an
outcome are consistent with the observed relative frequencies of that out-
come, or put di erently, forecasted rare events occur rarely and forecasted
typical events occur regularly. Further, because of the highly uctuating
nature of the Finnish period fertility in the past, forecast models that ex-
trapolate observed trends of the past into the future are unlikely to provide
reasonable results, as they are unable to predict trend changes. Therefore,
we propose the use of scenario-based approaches that can take the changing
nature of the fertility development into account.

We present probabilistic forecasts of Finland’s Total Fertility Rate (TFR)
from 2024 to 2070 from two scenario-based forecast models. The rst model,
introduced in Nign et al. (2020), is the Postponement Time Series Model

(PPS). The PPS model operates under the assumption that the trend of de-
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laying childbirth to later ages, known as fertility postponement, will continue
but at a gradually slower pace, until it eventually stops. Hence, the increase
in the average age of childbearing slows down and stabilizes. As childbirth
is postponed, fertility temporarily decreases because children are born later
during the life course. Therefore, the TFR is lower, compared to a scenario
where childbirth is not delayed. When fertility postponement slows down,
fertility increases. To mitigate the delay’s impact on period fertility mea-
sures, we use the tempo-adjusted TFR. This adjusted rate is an estimate of
what the TFR would be if the timing of childbearing did not change (Bon-
gaarts and Feeney (1998)). The PPS model assumes that the TFR and the
tempo-adjusted TFR will converge due to the assumed slowing and stopping
of fertility postponement by 2050.

We use a second model as a nave baseline to compare the results from
the PPS model to. The freeze-rates model operates under the assumption
that the recent decrease in Total Fertility Rate (TFR) isn’t a result of de-
layed childbirth, meaning that fertility has declined without postponement
of births by the population. While this hypothesis is theoretically feasible,
considering demographic data, it seems improbable. The second assumption
is that this fertility decline will come to a halt, and age-speci c fertility rates
will stay at the levels observed in the last recorded year, 2023.

To ensure a good calibration of the probabilistic forecasts, we use an em-
pirical approach to calibration which has its roots in the analysis of errors
of demographic forecasts (Williams and Goodman (1971); Stoto (1983); Co-
hen (1986); Smith and Sincich (1988); Alho and Spencer (2005); Alho et al.
(2008)). Notably, Keilman and Pham (2004) constructed empirical predic-
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tion intervals around forecasts of Nordic fertility, deriving the intervals from
the standard deviation of errors of historical forecasts published by statis-
tical agencies. After comparing the width of the prediction intervals with
those from time-series models, the authors concluded that empirical forecast
errors provide useful information when constructing prediction intervals for
TFR forecasts. However, they noted that their empirical errors might not be
normally distributed and "one has to be cautious" when using them.

In the eld of machine learning, the methodology is known under the term
conformal prediction (CP, Shafer and Vovk (2008)) and is used to construct
probabilistic forecasts calibrated on out-of-sample errors. Since its intro-
duction in Gammerman et al. (1998) until today, there have been strong
methodological advances in this eld, resulting in a variety of CP methods
for di erent applications including, in more recent publications, time series
forecasting (Fontana et al. (2023); Angelopoulos et al. (2024)). In climate
modeling, calibration of predictions using historical data is widely done under
the term quantile-mapping as a form of bias-correction of forecast distribu-
tions (Cannon (2018); Qian and Chang (2021)).

The existing methodology provides probabilistic forecasts calibrated on
historical data in the form of prediction intervals, meaning lower and upper
bounds in which the forecast outcome will lie with a given probability, e.qg.
95%. However, so far, research has not provided solutions for forecast out-
comes in the form of calibrated time series trajectories that correspond to
these bounds. Simulated trajectories of demographic outcomes are needed as
input for down-stream modeling, e.g. for the modeling of determinants of so-

cial security systems. Therefore, we propose a exible methodology to obtain
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forecasts of demographic measures in the form of simulated trajectories that
have been calibrated on historical data. We provide two sets of forecasts of
the Finnish TFR from 2024 to 2070 from the PPS model and the nave model
that are designed to be transparent, probabilistic, well calibrated, and easy
to integrate into further probabilistic modeling downstream. By \forecast-
ing" TFR for the Nordic countries (Finland, Sweden, and Norway) for the
years 1973 to 2023 we are able to learn the distribution of forecasting error of
the two models and calibrate our future TFR forecasts accordingly. We build
on the prevailing research, by proposing to combine existing approaches of
empirical forecast calibration. First, we use the idea of learning a smoothed,
time-varying distribution of historical forecasting error, as described in the
"scorecaster” approach by Angelopoulos et al. (2024), which allows for bias
in the forecasts. Second, we combine this approach with the technique of
guantile-mapping (Cannon (2018)) in order to calibrate stochastic forecast-
ing paths to a target distribution of empirical forecasting errors, as opposed
to providing upper and lower bounds of prediction intervals around a point
forecast.

In the remainder of this paper, we rst describe the PPS and the nave
forecast model and our methodology of empirical forecast calibration in de-
tail. After we present the results of Finland’s probabilistic TFR forecasts, we
validate our forecast models and summarize the quality of the probabilistic

forecast with several calibration metrics.



1

[

7

118

119

120

121

122

123

124

125

126

127

128

129

130

131

132

133

134

135

136

137

138

139

140

2. Methods and data

We construct prediction intervals around time series forecasts of the
Finnish Total Fertility Rate (TFR) which are calibrated on out-of-sample
forecasting errors for Finland, Sweden, and Norway, and change dynamically
over the forecasting horizon. The width of the prediction interval should
re ect the distribution of forecasting errors as observed in the past for the
same prediction model. We pool the forecasting errors from Finland, Sweden
and Norway to achieve more robust estimates of the forecasting error distri-
bution by decreasing autocorrelation (Alho et al. (2008)) and validate the
results on data from Finland, Sweden, Norway, and Denmark. The empirical
prediction intervals are then used to calibrate 5,000 forecast paths of future
Finnish TFR. We source the time series of the fertility data from the Human
Fertility Database (Max Planck Institute for Demographic Research (Ger-
many) and Vienna Institute of Demography (Austria)) for the years 1944 to
2023 for Finland and Sweden, years 1968 to 2023 for Norway, and years 1946
to 2023 for Denmark.

2.1. Forecast Models

We use two di erent forecast models to forecast the fertility:

1. Postponement Time Series Model (PPS)The scenario is based on the
demographically meaningful assumption that fertility postponement
would continue but gradually slow down and eventually stop. Due
to biological factors, fertility postponement cannot continue forever,
as fecundability declines with age, and especially fast for women in
their mid to late 30s (Rothman et al. (2013)). According to Gold-
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stein (2006), the mean age at rst birth could plausibly rise to around
33 years before reaching biological and social limits. Further, Sobotka
(2017) suggests that fertility postponement would continue another two
to three decades. In line with these previous ndings, in our scenatrio,
fertility postponement stops in 2050 and the mean age at childbirth ap-
proaches 33, which is approximately the current highest value reported
in the Human Fertility Database (32.9 years in the Republic of Korea in
2020, Max Planck Institute for Demographic Research (Germany) and
Vienna Institute of Demography (Austria) (2024)). This assumption
about the fertility postmponement is implemented in the forecast model
by calculating the tempo-adjusted TFR for 2023 and forcing the TFR
and the tempo-adjusted TFR to converge by 2050. After the conver-
gence is completed, the TFR stayes xed until the end of the forecast
period. The model was introduced in Nigen et al. (2020). The time
series of 5-year age group fertility rates are forecasted by a random-
walk-with-drift model In(4yt) = xt +IN(Yir 1)+ xt; xt N(O; 2),
wherex is the age groupt is the calendar year, 4. is the model drift
and . is the error term. The drift term . is forecast under two
calculation assumptions. First, the increase in the average age at birth
slows down and the TFR approaches the tempo-adjusted TFR. There-
after, there is no drift term, i.e. . = 0. Finally, the TFR is obtained
by adding up the age-group-speci c fertility rates and multiplying it

. . P
with the width of the age-groups: TFR =5 2. $x:.

. Nave freeze-rates model:In this model, no drift-term is added to the

random walk, so that the average 5-year age-group fertility rate of the
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future is at the same level as the last observed value of 2023, result-
ing in the following model: Inffx:) = IN(yxt 1)+ xt; xt  N(O; 2).
Similarly, the TFR is calculated as the sum of the forecast age-group-
speci c fertility rates multiplied with the width of the age-groups. The

model serves as a nave baseline model.

2.2. Split data

The time series of observed annual ASFR valugg for each country is
partitioned into three data sets: the calibration dataD,, validation data
Dvai, and application dataD,p,. See Figure 1 for a visual representation of
the data splitting and resulting data sets. We us®, to estimate the time-
dependent distribution of the forecasting error aroung; and to calibrate the
empirical prediction intervals accordingly. The hold-out seD,; is used to
validate the properties of the empirical prediction intervals andD,p, holds
the data we want to forecast. The calibration data of Finland and Sweden
hold two cross-validation series and the validation data one series, each with
30 years of training data, yrain , followed by 47 years of test datayqres:.
Due to data constrains, we split the Norwegian data into 11 smaller cross-
validation series with 30 years of training data, each, and reduced the test
data to 15 years. The last one of these series is the validation data. The
Danish data holds one cross-validation series of validation data of the same
length as the Swedish and Finnish data. This increases the amount of left-
out data, i.e. data that was never used in calibration, to validate on. The
validation series of the other countries are partially overlapping with series
from the calibration data. Thus, excluding Denmark from the calibration

data set avoids over- tting. The application series holds a single Finnish

9



11 Seriesyrain Of length 30. See Tables 1, 2 and 3 for the input years of each

192 data set.

Figure 1: Visualization of data splitting into cross-validation series.
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103 2.3. Generate forecasts

194 Given a prediction modely?.:, = f (hjyrain) We produce central TFR
105 forecastsys over forecasting horizorh 2 1;2;:::;H. Forecasts are produced
196 for Dcai, Dvai, and Dgpp and for all cross-validation seriex. The models

197 considered are the PPS model and the nave model described in Section 2.1.

s 2.4. Calculate forecasting errors

199 We de ne a scoring function,S(y;;¥;), to measure the deviance between
200 the observed TFR valuey;, and the prediction, yt, as S(y;; %) = In( yi=%) =

201 . The log-ratio scoring function, being a measure of relative error, is suitable

10
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for positive values which vary in scale, like the TFR (Alho et al. (2008)). We
calculate st = S(Yr+n;$r+n) for each point prediction over the forecast

horizon ofD¢y. We denote the inverse of the scoring-function & (s;; %) =

exp(s:) Y.

2.5. Model time-dependent distribution of forecasting errors

Given the observed forecasting errorgr. we estimate the cumulative
error distribution IfUT+h(u) =P(Ut+n Uu) over the forecast horizon oD,.
We employ aTime-varying Skew-normal model (SN¥or the distribution of
the error: Ur,,, SkewNormal(; ; ), where , =exp( 1+ » h). The
estimated distribution function, Fy._,,, and quantiles, Qy,,,, are then an-
alytically given by the Skew-Normal distribution. Due to data limitations
in the training data resulting in fewer long-term forecasts, it is necessary
to model the distribution of the forecasting errors rather than using their
distribution as is. Figure 4, which is a scatter plot of the calculated fore-
casting errors with the modelled error distribution at the 0.025 and 0.975
guantiles, illustrates the need for modelling. Angelopoulos et al. (2024) take
on the same approach and call the model of the forecasting error distribution
a scorecaster. In our case, we have chosen a time-varying skew-normal model
as our scorecaster which allows for bias in the forecasts, because we expect
the bias in the forecasting error distribution to also be present in the future.
We added the constraint that the scorecaster’s width is not allowed to narrow
with time, because we assume that as the forecast length increases, so does

the forecast uncertainty.

11
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2.6. Calibrate forecast paths with quantiles of forecasting error distribution

We calibrate the forecasted TFR paths such that their distribution at fore-
casting steph re ects the modelled historical distribution of out-of-sample
forecasting errors ath. We do so for the central forecastg{ , around which

we construct empirical prediction intervals, and for the forecasted fertility

paths Y p; .

1. Probability transform method: Because the forecasting errot; is a
transformation of the random variableY;, U, = S(Y;; $), with central
forecasty; being treated as non-random and scoring functios be-
ing a smooth and monotonic function over the range of;, we have
Fv,(y) = Fu,(S(y)). Thus, the p quantile of the distribution of pre-
dicted valuesYr. can be derived from the corresponding quantile of
the error distribution Ur.p via Qv,,,(p) = S 1(IfUT1+h(p);9T+h).

2. Quantile-mapped paths:We calibrate a set ofi 2 1;2;:::; N forecast
fertility paths, #4r.ni, such that the marginal distribution of the cali-
brated paths F9T+h is equal to some target distributionFJﬂh, which
re ects the historical out-of-sample forecasting error. This calibration
is achieved by having calibrated pathy//\ ., = Q§T+h(F§T°‘j'fh (97+hi)),
where Fgfi”h is the empirical cumulative distribution function over the

non-calibrated forecast paths and);_ . is the quantile function of the
T+

h
target distribution at T + h. To prevent the calibrated paths from
taking in nite values, we adjust Fgfdfh for the maximum values of the
forecast pathsy?+ nmax . Instead ongfdfh (97+nmax ) = 1, which results
. 1

in QY (FE (9renmax)) = 1, We SetFE™ (gropma)) =1 05

This adjustment places the empirical cumulative distribution function’s

12
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value halfway between 1 and the value for the second-highgst, 1, , en-
suring that the calibrated paths remain nite. The target distribution

is constructed via theProbability transform method described above.

2.7. Validate prediction intervals

The validation of the empirical prediction intervals is done on the valida-
tion data setD,, over the years of the training dataym.in . Three calibration
scores are evaluated and compared for the model-based prediction intervals
of the PPS and the nave model and the empirical prediction intervals stem-
ming from the quantile-mapped paths of the PPS model. We evaluate the
calibration scores over the full range of the forecast years (47 years) and over
sub-sections of the forecast years (1 to 5, 6 to 15, 16 to 25, and 26 to 47

years).

1. Coverage:We compare the nominal 80%, 90% and 95% coverage with
the actual coverage of the prediction intervals across the cross-validation
seriesc. The actual coverage is the fraction of observations that are
inside the bounds of the declared prediction interval of all observations
N: Cov= ””gl’—t“g wherel and u are the ; and 1 5 quantiles.

2. Mean Interval Width: We de ne the mean interval width as the mean

di erence between the upper and lower bounds of the prediction inter-

val over the forecast yearsW = % wherel; and u; are the 5 and
1 5 quantiles at time .

3. Mean Interval Score (MIS): The interval scoreS takes both the cov-
erage and the width of the prediction intervals into account. Given

the same actual coverage, a prediction interval that is on average wider
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is penalized by the interval score (Gneiting and Raftery (2007)). The

score is de ned as follows:
8

S™ (I; g ) = < (e 1)+ 201 y) for yi<ly )
© (U )+ (e up) for oy >uy
wherel; and u; are the ; and 1 5 quantiles at time t, and 2(l,  w)
and 2(y; u,) are the penalty terms for observations that fall below or
above the bounds, respectively. The penalty is proportional to the 1
level. We aggregate the interval score for every observatigrover time
t using the mean to be able to compare the di erent forecast models

t qint

(Bracher et al. (2021)): MIS ™ = % In terms of interpretation,

the smaller the MIS, the better the prediction interval.

3. Results

In the following, rst, we present the forecast results of the PPS and
the nave model, followed by the calibration of the PPS forecasts with the
historical error data. Second, we present the results from the validation

analysis.

3.1. Forecast Results

Figure 2 and 3 show an intermediate outcome of the two forecast models
in form of the forecast paths of the age-speci c fertility rates (ASFR) of Fin-
land, together with the observed ASFR of 5-year age-groups. The observed
ASFR values, represented by black dots, cover the period from 1944 to 2023,
followed by 250 of the 5,000 forecast paths up to the year 2070. As described

in Section 2, the ASFR paths are then used to calculate the forecast TFR

14
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296

297

298

299

300

301

Training Period Calibration Period

Country Series Nr. Start End Start End
Finland 1 1944 1973 1974 2020
2 1945 1974 1975 2021
Sweden 1 1944 1973 1974 2020
2 1945 1974 1975 2021
Norway 1 1968 1997 1998 2012
2 1969 1998 1999 2013
3 1970 1999 2000 2014
4 1971 2000 2001 2015
5 1972 2001 2002 2016
6 1973 2002 2003 2017
7 1974 2003 2004 2018
8 1975 2004 2005 2019
9 1976 2005 2006 2020
10 1977 2006 2007 2021

Table 1: Calibration data Dy

paths, shown in Figure 6 for the nave model, and in Figure 5 (panel a) for
the PPS model.

After calculating the forecasting errors of the PPS model for the cross-
validation series of the calibration data, we model the error distribution as
described in 2. The empirical distribution of the forecasting error, see Figure
4, shows that the PPS model tends to overpredict the Total Fertility Rate

(TFR) in Finland. The asymmetry of the forecasting error is already visible
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314

Validation Period

Country Nr. of Series Start End

Finland 3 1976 2022
Sweden 3 1976 2022
Norway 11 1976 2022
Denmark 1 2008 2022

Table 2: Validation data Dy

Country Training Period Forecast Period
Start End Start End
Finland 1994 2023 2024 2070

Table 3: Application data D app

in the rst three forecast years and increases with the forecast length, justify-
ing the use of the Time-varying Skew-normal model to model the forecasting
error distribution. Another reason for modeling the forecasting error distri-
bution rather than using raw quantiles is the need for interpolation, because
the data scarcity results in fewer data points with increasing forecast length.
The asymmetry of the empirical forecasting errors towards over-prediction
and their magnitude in the early forecast years leads to the di erences in the
probabilistic forecast for Finland that can be observed in Figure 5. Panel a
shows the TFR paths from the PPS model without calibration to the histor-
ical error data. Due to the assumption of the PPS model that the fertility
postponement will continue but slow down and eventually stop, the median
of the forecast paths rises in the rst 15 forecast years and then levels o

to reach a TFR of 1.56 in 2070. The 95% prediction interval starts narrow

16



315

316

317

318

319

320

321

322

Figure 2: Observed ASFR of Finland and 250 forecast paths from PPS model by 5-year

age-groups.
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around the rst forecast and increases with increasing forecast length, rang-
ing from a TFR of 1.20 to 2.03. Panel b shows the TFR trajectories derived
from the PPS model and calibrated to the historical forecast error distribu-
tion. In contrast to the non-calibrated forecasts, the 95% prediction interval
is notably narrower, ranging from 1.07 to 1.69. As a result of the shape of
the empirical foresting error distribution, the prediction interval is negatively
skewed and starts notably wider in 2024 than the non-calibrated prediction

interval. Further, the median forecast of 1.44 is lower. The changed shape
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Figure 3: Observed ASFR of Finland and 250 forecast paths from naive model by 5-year

age-groups.
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and median of this forecast distribution is the result of calibrating the fore-
cast paths to represent the historical forecasting error distribution that starts
wider, widens more slowly, and is skewed towards overestimation. We illus-
trated the di erent distributions of forecast paths by adding the density plots
for the years 2024 and 2070 (in grey color). These highlight the di erence
in width and skewness of the forecast distributions before and after the cal-
ibration to the historical error data. Overall, the calibrated PPS forecast

predicts that Finland’s TFR is likely to be higher in 2070 than last observed.
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Figure 4: Forecasting errors from calibration data series with 95% quantiles of modeled

error distribution (blue).
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The probability that the TFR will fall below the level of 2023 (1.26) is 14%.

3.2. Forecast Validation

The validation analysis supports the visual di erences between the PPS
forecast paths that have been calibrated to historical error data and those
that were not, and shows a consistently higher performance of the calibrated
forecast paths for the validation data, compared to the non-calibrated PPS
and nave forecasts. Table 4 summarizes the calibration scores for three
di erent nominal coverage levels (95%, 90% and 80%) for the full forecast
horizon of 47 years. For all nominal coverage values, the calibrated PPS paths
have the closest actual coverage, while also being better calibrated in terms

of width, as indicated by smaller MIS values. Looking at the validation
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Figure 5: Observed TFR of Finland and 250 forecast paths from PPS model (a) and after

calibration on historical error data (b), with median and 95% quantiles, and density in
2024 and 2070.
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results for short, medium and long term forecast years (see Table 5), we
can see why the calibrated forecasts perform better. The non-calibrated
prediction intervals from the naive and the PPS model have the problem
of being too narrow in the beginning (indicated by small average widtiV)
while simultaneously having strong under-coverage, resulting in higher Mean
Interval Scores (MIS). In contrast, the calibrated PPS forecasts, which start

wider and widen more slowly, have better coverage and smaller values for the
MIS.
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Figure 6: Observed TFR of Finland and 250 forecast paths from naive model, with median

and 95% quantiles, and density in 2024 and 2070.

Nominal Coverage Model Cov. W MIS

95% PPS (cal.) 91% 0.66 0.98
PPS (non-cal.) 73% 0.77 2.38
Naive 82% 0.73 1.59

90% PPS (cal.) 84% 0.56 0.87
PPS (non-cal.) 65% 0.64 1.71
Naive 77% 0.61 1.17

80% PPS (cal.) 75% 0.44 0.74
PPS (non-cal.) 47% 0.50 1.26
Naive 70% 0.48 0.87

Table 4: Evaluation of model calibration for full forecast length of 47 years using the Cov-

erage (Cov.), the Mean Interval Score (MIS) and the average width (W) of the prediction

intervals.
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