ARTICLE IN PRESS

Reliability Engineering and System Safety 92 (2007) 676–681
www.elsevier.com/locate/ress

Short communication

On statistical and information-based virtual age of degrading systems
Maxim Finkelsteina,b,
a

Department of Mathematical Statistics, University of the Free State, PO Box 339, 9300 Bloemfontein, Republic of South Africa
b
Max Planck Institute for Demographic Research, Rostock, Germany
Received 22 November 2005; received in revised form 26 February 2006; accepted 4 March 2006
Available online 19 April 2006

Abstract
Two approaches to deﬁning a virtual age of a degrading system are considered. The ﬁrst one is based on the fact that deterioration
depends on the environment. In a more severe environment deterioration is more intensive, which means that objects are aging faster and
therefore, the corresponding virtual age is larger than the calendar age in a baseline environment. The second approach is based on
considering an observed level of individual degradation and comparing it with some average, ‘population degradation’. The virtual age of
the series system is deﬁned. Several illustrative examples are considered.
r 2006 Elsevier Ltd. All rights reserved.
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1. Introduction
Lifetimes of degrading (deteriorating) systems can be
effectively modeled by aging distributions. The simplest
and probably the most natural is the class of distributions
with increasing failure rates (IFR). For instance, various
mechanical devices with wear accumulation follow the
Weibull law with increasing failure rate. It is also well
known that adult aging in humans is usually modeled with
the help of the Gompertz law (exponentially increasing
failure rate). In this paper we implicitly assume the IFR
property, although some generalizations can be also
considered.
It is clear that an age of a system as some overall trivial
marker of deterioration, is really informative in some sense
only for degrading objects. This age is the same for all
individuals in a population, which are simultaneously
incepted into operation. We shall call this chronological
age the statistical age.
Deterioration usually depends on environment. Deterioration under a more severe environment is more
intensive, which means that objects are aging faster.
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Therefore, in Section 3 we discuss a statistical virtual age,
which is deﬁned for degradation comparison in different
regimes (stresses) via the corresponding scale transformation. Degradation, however is a stochastic process, therefore, individuals age differently. Assume for simplicity that
deterioration of a system can be modeled by a single
predictable increasing stochastic process. Observation of a
state of a system at time t can give an indication (under
certain assumptions) of its age deﬁned by the level of
deterioration. We shall call this characteristic an information-based virtual age of a system (whereas, in fact, this is a
‘real individual age’ in some sense). If for, instance, a
person of 50 years old looks like and has vital characteristics (blood pressure, level of cholesterol, etc.) as of a 30
years old one, we can say that this observation indicates
that his virtual age is 30. In Section 2 we discuss the Kijima
[1] model for the virtual age in repairable systems. In
Sections 3 and 4 under rather stringent assumptions we
consider other possible heuristic approaches to deﬁning the
virtual age of a system.
Another challenging problem is to deﬁne the virtual age
of a system with components in series having different
virtual ages. In a conventional setting all components are
of the same chronological age and therefore this problem
does not exist. We discuss possible ways of weighting
virtual ages for a series system in Section 5.
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2. Virtual age in repairable systems
We start with some introductory considerations on a
notion of a virtual age for repairable systems, which was
introduced by Kijima [1] (see also [2,3]). Although the next
sections deal with systems without repair, the forthcoming
reasoning can be helpful for the rest of this paper.
A convenient mathematical description of repair processes uses a concept of stochastic (or failure) intensity [4].
Consider, for example, a renewal process (perfect instantaneous repair) with underlying distribution F(t) and the
failure rate l(t):
lt ¼

1
X

lðt  T n ÞIðT n ptoT nþ1 Þ,

(1)

n¼0

where the indicator, as usually, is deﬁned as: Iðt 2 BÞ ¼ 1
and IðteBÞ ¼ 0, B ¼ ½a; bÞ  ½0; 1Þ. Denote by At the age
process, which corresponds to the renewal process (1):
1
X
At ¼
ðt  T n ÞIðT n ptoT nþ1 Þ.
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to reach the same level of degradation, as the system, that
had operated for the same time t under the second regime,
will be larger than t. We shall call this time the statistical
virtual age of the second system. Note, that this deﬁnition
can be applied only when we have different regimes and the
baseline environment in this case is considered as a
reference one. Now we will describe this deﬁnition in
mathematical terms for a speciﬁc but a very important in
applications model.
Assume that the lifetimes for two regimes are ordered in
the sense of a usual stochastic ordering [5]:
F s ðtÞoF b ðtÞ;

t 2 ð0; 1Þ,

(3)

where, as usual, F ðtÞ  1  F ðtÞ. This assumption is
reasonable, as the second regime is more severe than the
baseline one.
Inequality (3) implies the following equation:
F s ðtÞ ¼ F b ðW ðtÞÞ;

W ð0Þ ¼ 0;

W ðtÞ4t;

(4)

(2)

n¼0

Thus, this stochastic process starts at t ¼ 0 as a linear
function with a unit slope. It jumps again to 0 at T1 the
time of the ﬁrst repair, etc. The age of a repairable system
in this case is just time elapsed since the last repair.
As a minimal repair does not change the age of a system,
the corresponding age process is deterministic:

t 2 ð0; 1Þ.

Relation (4) can be interpreted as a general Accelerated
Life Model (ALM) [6,7] with a scale transformation
function W(t), which in its turn can be interpreted as an
additive degradation function (in fact, this is another
assumption for our degrading systems):
Z t
W ðtÞ ¼
wðuÞ du
0

At ¼ t.
Considering intermediate between the perfect and minimal level of repair brings an important notion of a virtual
age. Assume that repair at t ¼ t1 (realization of T1)
decreases the age of a system not to 0 as in the case of a
perfect repair, but to v1 ¼ qt1 , 0oqo1, and the system
starts the second cycle with this initial age in accordance
with the Cdf 1  F ðt1 þ tÞ=F ðt1 Þ, where F  1  F . This
age is called the virtual age. The forthcoming cycles are
deﬁned in a similar way to form a process of general repair
[1,3]. It is clear that the approach is reasonable, when the
repair action decreases the level of degradation. Therefore,
the failure rate l(t) is assumed to be an increasing function
and the virtual age in this approach uniquely deﬁnes the
level of degradation after the repair.

where w(t) has a meaning of a speed of degradation (for
convenience of comparison we assume that in the baseline
environment this speed is equal to 1).
Given our notions of the statistical age and the statistical
virtual age, model (4) suggests that the statistical virtual
age of a system, which was operating for time t in a more
severe environment, is W(t) compared with the statistical
age t of a system in a baseline environment. Formally:
Deﬁnition 1. The function W(t) in the ALM model
describing the relative degradation for two regimes is
called the statistical virtual age for this model.
It follows from (4) that the failure rate of a system under
the second regime is
ls ðtÞ ¼ wðtÞlb ðW ðtÞÞ.

3. Statistical virtual age
Consider a degrading system in a ﬁxed baseline
environment with the Cdf of time to failure Fb(t). As it
was mentioned, the chronological age t will be called the
statistical age. Let the second statistically identical system
be operating, e.g., in a more severe environment (regime)
with the Cdf of time to failure Fs(t). We want to establish
an age correspondence between the systems in two regimes
considering the baseline as a reference one. It is clear that
degradation under the second regime is more intensive
therefore, the time for a system under the baseline regime

(5)

If lb(t) is increasing, then the crude sufﬁcient condition
for ls(t) to increase is that w(t) should not decrease.
When the failure rates (or the corresponding Cdfs) are
given, or estimated from the data, relation (4) can be
viewed as an equation for obtaining the statistical virtual
age W(t):
 Z t

 Z W ðtÞ

exp 
ls ðuÞ du ¼ exp 
lb ðuÞ du
Z

0
t

0

Z

W ðtÞ

ls ðuÞ du ¼

)
0

lb ðuÞ du.
0

ð6Þ
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Hence W(t) is uniquely deﬁned by Eq. (6) as a
monotonically increasing function of t: W ðtÞ ! 1, while
t ! 1; W ð0Þ ¼ 0.
Example 1. Let the failure rates in both regimes be
increasing power functions
lb ðtÞ ¼ atb ;

ls ðtÞ ¼ mtZ ;

a; b; m; Z40.

The Weibull distribution is often used for lifetime
modeling of degrading objects. Then the corresponding
statistical virtual age is deﬁned by Eq. (6):


mðb þ 1Þ 1=ðbþ1Þ ðZþ1Þ=ðbþ1Þ
W ðtÞ ¼
t
.
aðZ þ 1Þ
In order inequality W ðtÞ4t for t40 to hold, the
following restrictions on parameters are sufﬁcient: ZXb;
mðb þ 1Þ4aðZ þ 1Þ.

4. Information-based virtual age
In the previous section no additional information on a
system’s deterioration was available, therefore a system
was considered as a black box. However, deterioration is a
stochastic process, therefore individuals age differently.
Observation of a state of a system at time t can give an
indication (under certain assumptions) of its age deﬁned by
the level of deterioration.
We start with a meaningful reliability example, which
will help to understand the issue of the information-based
virtual age. The number of operable components at the
time of observation deﬁnes the corresponding level of
deterioration in this example.
Example 2. Consider a system of n+1 components (one
main component and n cold standby identical ones) with
constant failure rates l. Denote the system’s lifetime
random variable by T nþ1 . The corresponding Cdf is
F nþ1 ðtÞ  Pr½T nþ1 pt ¼ 1  expfltg

n
X
ðltÞi
0

i!

(7)

with an increasing failure rate [8]:
lnþ1 ðtÞ ¼

l expfltgðltÞn =nj
.
P
expfltg n0 ðltÞi =i!

(8)

Note [9], that the failure rates for different numbers of
standby components are ordered as
lk1 ðtÞ4lk2 ðtÞ.

(9)

for 0ok1 ok2 pn þ 1; 8t 2 ð0; 1Þ.
The number of failed components observed at time t is a
natural measure of accumulated degradation in [0, t]
for this setting. In order to obtain the corresponding
information-based virtual age to be compared with the
statistical age t, consider, ﬁrstly, the following conditional

expectation:
DðtÞ  E½NðtÞjNðtÞpn ¼ E½NðtÞjT nþ! 4t
P
expfltg n0 iððltÞi =i!Þ
¼
,
P
expfltg n0 ðltÞi =i!

ð10Þ

where N(t) is the number of events in the interval [0, t] in
the Poisson process with rate l. Relation (10) deﬁnes the
expected value of the number of failures (measure of
degradation) for the population of systems that had
survived in [0, t]. The function D(t) is monotonically
increasing, Dð0Þ ¼ 0 and limt!1 DðtÞ ¼ n, which follows
from Eq. (10) and a simple general reasoning as well. It is
worth mentioning that E½NðtÞ ¼ lt, which exhibits the
different from D(t) shape. This function deﬁnes an average
degradation curve for the system. If our observation
0pkpn the number of failed components at time t lies
on this curve, then the information-based virtual age is just
equal to the statistical age t.
Denote the information-based virtual age by V(t). Our
deﬁnition for this speciﬁc model is:
V ðtÞ ¼ D1 ðkÞ.

(11)
1

If k ¼ DðtÞ, then: V ðtÞ ¼ D ðDðtÞÞ ¼ t. Similar:
koDðtÞ ) V ðtÞht;

kiDðtÞ ) V ðtÞ4t

Thus, in this example, the information-based virtual age
can be obtained in a simple way.
Note that the approach of this example can be generalized in principle to the case of IFR components. As
operation of convolution preserves the IFR property, ln ðtÞ,
n ¼ 1; 2; . . . is also increasing in this case and therefore the
system is degrading even in this sense. Relation becomes
DðtÞ  E½NðtÞjNðtÞ  n ¼ E½NðtÞjT nþ! 4t
Pn i
iðF ðtÞ  F iþ1 ðtÞÞ
,
¼ 0
1  F n ðtÞ
where F i ðtÞ denotes the i-fold convolution of F(t) with itself
[5]. The function D(t) in this case has the same meaning as
in the speciﬁc exponential one. It increases and tends to n
as t ! 1.
The general case of degrading objects can be considered
in the same line. Let Dt be an increasing, smoothly varying
(predictable) stochastic process of degradation with a mean
D(t), which deﬁnes the statistical age of our object as t. We
also assume for simplicity that this is a process with
independent increments, and therefore it possesses the
Markovian property. Similar to (11), observation, dt at
time t deﬁnes the information-based virtual age. Formally:
Deﬁnition 2. Let Dt be an increasing, with independent
increments, smoothly varying stochastic process of degradation with a mean D(t), and dt be an observation at time t.
Then the information-based virtual age is
V ðtÞ ¼ D1 ðd t Þ.
If the failure time T is the stopping time for the
degradation process Dt, then, similar to Eq. (10), the
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conditional expected degradation E½Dt jT4t should be
used as the function D(t).
Alternative, and somehow more justiﬁed way of
introducing V(t) is via the information-based remaining
lifetime [9]. The statistical (conventional) mean remaining
lifetime (MRL) at t of a system with the Cdf F(x) is deﬁned
in a standard way as:
Z 1
Z 1
F ðt þ xÞ
MðtÞ ¼
F ðxjtÞ dx 
dx
(12)
F ðtÞ
0
0
and we can compare it with the mean information-based
remaining lifetime, denoted by MI(t). Given dt the observed
level of degradation at time t as a new initial value for a
degradation process, MI(t) deﬁnes the mean time to failure
in this case. Therefore, this characteristic is similar to
M(0)(and not to M(t), t40), but with a different initial
value of degradation. In Example 2: dt ¼ k the number of
the failed components, which means that M I ðtÞ ¼
ðn þ 1  kÞ=l.
Deﬁnition 3. The information-based virtual age of a
degrading system is given by the following equation:
V ðtÞ ¼ t þ ðMðtÞ  M I ðtÞÞ.

(13)

Thus, the virtual age is the chronological (statistical)
one plus the difference between the statistical and the
information-based mean remaining lifetimes. If, e.g.,
MðtÞ ¼ t1 ot2 ¼ M I ðtÞ, then V ðtÞ ¼ t  ðt2  t1 Þot: and
we have additional expected t2  t1 years of life for an
object, as compared with the ‘no information’ version. It
is easy to show that under natural assumptions
M I ðtÞ  MðtÞot, which ensures that V ðtÞ is positive.
Indeed, as dMðtÞ=dt4  1 (see, e.g., [10]), the function t þ
MðtÞ is increasing. Therefore:

information-based virtual age in this case is smaller than
the statistical age t. If observation is one operable
component, then the virtual age is larger than t: V ðtÞ4t.
Note, that M I ðtÞ does not depend on t in this example due
to the memoryless property of exponential distribution.
5. Virtual age in a series system
In this section possible approaches to deﬁning a virtual
age of a series system of degrading components with
different virtual ages will be considered. In a conventional
setting all components have the same chronological age
and therefore this problem does not exist. However, it is
really important in different applications (speciﬁcally,
biological) to obtain a virtual age of a series system. For
instance, assume that there are two components in series
and the ﬁrst one has a much higher relative level of
degradation that the ﬁrst one, meaning that the corresponding virtual ages are also different. How to deﬁne the
virtual age of this system?
We start with considering the statistical virtual age
discussed in Section 3. The survival functions of a series
system of n statistically independent components under the
baseline and a more severe environment are
F b ðtÞ ¼

n
Y

F bi ðtÞ;

Note that the idea of our deﬁnition (13) is in adding
(subtracting) to the chronological age t the gain (loss) in
the remaining lifetime due to additional information on the
state of a degradation process at time t.
Example 3. Consider a system of 2 i.i.d components in
parallel with exponential Cdfs. Then: F ðtÞ ¼ expf2ltg 
2 expfltg and
Z 1
2 expfltg  expf2ltg expflxg
dx.
MðtÞ ¼
2  expflxg
0
Assume that our observation
R 1at time t is: two operable
components. Then M I ðtÞ ¼ 0 F ðxÞ dx ¼ 1:5l and in
accordance with (13) (and taking into account that M(t)
is a decreasing function): 0oV ðtÞot, which means that the

F s ðtÞ ¼

1

n
Y

F bi ðW i ðtÞÞ,

(14)

1

respectively, where Wi(t) is the scale transformation
function for the ith component and we assume that the
model (4) holds for every component. Thus, each
component has its own statistical virtual age Vi(t) ¼ Wi(t),
whereas the virtual age for the system V(t) ¼ W(t) can be
obtained from the following equation:

t þ MðtÞ4Mð0Þ.
Thus, it is sufﬁcient to assume that M I ðtÞpMð0Þ (a kind
of information-based NBUE property, see e.g., [11]) which
holds, for instance, for increasing processes of deterioration with independent increments and the threshold, as in
Example 2, where M I ðtÞ ¼ ðn þ 1  kÞ=l and Mð0Þ ¼
ðn þ 1Þ=l.
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F b ðW ðtÞÞ ¼

n
Y

F bi ðW i ðtÞÞ

(15)

1

or, equivalently, using Eq. (6):
Z W ðtÞ X
n
n Z W i ðtÞ
X
lbi ðuÞ du ¼
lbi ðuÞ du.
0

1

1

(16)

0

Example 4. Let n ¼ 2. Assume for simplicity that W1 ¼ t,
which means that the ﬁrst component is protected from the
stress (environment), and that the virtual statistical age of
the second component is W1(t) ¼ 2t. Therefore the second
component has a higher level of degradation. Then Eq. (16)
turns to
Z W ðtÞ
Z t
Z 2t
ðlb1 ðuÞ þ lb2 ðuÞÞ du ¼
lbi ðuÞ du þ
lb2 ðuÞ du.
0

0

0

Assume that the failure rates are linear lb1 ðtÞ ¼ l1 t,
lb2 ðtÞ ¼ l2 t, l1 ; l2 40. Then
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ!
l1 þ 4l2
W ðtÞ ¼
t.
(17)
l1 þ l2
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If the components are statistically identical
pﬃﬃﬃﬃﬃﬃﬃﬃ in the baseline
environment ðl1 ¼ l2 Þ, then W ðtÞ ¼ 5=2t  1:6t, which
means that the virtual age of a system with chronological
age t is approximately 1.6t. It is clear that the ‘weight’ of
components is eventually deﬁned by the relationship
between l1 and l2. When, e.g., l1/l2 tends to 0, the virtual
age of a system tends to 2t the virtual age of the second
component. On the other hand, if l2/l1 tends to 0, than the
virtual age of a system tends to t the virtual age of the ﬁrst
component.
Going back to the information-based virtual age, as the
ﬁrst choice, we shall weight ages in the series system of n
degrading components in accordance with the importance
of the components with respect to the failure of the system.
Let Vi(t) denote the information-based virtual age of the ith
component with a failure rate li(t) in a series system of n
statistically independent components. Then the virtual age
of a system at time t is deﬁned as an expected value of the
virtual age of a failed in ½t; t þ dtÞ component:
n
X
li ðtÞ

V i ðtÞ,
(18)
ls ðtÞ
P
where ls ðtÞ ¼ n1 li ðtÞ is the failure rate of the series system.
Thus, the input of each component into the virtual age of
a system is weighed in accordance with the value of the
corresponding failure rate.
As in the previous section, the second approach is based
on the notion of the MRL function. A positive feature of
this approach is that unlike (18), we are not forced to link
the virtual age with a failure of a system. Similar to (14),
the survival function of a series system of n components
and the survival function of a remaining lifetime are

V ðtÞ ¼

1

F ðxÞ ¼

n
Y

F i ðxÞ;

1

F ðxjtÞ ¼

1

It is clear that:
1
oMðtÞoMð0Þ,
lþm
where M(t) can be obtained numerically using (19).
Assume, that for some time t, our observation is that no
standby components are left in both systems. Then, in
accordance with Eq. (13), the information-based virtual
age of our series system is


1
V ðtÞ ¼ t þ MðtÞ 
4t,
lþm
which obviously illustrates the fact that this observation
indicates the higher level of deterioration than the one that
corresponds to the statistical virtual age t.
If observation at time t is nI pn, mI pn, then MI(t) is
obtained using Eq. (20), where n and m are substituted by
nI and mI, respectively.

n
F ðx þ tÞ Y
¼
F i ðxjtÞ,
F ðxÞ
1

respectively. It is convenient for this case to denote the
argument in survival functions by x reserving t, as in Eq.
(12), for the argument of the MRL function. The
corresponding MRL can be obtained, using this deﬁnition.
Denote now by F I;i ðx; tÞ the information based Cdf of the
remaining lifetime for the ith component. Then, in
accordance with Section 4, the corresponding MRL and
information-based MRL for the series system are deﬁned
as
Z 1Y
Z 1Y
n
n
MðtÞ ¼
F i ðxjtÞ dx; M I ðtÞ ¼
F I;i ðx; tÞ dx.
0

Example 5. Consider two systems of the type described in
Example 2, connected in series. The ﬁrst system has
parameters l and n (as in Example 2), and the second m
and m, respectively. It can be shown in this case that the
mean time to failure of this series system can be explicitly
calculated as
!
"
nþm1
X
k  1  l n  m kn
1
k
Mð0Þ ¼
l þ m k¼minðn;mÞ
lþm
lþm
n1
#
!



km
m
k1
l
m
þ
.
ð20Þ
lþm
lþm
m1

0

1

(19)
and can be calculated numerically for speciﬁc settings.
Eventually, Eq. (13) should be used for obtaining the
corresponding information-based virtual age of a series
system in this case. Note, that Eq. (18) deﬁnes the explicit
weighting of virtual ages with respect to the corresponding
failure rates, whereas the second approach performs this
weighting implicitly.

6. Concluding remarks
A virtual age of a degrading system can be probably
considered as some elusive concept, but it certainly makes
sense, if properly deﬁned. In this paper we have considered
two approaches.
The ﬁrst one is based on the fact that deterioration
depends on the environment. In a more severe environment
deterioration is more intensive, which means that objects
are aging faster. Therefore, when we want to compare the
ages of two systems, using the baseline regime as a
reference one, the virtual age of a system, which was
functioning under a more severe one, is larger than a
chronological age t.
The second approach is based on considering the
observed level of individual degradation and comparing it
with some average, ‘population degradation’.
It should be noted, however, that both approaches are
considered under rather stringent, simplifying assumptions,
but hopefully our reasoning can be used also for the more
general settings in the future.
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