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Abstract
In the social sciences, direct empirical veri�cation is often unavailable: researchers
cannot experimentally manipulate systems while holding confounders constant.
To compensate, researchers rely on convergent validity|agreement among inde-
pendent theoretical approaches as a signal of robustness. Here we show, using
residential segregation as a case study, that this strategy can fail in a mature and
extensively studied �eld, with convergent validity misleading rather than guard-
ing against error. By combining simulations, information-theoretic analysis, and
real-city sampling, we develop distinct environments for evaluating segregation
measures|each designed to address conceptual limitations that the others can-
not. Together, these approaches reveal that standard measures of how groups
distribute across neighborhoods are systematically confounded by a city’s racial
composition. This confounding is nearly identical across all common measures,
despite being derived from distinct theoretical arguments, and large enough
to materially revise established consensus in segregation research. We provide
a tractable correction that brings these measures into better alignment with
their interpretations. Substantively, this shows that the apparent stability of
White/Hispanic and White/Asian segregation in the United States since 1990 is
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attributable to changing racial/ethnic group sizes rather than unchanged sorting
patterns, and that American cities have achieved substantially greater residential
integration than widely believed.

A central challenge in observational science is establishing that quantitative frame-
works capture what researchers interpret them to measure. In the physical sciences,
this is typically achieved using a conceptually simple cycle of prediction and empirical
veri�cation: a theoretical framework produces quantitative predictions, experiments
test those predictions, and agreement provides evidence that the framework re
ects
reality [1, 2]. When predictions fail, the framework is revised or rejected.

In much of the social sciences, this validation cycle is unavailable. The systems
under study|cities, populations, labor markets, schools|cannot be experimentally
manipulated while holding confounders constant, and the counterfactuals needed for
direct validation are inherently unobservable [3, 4]. Researchers have therefore devel-
oped alternative strategies, central among them convergent validity [5{7]: if multiple
measures, each reliant on distinct arguments, agree in comparative analyses, this agree-
ment is treated as evidence that the results are robust. In this work, we demonstrate
that the measurement of residential segregation is both a quintessential example of this
convergent-validity approach and a case where it has failed|with agreement among
measures becoming a source of error rather than the safeguard against it.

Residential segregation|the degree to which racial and ethnic groups live in sep-
arate neighborhoods|is a de�ning feature of American society, shaping disparities in
health, education, wealth, and intergenerational mobility [8{10]. As a central topic in
social science, segregation measurement has generated decades of scholarship, numer-
ous indices, and substantial disagreement|often termed ‘index wars’ [11, 12]. Active
debates include the in
uence of spatial arrangement, neighborhood scale, movement
patterns, and the increasing importance of multigroup measurement [13{17].

It is now broadly accepted that segregation has distinct dimensions [18], each
capturing a di�erent aspect of the separation between groups. Theevennessdimension
measures how uniformly groups are distributed across neighborhoods; theexposure
dimension captures the degree of potential contact between them. Five such dimensions
are generally recognized. When researchers report that segregation has ‘increased’ or
‘decreased’, the discussion almost always concerns evenness, measured by indices such
as dissimilarity, separation, and entropy.

The focus on evenness in comparative analysis|both between cities and over
time|stems in part from the belief that these measures are insensitive to a city’s
racial composition, a property known ascompositional invariance. Without this prop-
erty, researchers cannot distinguish whether measured di�erences in segregation re
ect
actual variation in neighborhood sorting dynamics|driven by discrimination, policy,
or preferences|or merely di�erences in group sizes. In the American context, these
measures consistently show that White/Black segregation has steadily declined since
1970, White/Hispanic and White/Asian segregation have held relatively steady [19{
21], and that cities with the largest non-White populations are more highly segregated
than others [22].
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These regularities have shaped sociological theory. The stability of White/Hispanic
segregation, for example, has been used as evidence of \no breakthrough in sight" [20]
or characterized as \especially troubling" [23]. Others view it as less concerning, argu-
ing that rapidly growing minority populations|as the Hispanic population has|were
anticipated to face heightened discrimination [22]. Whether these interpretations hold
depends on evenness measures being compositionally invariant. This requirement is
especially salient given that no two cities share the same composition and that the U.S.
White population share declined from nearly 90% in 1970 to just over 60% in 2020.

Despite its foundational role, compositional invariance is largely treated as a set-
tled or minor problem. As early as 1981 [24], an evenness measure was said to \avoid
the in
uence of population composition." The U.S. Census Bureau states that \expo-
sure measures depend on the relative sizes of the two groups being compared, while
evenness measures do not" [25]|an interpretation paralleled in Massey and Den-
ton’s ‘dimensions of segregation’ work [18], the Urban Institute’s equity measurement
report [26], and elsewhere [27{30]. Some introductory texts are more explicit: \the
[evenness measure] is statistically independent of the relative size of the two groups
used in its calculation" [22, 31, 32]. Consequently, compositional invariance is rarely
presented as a pressing problem and itsintended meaningis clear: if the only change in
a city were the relative sizes of groups, a measure of evenness should remain constant.

The evidencethat any speci�c evenness measure is compositionally invariant, how-
ever, is notably indirect, being largely limited to axiom-based approximations. The
�rst operationalization is often attributed to Duncan and Duncan’s seminal 1955
paper [33], though they were careful to note that \distortion" in the context of compo-
sition is rather unclear. The formal property they demonstrated was narrow: if every
neighborhood’s population of a group is scaled by a constant factor� simultaneously,
the dissimilarity index remains unchanged [34]. Many other evenness indices, includ-
ing Gini and Hutchens’ R [35], were also shown to satisfy this formulation. However,
this operationalization does not establish that the resulting measures are ‘independent
of the city composition’ in any testable sense, and several methodologists have noted
that this constant-factor scaling is poorly justi�ed [13, 36].

Alternative formulations have therefore been developed, each grounded in dis-
tinct theoretical arguments. Gorard and Taylor [37] proposed ‘strong compositional
invariance,’ which scales a group’s neighborhood populations while holding total neigh-
borhood population �xed. The resulting index saw limited adoption, partly because
it is asymmetric and not bounded between 0 and 1 [38]. Fossett [39] advocated for
the separation index because it retains the same expected value were individuals ran-
domly sorted into neighborhoods|the non-interacting case. Most evenness measures
exhibit a dependence on composition in this scenario, although the e�ect is gener-
ally small [39, 40]. Others have argued for decomposition approaches in which certain
components, though not the overall index, can be treated as compositionally invariant
[41, 42]|arguments that favor ‘decomposable’ indices, such as the entropy index.

Notably, each index relies on distinct theoretical machinery and could, as demon-
strated by the non-interacting case, produce di�erent results. In real-world datasets,
however, evenness measures correlate almost perfectly. Gorard [43], in rebutting crit-
icism of his index, articulated the implications explicitly: although only his index
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satis�es strong compositional invariance, \almost any index will do," and \a �nding
so sensitive that it would be reversed simply by the use of a di�erent, sensible, index
is not really any �nding at all." Agreement itself, rather than intrinsic rigor, became a
benchmark for �ndings and for evaluating new approaches. It was not, then, that any
speci�c operationalization of compositional invariance was viewed as infallible; rather,
their agreement provided a sense of robustness and sustained the limited concern.

This agreement has been misleading. In this study, we show that all common
measures of evenness|dissimilarity, Gini, Theil’s entropy, Hutchens’ R, Fossett’s
separation|have a strong, systematic, and virtually identical dependence on a city’s
composition: they fail the same way. We establish this through three complementary
tests, each designed to address conceptual limitations that the others cannot. First, we
use agent-based simulations to generalize beyond the non-interacting case considered
by Fossett [39] and Winship [40] to a setting with agent interactions, creating a diverse
set of conditions that allow us to directly alter composition while holding all other
aspects of the system constant. Second, we ask what dependence arises when a city’s
composition is altered but the underlying structure is preserved as much as possible|
a test grounded in information theory, with formal mathematical guarantees agnostic
to the segregation-generating process. Third, we introduce a method to construct par-
tial city replicas from single-city data, �nding similar dependencies in both simulated
and real-world populations. These controlled, analytic, and empirical approaches o�er
distinct testable operationalizations of compositional invariance, and together suggest
that there is no reasonable test|outside the non-interacting case|that would �nd
any standard measure of evenness to be compositionally invariant.

Despite this, we demonstrate that a tractable operationalization of compositional
invariance exists that performs well across these tests and is applicable to all common
indices, enabling researchers to determine, for example, what dissimilarity a city would
exhibit if only its racial/ethnic composition changed. This constitutes the �rst empiri-
cally grounded operationalization of compositional invariance with realistic interaction
patterns, addressing a problem that dates to the earliest debates in segregation mea-
surement [33]. Substantively, we �nd that the apparent stability of White/Hispanic
and White/Asian segregation re
ects rapid Hispanic and Asian population growth,
and that, after accounting for the growth of these populations, American cities have
achieved substantially greater residential integration than widely believed.

Results

Compositional dependence in agent-based simulations
We begin with our �rst test: a controlled setting in which composition is varied directly.
To this end, we use a Schelling-type model of segregation [44, 45]|a foundational
agent-based model showing that simple preferences can generate widespread segrega-
tion. Although such models do not capture the complexity of real cities, they allow us
to vary only the city’s composition while holding all other aspects of the system|city
size, total population, neighborhood partitions, and agent interactions|exactly con-
stant. If a segregation measure changes as composition is varied in this setting, the
measure is confounding changes in group sizes with neighborhood sorting dynamics.

4



Our simulation consists of a two-dimensional grid initialized with a random con-
�guration of empty sites and agents (labeled blue and red). After equilibrating the
system by allowing agents to move according to their preferences, we partition the city
into neighborhoods and compute segregation indices. We then continue the simulation
to quantify the stochastic 
uctuations at each �xed composition (see Methods).

Figure 1 shows six widely used segregation indices for simulated cities in which the
blue-agent composition varies from 60% to 80%. These include �ve common measures
of evenness (a{e) and one exposure measure, the isolation index (f), which is expected
to depend on composition. If composition had no in
uence on evenness measures,
the values of these indices would remain constant, appearing as horizontal lines in
the �gure. They do not. Instead, every evenness index shows a strong and monotonic
dependence on composition that closely mirrors the pattern of the isolation index.

Notably, the magnitude of this unintended dependence is comparable to that
of measuresexplicitly designed to track composition: the isolation index varies by
0.28 (panel f), while evenness measures such as the Gini index (panel e) and dissimilar-
ity (panel a) vary by 0.21 and 0.17, respectively. These results contrast sharply with the
non-interacting case considered by Fossett [39] and Winship [40], which we reproduce
in Supplementary Section 2 by setting the interaction strength to zero in our agent-
based model. In the absence of interactions, the isolation index varies by 0.2 across the
60{80% range, whereas evenness measures show at most a slight dependence (< 0:02),
with less diverse cities yielding higher values. With interactions, however, the pattern
reverses: evenness measures become higher inmore diverse cities and, across compo-
sitions relevant to the declining White share in the United States, their compositional
dependence becomes comparable in magnitude to that of exposure measures.

These results generalize beyond the speci�c settings of Figure 1. Supplementary
Section 3 provides results across a variety of interaction strengths, additional city
compositions, and neighborhood sizes ranging from small (100) to large (2500). Across
all tested conditions, common evenness measures display compositional dependencies
that are remarkably similar to one another, and even less commonly used measures|
such as Gorard’s index (Supplementary Section 6)|show largely similar patterns.

Compositional dependence using information theory
Having demonstrated compositional dependence in controlled environments, we now
develop our second conceptual test: identifying the dependence that arises from the
minimal necessary perturbation to data that a change in composition could generate.
To accomplish this, we build on the segregation formulation of Barron et al. [46], which
expresses a city’s neighborhood populations as a probability distributionP (� )|the
probability that a randomly selected individual resides in a neighborhood with racial
composition � . Note that P (� ) is merely a reformulation of the data, not a model
�t: the city composition is the mean of this distribution, and all standard segregation
indices can be computed directly (Supplementary Section 1).

The bene�t of this formulation is that identifying the minimal necessary perturba-
tion becomes a tractable and well-posed problem. Among distributions with mean� ,
the one minimizing the Kullback{Leibler (KL) divergence|a measure of statisti-
cal distance|from P (� ) is the exponentially tilted distribution, P (� j� ) / P (� )ev� ,
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Fig. 1 Systematic compositional dependence of segregation indices in simulated cities.
a{e, Five common evenness indices and f, the isolation index (an exposure measure) calculated for
simulated cities where only composition is varied (60% to 80% blue agents). All other parameters|
including agent interactions, city size, and neighborhood partitions|are held constant. Each index
increases systematically and monotonically as the majority group proportion decreases across the
range of compositions relevant to recent U.S. demographic change. The nearly identical trends across
panels a{e demonstrate that evenness measures|intended to be compositionally invariant|instead
mirror the behavior of the isolation index ( f ). Box plots show the distribution across multiple city
realizations (see Methods). Supplementary Sections 2{3 provide results for additional interaction
strengths, city compositions, and neighborhood sizes.
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where v ensures that P (� j� ) has mean � . Compositional dependence can then be
identi�ed by computing indices from P (� j� ) across a range of target compositions� .

This ‘closest-distribution approach’, formally known as information projection,
underpins methodologies across disciplines|including poststrati�cation in polling,
Boltzmann weighting in statistical physics, and exponential tilting in statistics. A
related technique, iterative proportional �tting, was used by Elbers [42] to partition
segregation components. Our formulation, however, is analytically tractable: segrega-
tion indices reduce to closed-form functions of a user-speci�ed target composition (see
Methods). Crucially, it also provides an operationalization of compositional invariance:
by computing segregation indices from cities adjusted to a common target composition,
the direct e�ect of di�ering group sizes is removed, and the remaining variation|if
any|better re
ects di�erences in compositionally invariant segregation.

Beyond tractability, formal mathematical guarantees justify this procedure (see
Supplementary Section 7 for derivations). First, P (� j� ) better represents any ‘true’
distribution at composition � |for example, the result of a simulation at that
composition|than the unadjusted P (� ), guaranteeing a smaller KL divergence regard-
less of the segregation mechanism. Second, absent additional information beyond the
target composition, no alternative procedure can guarantee a greater improvement:
every alternative distribution has a smaller guaranteed reduction in KL divergence
than P (� j� ) achieves. As these guarantees are agnostic to the segregation-generating
process, information projection is uniquely well-justi�ed for real-world application.

Figure 2 presents the results for our simulated cities adjusted to a target compo-
sition of 75% blue agents, across the same six indices considered in Figure 1. Gold
box plots show the adjusted values, with the unadjusted (faded blue) shown for refer-
ence. We emphasize thateach simulated city is adjusted independently. In contrast to
the strong dependence observed when indices are computed directly, every adjusted
index|including all �ve evenness measures (a{e) and the isolation index (f)|recovers
the actual 75% blue city values to within 0.01 on average, regardless of the city’s
actual composition. This demonstrates that a consistent measure of segregation can be
recovered for cities di�ering only in composition, at least in controlled environments.
Supplementary Section 9 demonstrates that similar results are obtained at other tar-
get compositions, and Supplementary Section 14 shows comparable results across a
variety of agent interaction strengths and city partitions.

The choice of target composition itself represents a degree of freedom, analogous
to choosing which index to report: one could compare cities using dissimilarity at 75%
or at 80%, provided that all cities are adjusted to the same target. Crucially, forgoing
adjustment does not eliminate this degree of freedom|it merely replaces an explicit
choice with an implicit ‘no adjustment’ that does not achieve compositional invariance
in controlled testing and, as shown analytically, is provably suboptimal. In practice,
the target should be chosen to minimize the necessary compositional adjustments with
respect to the actual city compositions, as large adjustments can amplify the in
uence
of outlier neighborhoods and data-quality issues (see Supplementary Section 8).
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Fig. 2 Compositional adjustment substantially reduces compositional dependence. a{
e, Five common evenness indices and f, the isolation index (an exposure measure), for simulated
cities after adjustment (gold) to a target composition of 75% blue agents, with unadjusted values
(faded blue) shown for reference. Each simulated city is adjusted independently. Unadjusted and
adjusted values are identical for cities already at the target composition (75% blue), con�rming the
mathematical consistency of the procedure. While unadjusted indices increase signi�cantly as majority
group proportions decrease, adjusted values consistently recover the 75% blue city segregation values
to within 0.01, on average, regardless of the city’s actual composition. Supplementary Section 9
validates this consistency at alternative target compositions; Section 14 provides further validation
across various interaction strengths and neighborhood partitions ranging from 100 to 2,500 grid cells.
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Compositional dependence identi�ed empirically in real cities
Simulations demonstrate that compositional dependence arises in controlled settings,
but simulations do not represent reality; they cannot adequately capture the individ-
ual preferences, housing constraints, and ‘place-stratifying’ institutional processes that
have shaped residential segregation [47]. For this reason, we developed an information-
theoretic approach that is agnostic to the segregation-generating process and, as
shown in the previous section,also performs well in simulations. However, even strong
process-agnostic guarantees do not ensure su�cient performance for practical use. We
therefore develop a third test: identifying compositional dependence empirically from
partial replications of real cities that vary in composition.

Each city can be thought of as having its ownsegregation signature|the composi-
tionally invariant aspect of segregation that researchers have long sought to isolate. To
test whether a measure recovers this signature, we draw random subsets of neighbor-
hoods from a single city. Each subset has expected values that are identical to those of
every other subset, but sampling 
uctuations result in variations in both composition
and index values (see Methods), allowing us to detect associations in real data.

First, consider the results for asingle Schelling-simulated 70% blue city (Figure 3a).
Subsets with a composition close to the overall city produce, on average, dissimilarity
values nearly identical to the city-wide value (blue dot)|con�rming that these par-
tial replicas faithfully re
ect the simulated city’s segregation structure. However, as
the majority share decreases, the dissimilarity (blue line) increases|demonstrating
that subsets drawn from the same city produce systematically di�erent index values
depending on their composition. Importantly, the shape and magnitude of this depen-
dence are consistent with the direct simulation results of Figure 1, where composition
was varied across independent simulations while holding all other aspects of the sys-
tem constant. This agreement indicates that, at least in controlled settings, the subset
procedure serves as a reasonable proxy for directly varyingonly composition|lending
con�dence that compositional dependence can be detected from single-city data.

By design, this statistical test is applicable to real cities. Figures 3b{d demonstrate
analogous patterns for White/Hispanic segregation in 2020 New York City, Chicago,
and Los Angeles. In each case, compositional dependence is evident: subsets whose
composition is similar to the city overall yield comparable dissimilarity values, while
subsets at other compositions result in systematically di�erent values. The magnitude
of this dependence varies across cities, appearing noticeably smaller in Los Angeles.

The remaining question is whether subsets at non-city compositions can recover
the city’s segregation signature. When we apply our information-theoretic correction,
adjusting each subset independentlyto the city-wide composition, the compositional
dependence is eliminated (gold lines). For example, in Chicago (panel c), a 60% White
subset or 80% White subset reliably recovers the city-wide dissimilarity value (at
68% White) to within 0.01 on average|despite the unadjusted values of these subsets
di�ering by 0.15. Comparable accuracy is achieved in New York City and Los Angeles.

That subsets at widely di�erent compositions, taken from the exact same city, can
independently recover the same segregation value is the central empirical �nding. This
demonstrates that a consistent segregation signature exists beneath the compositional
variation, and therefore that standard evenness measures truly depend on group sizes
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Fig. 3 Single-city empirical test reveals systematic compositional dependence in both
simulated and real cities. a, Single Schelling-simulated 70% blue city, b, 2020 White/Hispanic
New York City, c, 2020 White/Hispanic Chicago, and d, 2020 White/Hispanic Los Angeles, all
analyzed using random 100-neighborhood subsets. Subsets are binned by composition to compute
mean values (solid lines) and standard deviations (shaded regions) for unadjusted dissimilarity (blue)
and compositionally adjusted dissimilarity (gold), using the city-wide composition as the target.
Each subset is adjusted independently. Blue dots mark the city-wide dissimilarity values. Panels b {
d share a common y-axis scale to facilitate visual comparison. The blue lines demonstrate that
unadjusted dissimilarity exhibits a systematic, though not always monotonic, dependence on subset
composition. The 
at gold lines demonstrate that our adjustment eliminates this dependence: a subset
of neighborhoods at any composition can correctly recover the city-wide dissimilarity value to within
0.01 on average. Supplementary Section 11 shows that this behavior is mirrored across all common
evenness measures.

in the complicated scenarios that underpin real-world data. This suggests that if a city
like Chicago transitioned from 80% to 60% White| without any change in attitudes
or other sorting dynamics|its measured dissimilarity would be expected to increase
by approximately 0.15 directly from the shift in relative group sizes.

Supplementary Section 11 demonstrates that nearly identical results are obtained
using separation, entropy, Hutchens’ R, and Gini indices, and that the consistency
across measures persists for White/Black and White/Asian segregation.

10



Corrected historical trends
The prevailing understanding of American segregation trends is predicated on
the assumption that evenness measures are compositionally invariant. Our results
show this assumption to be incorrect. As Figures 2 and 3 demonstrate, however,
our information-theoretic approach is able to recover index values at alternative
compositions, allowing us to revisit established residential segregation trends.

Figure 4 shows traditional (unadjusted) and adjusted trends for the dissimilarity
and separation indices from 1990 to 2020. To minimize compositional adjustments,
the target is city-speci�c: each city’s decennial values are adjusted to its 1990{2020
historical average composition. Both unadjusted and adjusted trends are population-
weighted averages aggregated across the same set of U.S. cities, restricted to those
with su�cient neighborhood diversity to ensure the adjustments are robust (see Sup-
plementary Section 12 for details). The adjusted trends therefore represent changes
in segregation beyond those directly attributable to shifting racial/ethnic group sizes.
In this sense, they more closely re
ect changes in underlyingsegregation signatures|
shaped by preferences, policy, and discrimination|that compositional invariance was
meant to isolate and that evenness trends have been widely interpreted as capturing.

The implications are striking. Once the systematic dependence on composition is
removed, White/Hispanic and White/Asian trends diverge sharply from the consen-
sus view that they have remained stable. Compared to a change of� 0:05 obtained
with traditional dissimilarity for White/Hispanic segregation between 1990 and 2020,
we observe a compositionally invariant change of� 0:21|around four times larger.
Likewise, White/Asian segregation shifts from a traditionally computed increase of
+0 :01 to a compositionally invariant change of � 0:12. In contrast, the White/Black
comparison|where Black population shares have remained relatively stable|shows
only a minor adjustment from � 0:11 to � 0:14. White/Hispanic segregation, in fact,
has declined more rapidly than White/Black segregation over the past three decades.

Other indices|including separation (Figure 4b), entropy, Hutchens’ R, and Gini|
show similar results and remain qualitatively unchanged under alternative target
compositions (see Supplementary Section 13). The relative stability of White/Hispanic
and White/Asian segregation since 1990|a widely accepted �nding [19, 20]|
appears to result from a genuine decline in sorting-based segregation o�set by rapid
diversi�cation that mechanically in
ated the values of all common evenness indices.

Discussion
Our �ndings demonstrate that widely used segregation comparisons, both across cities
and over time, are confounded by compositional di�erences and therefore do not
directly isolate changes in attitudes, policy, or other neighborhood-sorting dynamics.
The e�ect of this confounder is large, systematic, and nearly identical across common
evenness measures, typically resulting in larger values for more diverse cities.

The compositional dependence we identify has major implications for interpret-
ing American segregation trends, and can be expected to extend wherever cities di�er
in composition, such as in cross-city comparisons. In particular, the consensus that
White/Hispanic and White/Asian segregation remained stable between 1990 and 2020
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Fig. 4 Compositional adjustment uncovers substantial declines in all major segrega-
tion trends. Historical U.S. trends from 1990{2020 for a, the dissimilarity index and b, the
separation index. Dashed lines show unadjusted trends: modest declines in White/Black segrega-
tion, while White/Hispanic and White/Asian segregation appear relatively stable. Solid lines show
compositionally adjusted trends, with each city independently adjusted to its 1990{2020 average com-
position. After adjustment, all group comparisons exhibit substantial and consistent declines; notably,
adjusted Hispanic segregation declines more rapidly than Black segregation. The apparent stability
in White/Hispanic and White/Asian indices since 1990 re
ects rapid minority demographic growth
combined with systematic compositional dependence of evenness indices. Both unadjusted (dashed)
and adjusted (solid) trends are computed using the same set of cities (see Supplementary Section 12).

appears to re
ect rapid diversi�cation combined with the systematic compositional
dependence of standard evenness indices. Once measures are corrected to be demon-
strably ‘independent of the relative size of the two groups used in their calculation,’
substantial declines emerge for all comparisons, with Hispanic segregation mirroring,
or even exceeding, the decline observed for Black segregation. These �ndings point to
substantial progress toward integration for Hispanics and Asians, but may also signal
a continued ‘exceptionalism’ in the integration experience of Black Americans.

The long-standing challenge in establishing compositional invariance is that the
ideal test|altering only the racial composition of a real city while holding all other
aspects constant|is inherently inaccessible. This is not incidental; it is precisely
this inaccessibility that has made it di�cult to determine whether any operational-
ization achieves compositional invariance as it is widely interpreted. Over decades,
methodologists have noted modest compositional dependence in non-interacting sce-
narios [39, 40], continued to propose alternative formulations for compositional
invariance [37, 42], and questioned whether a satisfactory operationalization is achiev-
able at all [13, 33]. Yet these concerns remained peripheral because standard measures
yielded consistent results in comparative analysis|allowing compositional dependence
to appear as a theoretical concern rather than a pressing problem.

The controlled, analytic, and empirical approaches developed here each provide a
di�erent conceptual perspective from which to test compositional invariance. That a
compositional dependence is consistently found for evenness measures suggests that
there is no reasonable testable scenario|in the presence of interactions|that would
�nd any standard measure of evenness to be compositionally invariant.
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In particular, agent-based simulations provide the one setting in which the ideal
test can be performed, establishing that the confounding is real and large|and that
the dependence in the presence of agent interactions is qualitatively di�erent from the
non-interacting case considered in previous work [39, 40]. However, simulations are
themselves idealized, and success in a simpli�ed model does not necessarily translate
to cities shaped by far more complex dynamics. Information-theoretic analysis consid-
ers the minimal necessary change in a city’s structurefrom a change in composition,
providing a tractable operationalization of compositional invariance with mathemati-
cal guarantees that are agnostic to the segregation-generating process. However, even
strong guarantees warrant empirical con�rmation. Sampling-based empirical tests o�er
perhaps the closest accessible analogue of the counterfactual of interest. These tests
con�rm both that standard evenness measures depend on group sizes and that this
dependence can be removed in real U.S. cities|demonstrating that partial replicas of a
city can yield consistent segregation values despite wildly di�erent compositions. That
a single operationalization proves e�ective across these settings|direct intervention,
minimal perturbation, and within-city sampling|provides a substantially stronger
basis for claiming compositional invariance than any setting alone could support.

Together, these results constitute the �rst empirically supported operationaliza-
tion of compositional invariance that accounts for realistic interaction patterns. Rather
than introducing a new index, our approach can be applied to all common segrega-
tion indices|better aligning these measures with the compositional invariance long
ascribed to them. This procedure also preserves the other core properties of these
measures, as adjusted expressions reduce to a reweighting of standard formulas|
equivalent to treating neighborhoods as though they were a di�erent size, a di�erence
that is already implicit whenever indices are applied across cities with heterogeneous
neighborhood sizes. This allows the vast existing literature to be corrected rather than
discarded, and enables direct comparison between adjusted and unadjusted results,
making the magnitude of compositional dependence in common measures transparent.

More broadly, these �ndings provide a cautionary example for observational sci-
ence: convergent validity can fail even when measures are constructed independently
and are conceptually diverse. This concern is not merely theoretical|as our results
demonstrate, it has occurred in a mature and extensively studied �eld. When con-
vergent validity fails, its consequences are not neutral: it was the agreement among
measures that directed researchers’ attention elsewhere, sustained institutional inter-
pretations that were never directly established, permitted theory to be built on �ndings
that only appeared robust, and generated resistance to alternatives providing di�er-
ent results. In fact, had we proposed a new index that showed segregation to have
declined, this �nding would, by the criteria of an active participant in the compo-
sitional invariance debates, \not really be any �nding at all" [43], precisely because
other seemingly sensible measures would disagree. Although there are good reasons
to rely on convergent validity, this case suggests that agreement across measures can
become a source of error rather than the safeguard against it.

Detecting such problems requires evaluating measures in settings where they can
genuinely succeed or fail. Our agent-based simulations, guarantee-driven theory, and
empirical sampling tests are complementary approaches for this purpose|a template
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that can be applied to other �elds. The reasons for broader concern are twofold. First,
the measures we considered are widely used beyond segregation research|the Gini
index in particular spans inequality, ecology, and economics|raising the possibility
that issues akin to compositional invariance exist elsewhere. Second, agreement across
measures is similarly widespread in these other disciplines [49, 50], suggesting that a
major confounder identi�ed for a measure such as the Gini is likely to a�ect them all.
For segregation research in particular, the cost ofall measures failing the same way
has been a mischaracterization of comparative analyses, both across cities and over
time. We leave detailed cross-city comparisons for future work, while our over-time
results suggest that American cities have achieved substantially greater residential
integration than widely believed.

Methods

Data
We used decennial Census data from the IPUMS NHGIS for 1990{2020 at the block
group level [48]. Racial groups were de�ned as non-Hispanic White, non-Hispanic
Black, non-Hispanic Asian (including Hawaiian and Paci�c Islander), and Hispanic
(any race), following standard segregation research conventions. For historical trends,
cities (metropolitan areas) were included if they contained at least 1,000 individuals
of each group and if the considered minority group constituted at least 3% of the total
population in each decade. To avoid bias from institutional populations, we excluded
block groups where more than 25% of residents lived in group quarters. Segregation
indices are computed for dyadic pairs (White/Black, White/Asian, White/Hispanic)
that are standard in the literature [13, 20].

Agent-based Schelling simulations
We implemented a Schelling-like segregation model on a 1000� 1000 grid with red
and blue agents, with 20% of the city consisting of empty locations. At each time step,
2% of agents were randomly selected to potentially relocate. For each selected agent,
happiness at a location was calculated as the fraction of same-type agents among
the 8 immediately adjacent cells (Moore adjacency, including diagonals), excluding
empty locations. Agents probabilistically moved to random empty locations based on
happiness improvement using a sigmoid function:P (move) = 1=(1 + e� S � � h ), where
S = 3 :1 is the sensitivity parameter and � h is the di�erence in happiness (results
across multiple interaction strengths are presented in Supplementary Sections 3, 4, 10,
and 14). This model is based on the work of Chen et al. [45].

To test compositional dependence, we varied racial composition from 60% to 80%
blue in 5% increments while maintaining constant total population density (80% occu-
pied), city size, and interaction parameters. Simulations largely equilibrate in 20,000
steps (Supplementary Section 5). For each composition, we used the city state every
20,000 steps from step 500,000 onward, yielding 76 states per composition.

For segregation index calculations, we partitioned each simulated city into neigh-
borhoods using a consistent random spatial partition across all composition variants.
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Neighborhoods were deliberately constructed with varying sizes|averaging 500 loca-
tions with a standard deviation of 150|to better re
ect the heterogeneous geographic
units (e.g., block groups) used in real-world segregation analysis. Supplementary
Sections 3 and 14 further consider uniform neighborhood sizes of 100 and 2,500.

Single-city empirical test
For each city, we randomly sampled 100 neighborhoods with replacement and com-
puted segregation indices for each subset. We repeated this process at least 100 million
times per city to obtain subsets spanning a wide range of compositions. Neighborhood
subsets are random rather than spatially localized for two reasons: (1) common indices
are computed from aspatial neighborhood-level counts where spatial arrangement may
not be available, and (2) random subsets average out location-based preferences, so
the expectation of every subset|in the mathematical sense|is identical.

Information-theoretic correction
We followed Barron et al. [46] to transform neighborhood-level population counts into
a probability density function P (� ), representing the probability that a randomly
selected individual resides in a neighborhood with racial composition� . All common
segregation indices can be computed from this distribution (Supplementary Section 1).

The adjusted indices are obtained by replacingP (� ) ! P (� j� ) and �� ! � , and
can be written as sums over neighborhoods. The adjusted dissimilarity and separation,
for example, are given by:

D (� ) =
P

i t i j� i � � j ev� i

2� (1 � � )
P

i t i ev� i
; S(� ) =

P
i t i (� i � � )2ev� i

� (1 � � )
P

i t i ev� i
; (1)

where i indexes the neighborhood, t i is the neighborhood’s pairwise population,
� i is the neighborhood’s pairwise composition, andv is determined by � =P

i t i � i ev� i =
P

i t i ev� i . When v = 0, the standard (unadjusted) values are obtained.
Optimization can be avoided by sweepingv across a wide range and computing

both � and the corresponding index value at eachv. Sincev and � have a monotonic
relationship, this directly yields the index as a function of � .
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1 Index Formulas

Table 1: Two-group segregation indices

Measure Traditional Computation Distribution Computation

City Comp. (�� ) 1
T

P

i
t i � i

P
�

P (� )�

Dissimilarity 1
2T �� (1� �� )

P

i
t i j� i � �� j 1

2�� (1� �� )
P
�

P (� )j� � �� j

Separation 1
T �� (1� �� )

P

i
t i (� i � �� )2 1
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T E
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P
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1
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Isolation 1 �
P

i t i � i (1�� i )
T (1� �� ) 1 � 1

1� ��
P
�

P (� )� (1 � � )

Here �� is the regional (city-wide) proportion of group 1 (e.g., 60% of agents are red),� i is the
proportion of group 1 in neighborhood i, t i is the total population of neighborhood i, and T =

P
i t i

is the total regional population. In the distribution formulation, P (� ) is the share of individuals in
neighborhoods of composition� . The entropy factor is E = �[� � ln �� + (1 � �� ) ln(1 � �� )].

2 Compositional Dependence in Non-Interacting Scenarios

Segregation indices are non-zero even when individuals randomly sort into neighborhoods, an un-
desirable property known asindex bias (1; 2). This bias depends on city composition and is most
pronounced when a city is overwhelmingly composed of a single group and when neighborhoods
have small populations.

Figure S1 demonstrates these patterns using Schelling model simulations with no agent interac-
tions (S = 0), where S is the sensitivity parameter governing how strongly agents prefer same-type
neighbors (see main text Methods for details). We test three neighborhood size distributions: mean
size 100, mean 500 with standard deviation 150 (matching the main text), and mean 2500 grid cells.
The separation index is the only common evenness measure showing no compositional dependence
in non-interacting scenarios, while the isolation index (an exposure measure) exhibits the expected
linear dependence on composition.
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Figure S1: Compositional dependence for a simulated city in the absence of agent interactions
(S = 0). Separation is the only segregation measure with constant values across compositions.
Other evenness measures show characteristic index bias: high values when a city is overwhelmingly
composed of one group or when neighborhoods have small populations. The isolation index (eval-
uated for the blue group) demonstrates linear compositional dependence, as expected for exposure
measures. S3



3 Compositional Dependence with Agent Interactions

We repeat the simulations of the previous section with agent interactions at three strengths: weak
(S = 3:0), moderate (S = 3:1), and moderate-strong (S = 3:2), shown in Figures S2{S4. These are
characterized as weak to moderate-strong because at 75% majority composition|a composition
where there is a clear majority group but the city still has notable diversity|dissimilarity values
using the 500� 150 neighborhood partition are approximately 0.2, 0.3, and 0.45, respectively. The
main text uses moderate interaction strength (S = 3:1).

These results reveal that compositional dependence is substantially more problematic in the
presence of interactions. In the non-interacting case, dissimilarity di�ered by only �0.05 between
55% and 95% red cities, and by barely 0.01 between 65% and 85% red cities. This modest de-
pendence justi�es the common practice of excluding cities dominated by a single group (2). With
weak interactions, however, the 55%{95% di�erence increases to�0.2 (four-fold larger), and the
65%{85% di�erence increases to�0.13 (thirteen-fold larger). With moderate-strong interactions,
the 65%{85% di�erence reaches 0.2{0.3. Compositional dependence may thus be most severe at
precisely the real-world city compositions considered by scholars.

Moreover, the compositional dependency reverses in the presence of interactions: with inter-
actions, segregation values are highest near demographic balance (50% red) and lowest when one
group dominates (95% red)|opposite the standard non-interacting pattern. This reversed pat-
tern (high segregation near 50%, low near extremes) is found in all evenness measures, including
separation which was compositionally invariant in the absence of interactions.

Finally, compositional dependence persists or evenincreasesat larger neighborhood sizes with
interactions. For moderate-strong interactions, dissimilarity varies by �0.5 for neighborhoods of
size 2500 but only�0.4 for size 100. Larger geographic units therefore do not substantially diminish
compositional dependence.
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Figure S2: Compositional dependence for a simulated city with weak interactions (S = 3:0). All
evenness measures show similar compositional dependence with a pattern opposite to the non-
interacting case. Symmetry at 50% red re
ects identical agent interactions for both groups: a 60%
blue city has the same segregation as a 60% red city.
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Figure S3: Compositional dependence for a simulated city with moderate interactions (S = 3:1).
All evenness measures demonstrate similar compositional dependence with symmetry at 50% red.
Notably, dissimilarity varies by �0.25{0.3 at both small (100) and large (2500) neighborhood sizes,
contrasting sharply with the reduced dependence at larger geographic scales found in the non-
interacting scenario of Figure S1.
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Figure S4: Compositional dependence for a simulated city with moderate-strong interactions (S =
3:2). All evenness measures show similar compositional dependence with symmetry at 50% red.
Even at large neighborhood sizes (2500), dissimilarity varies by�0.5 across compositions.
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4 City Snapshots at Di�erent Interaction Strengths

Figure S5: Schelling model simulations at equilibrium for varying interaction strengths. Each panel
shows a 1000� 1000 grid partitioned into 2000 neighborhoods (mean size 500 cells with standard
deviation 150, indicated by black boundaries) at 55% red (45% blue) composition. With no interac-
tion, agents are randomly distributed. As interaction strength increases, agents increasingly cluster
with same-type neighbors, producing visible segregation patterns that generate the compositional
dependencies documented in Figures S1{S4. The main text uses moderate interaction strength
(S = 3:1).
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