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Preface

The work presented here was carried out at the Max Planck Institute for
Demographic Research in Rostock, Germany. It deals with questions from
different fields of statistics and addresses theoretical aspects as well as prac-
tical aspects.

From a theoretical point of view the work can be classified within the field
of Survival Analysis. The general frame of the work is made up of random
effects models and multivariate survival models. The main result is the gen-
eralization of the bivariate correlated frailty model suggested by Yashin et al.
(1993). Possible practical applications of the model presented here can be
found in genetic epidemiology and twin research.

On the one hand, I investigate theoretical properties of the model like iden-
tifiability, consistency and asymptotic normality of parameter estimates. On
the other hand practical aspects of the application of the model are dis-
cussed. This includes a simulation study regarding the asymptotic properties
of maximum likelihood estimates, a simulation study comparing the frailty
approach with the more traditional liability approach and, last but not least,
the application of the model to a real data set.

The dissertation includes seven chapters and an appendix. The first chapter
gives a short introduction to the various fields of mathematical statistics the
work touches on. It supplies basic theoretical results that are later explored
in proofs and it introduces the most important notations and terminology.
In the second chapter I define the four-dimensional correlated frailty model
itself. I derive the survival function and the likelihood function, and I explain
the observation scheme of current health status data that is used throughout
the dissertation.

Chapters 3 and 4 are devoted to theoretical properties of the new model.
In the third chapter I prove identifiability, whereas in the fourth chapter
I give sufficient conditions for the consistency and asymptotic normality of
maximum likelihood estimates.

In the fifth chapter I perform a simulation study that investigates the asymp-
totic behavior of maximum likelihood estimates in the four-dimensional cor-
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related frailty model when the estimation is based on current health status
data. The empirical distribution of the estimates is investigated by simple
descriptive means as well as by tests of normality based on skewness and
kurtosis.

The sixth chapter is devoted to the application of the four-dimensional cor-
related frailty model to a data set on prostate cancer in twins. I show that
it is possible to use the model in order to evaluate the influence of the genes
and the environment on the development of a disease and on life span.

In the last chapter I present another simulation study that aims at the com-
parison of the frailty concept with liability concept used in genetic epidemi-
ology. Based on simulated data I show that with the help of the correlated
frailty model one can eliminate the confounding effect of the age at death on
the disease status relationship of twins whereas this is not possible with the
liability approach. The advantages and drawbacks of both approaches are
discussed.

The appendix contains a summary of notations and explicit representations
of functions used in the theoretical proofs. It gives technically extensive
lemmata and their proofs which, if included in the text, would make the
reading of the dissertation as a whole very difficult. The appendix also
includes a short description of the numerical algorithms used, various figures
and tables.

I wish to express my appreciation to my supervisors, Prof. Anatoli I. Yashin
from the Max Planck Institute for Demographic Research and Prof. Friedrich
Liese from the Department of Mathematics at the University of Rostock.
I wish to thank them for their advice and their support of this work. I
am grateful to Dr. Andreas Wienke and Ivan A. Tachine for many fruitful
discussions and constructive criticism which influenced the presentation of my
results. I wish to thank Paul Lichtenstein from the Department of Medical
Epidemiology at the Karolinska Institute in Stockholm, Sweden, for providing
me with the data on Swedish twins. I extend my thanks to the entire staff of
the Max Planck Institute for Demographic Research for their overall support
of this project. I am grateful to the Max Planck Institute and especially its
director, Prof. James W. Vaupel, who gave me the opportunity to perform
this research. Finally, I wish to thank my husband, Sven Guttmann, and my
children, Josephine and Carl, for their understanding and moral support.
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Chapter 1

Introduction

1.1 Survival analysis

The term survival analysis summarizes statistical models and methods for
analyzing lifetime data. The variable of interest can, for instance, be the life
span of an individuum, the time until a machine fails or the time of remission
of a disease after treatment with a certain drug. In general the time until a
certain event occurs is called survival time.

The statistician describes survival time with a random variable 7" that is
defined on a probability space and takes non-negative real values. One is
interested in the distribution of 7" that can be specified with the survival
function

S(x)=P(T > x) .

Let T have a density function f(z) = —S’(z). Then one can write

(o) = exp { — [ nt)duf = exp(-(a)

[0,2)

where

_flx) _ dnS(z) _ lim Plx<T <z+ Azx|T >x)

plr) = S(z) dx AT—0+ Az

is called the hazard function. It describes the instantaneous rate of failure
at time z. The function H(x) = f[o,m) p(u) du is called the cumulative hazard
function.

In survival analysis the time of interest is not always fully observable. This

can be the case if the exact survival time is only known for a portion of the

1



CHAPTER 1. INTRODUCTION

items in a study. On the one hand for some items it may only be known that
the survival times exceed a certain value due to a deterministic or random
termination of the study. Such a pattern of observation is called (right)
censoring. On the other hand some items are actually not included in the
study since they failed or died before the beginning of the study, which is
called (left) truncation.

In practice many other and more complicated forms of incomplete obser-
vations are possible; for examples see Lawless (1982) or Miller (1981). A
very general definition of the terms censoring and truncation can be found
in Turnbull (1976).

The Kaplan-Meier Estimator is used as a non-parametric estimator for the
survival function from censored data. It was introduced by Kaplan and Meier
(1958) and is a generalized maximum likelihood estimator.

Let T and C be two independent non-negative random variables, where T
denotes a survival time with survival function S and where C' denotes the
censoring time. Censored observations of 7' then consist of realizations of the
random variables

X =min(7,C) and A=LT<C).

Let (z;,0;), i = 1,...,n, be the censored data. Observations x; for which
0; = 0 are called censored times, and observations for which §; = 1 are
called uncensored times or failures. Let z(;y, © = 1,... ,n, denote the ordered
observed times, ie. x(y < -+ < x(y). Let ;) denote the corresponding
censoring indicator. The convention holds that in case there are ties among
the z(;), the failures precede the censored times. The Kaplan-Meier estimator

S for the survival function S of T’ can be calculated as

so=TI (%)6@ (1.1)

i T ()<t

for t < x(y. If 6y = 1 then 5‘(1&) is set equal to zero for ¢ > x(,), and

if 0(ny = 0 then S’(t) is left undefined for ¢ > x(,). Equivalently, S can be
expressed as

A d.;
S(t) = 11—
Jiti<t
where the ¢; are the ordered, observed and distinct failure times, that means
t1 < -+ < ty. d; denotes the number of failures at time ¢;, and n; is the

number of items at risk at time ¢;, i.e. the number of items still alive just
before ;.



1.2. IDENTIFIABILITY

A detailed description and derivation of the theoretical properties of the
Kaplan-Meier estimator can be found in Kotz and Johnson (1988) or Ander-
sen et al. (1993). A general introduction into the field of survival analysis
can be found in Kalbfleisch and Prentice (1980) or Cox and Oakes (1984).

1.2 Identifiability

A general problem of statistical analysis is the question of identifiability. In
statistical inference it is usually assumed that the distribution of interest
depends on a set of (possibly infinite dimensional) unknown parameters.
“Any statistical procedure developed for estimation of these parameters is
meaningful only if the unknown parameters are identifiable.” (Prakasa Rao,
1992, p.xi)

One can define identifiability in the following way:

Definition 1. Let Y be an observable random variable with values in the
measurable space (X,2) and the distribution Qp € Q = {Qy,0 € O}. Q
is a family of probability distributions defined on (X,2) and indexed by
a parameter 6. 6 is said to be identifiable if for every pair (6;,6s), with
61,05 € O holds: QQy, = Qy, if and only if 0; = 6s.

Since the parameter set © is arbitrary and not necessarily finite dimensional
this definition can also be seen from a non-parametric point of view.

If a parameter is identifiable then the estimation of the corresponding distri-
bution )y allows us to make unambiguous conclusions about 6.

If the family 9 is dominated by a o-finite measure y and f, denotes the
probability density function of @)y with respect to u, then 6 is obviously
identifiable if for 6,60, € ©

fox1) = fo,(x)  p-ass. (1.2)

implies 91 = 92.

In the context of survival analysis the statistician is often confronted with the
following situation. It is assumed that the distribution of the survival time
T of interest belongs to a certain parameterized family Q = {Qy,0 € O}.
If T could be observed then the identifiability of # could be proved easily.
But in practice T" can only be observed incompletely due to censoring or
other reasons. That means that one can only observe a variable X = (7))
that is a function ¢ of T and the distribution of X belongs to a family
P ={P),0 € O} where Py = Qpo ¢~'. Even if Qp, = @y, implies 0; = 0,
the same conclusion is not necessarily true for P, and Pp,.
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Example 1. Let 77 and 75 be two independent random variables that rep-
resent two different survival times. 77 and 75 can, for instance, be the time
until failure of two components of a device. Instead of 77 and T, only
X = min(T},T5) is observable, i.e. the time until failure of the entire de-
vice. Let us assume that T; is exponentially distributed with the parameter
\i, i = 1,2. Hence Tj has the survival function S;(z) = e~ and X has the
survival function

Sx(z) = P(X > z) = P(min(T},Ty) > z) = S(2)Sy(x) = e~ Pitr2)z
Thus the parameters A\; and Ay cannot be identified by observing X.

Example 2. Let us consider the same situation as in the example above but
in addition to X, the minimum of 7} and 75, the variable I that takes the
value 7 if X = T; is also observable. That means that one also knows which
component of the device failed first. The distribution of (X, ) is described
by the sub-survival functions

3 A
Si(x) =P(X >, ]=1)=P(Ty>z,T) <Tp) = ﬁe_(’\ﬁ)‘z)x
1 2

and

3 A
Sy(z) =P(X >, 1=2)=P(Ty>z,T), >Tp) = ——2—e Math)e

AL+ Ay
Let xy > 0 be an arbitrary value, then one can write
1 & A ~ .
)\i = _.CL‘_ . 111[51(1'0) + 52(1'0)] . SZ(O) , 1= 1, 2,
0

thus A\; and )\, are identifiable if (X, I) is observed.

A very detailed description of various problems of identifiability that occur
in different statistical models can be found in Prakasa Rao (1992).

1.3 Frailty models

1.3.1 Univariate model

The notion of frailty as a measure of general susceptibility to all causes
of death was introduced to describe mortality in heterogeneous populations
(Vaupel et al., 1979). It can also be interpreted as the random effect in a
random effect model for time variables.



1.3. FRAILTY MODELS

Let T and Z be random variables defined on a probability space (2, F, P).
T denotes a survival time, such as, for instance, life span. Z represents
heterogeneity or risk factors that change individual chances of survival. Let
S(z|z) be the conditional survival function of T given Z = z, i.e.

S(z|z) = P(T > z|Z = 2) .

Recall that the following relation holds

P(T>u7>2) = / S(x]s) Py (ds) (1.3)

(2,00)

where P, denotes the probability distribution of Z. If Z has the probability
density function fz(z) one can calculate the unconditional survival function

S(x) of T as

S(z) = /S’(x|z)fz(z)dz.

If one can write

T

S(x|z) = exp{ - //L(’U,,Z) du} (1.4)

0

then g is a given function, called the conditional hazard function of 7" under
Z =z.

Usually a proportional hazard model u(x,7) = Zuo(x) with an underlying
or baseline hazard rate po(xr) and a non-negative random effect Z is used.
Z is called frailty. This has the interpretation that if an individual has a
certain frailty value z, the individual hazard rate is z po(z) and the survival
probability can be derived from (1.4). The frailty has a multiplicative effect
on the hazard and the unconditional survival function, i.e. the population
survival function that usually can be observed, is a mixture over Z.

If Hy(z) = [ po(u) du denotes the cumulative baseline hazard function, the
unconditional survival function of 7' is

S(x) = /exp {—2zHy(z)} f4(2)dz = Ee ™M@ = £(Hy(z)) (1.5)

where L(v) = Fe™"Z is the Laplace transform of 7.
In practical applications the frailty variable is often assumed to be gamma
distributed (Vaupel, 1988). The gamma distribution has the advantage of
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having a simple density and a simple Laplace transform. A real valued ran-
dom variable X is called gamma distributed with shape parameter k£ and
scale parameter \ if it has the density function:

)\k

¥ 1e™1(z > 0), notation: X ~ ['(k, ). (1.6)

The expected value of this distribution is f

Laplace transform of the gamma distribution is

and the variance is % The

v —k
L(v) = [1 + X] : (1.7)
Another advantageous property of the gamma distribution is that if X; and
X, are independent and X; ~ ['(k;, A), i = 1,2, then X7+ Xy ~ T'(k1 +ko, A).
In addition ¢X; ~ T'(ky,2) for all ¢ > 0.

If the frailty is gamma distributed with shape parameter k£ and scale param-
eter )\ in a univariate frailty model, then

S(x) = {1 + HO(x)]k

A

holds for the unconditional survival function (see (1.5) and (1.7)). In addition
if Z is assumed to have the expected value 1 (this is due to identifiability)
and the variance o2 then the last formula is reduced to

S(x) = [1 + o Hy(z)] M. (1.8)

The conditional density function fz(z|T > z) of Z given T > x is defined
as the probability density function corresponding to the conditional survival
function Sz(2|T > x) = P(Z > 2|T > x). Applying (1.3) yields

P(Z> 2T >2)S(@) = P(T > 2,2 > ) = / S(als) f(s) ds

(2,00)

and thus

_ Sl fz(2) _ P4 Ho@)® k1 nrny@)-
f(2|T > z) = S) = 0 SRl ( ()2

Hence the frailty among the survivors of age = is gamma distributed again.
The conditional distribution of the frailty given 7' > =z is the gamma dis-
tribution with same shape parameter £ and the scale parameter A\ + Hy(z).
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Unfortunately, however, there are no biological reasons that justify the choice
of a gamma distribution for the frailty variable.

The major disadvantage of this univariate approach is that one has to make
assumptions concerning the parametric structure of the underlying hazard
rate po in order to make such a univariate frailty model identifiable. Elbers
and Ridder (1982) show that in a univariate frailty model, that includes
covariates and that assumes a frailty distribution with a finite mean, the
underlying hazard rate pg as well as the distribution of Z are identifiable.
Elbers and Ridder introduce the covariates into the model by assuming that
the baseline hazard rate can be written as

/L(I,W, Z) = QO(W) MO('T) Z .

The vector w denotes the values of the covariates and ¢ denotes an unknown
non-negative function that fulfills some smoothness condition.

1.3.2 Bivariate model

Yashin et al. (1993) extended the univariate frailty model to a bivariate
correlated model in a way that is consistent with the univariate definition of
frailty.

Let 77 and 75 be the survival times of two related individuals. The associa-
tion between these two survival times can be modeled using the concept of
frailty where the univariate interpretation of frailty as individual susceptibil-
ity remains the same. Let Z; and Z; be the frailty variables corresponding to
T and 75 as described in section 1.3.1. The main assumption of the bivariate
model is the conditional independence.

Definition 2. Let (X, Y, Z) be a vector of three random variables with val-
ues in the measurable product space (Xx X Xy x Xz, Ax @Ay @2Ay). Let Py
denote the probability distribution of Z and let Px(-|Z = z), Py(:|Z = 2)
and Pixy)(-|Z = z) denote the conditional distributions of X', Y and (X, 2)
given Z = z, respectively. The random variables X and Y are said to be
conditionally independent given 7 if

holds for all sets A € Ax, B € Ay and all z € X .

The survival times 77 and T, are assumed to be conditionally independent
given the frailties Z; and Z5. It is assumed that for the conditional bivariate
survival function of (71, T3) given (Z;, Z3) = (21, z9) it holds that

S(x1, 22|21, 22) = S1(1]21) - So(w2|22) , (1.9)
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where S;(z;|z;) is the conditional survival function of T; given frailty Z; = z;.
Note that in (1.9) a separation of Z; and Z, is assumed in addition to the
conditional independence. I.e. the conditional distribution of 77 given Z; does
not depend on Z, and vice versa. Conditional independence as defined above
would mean S(xy, 23|21, 22) = Si(x1]21, 22)-Sa2(22]21, 22). Under the condition
that the frailty variables are fixed, the survival times are independent. If
(Z1, Z5) has the bivariate density function f(z,2) one can calculate the
unconditional bivariate survival function S(z1, z2) of (11, T5) as

S(x1,22) = // S(w1, m2|21, 22) f2(21, 22) dz1d 2
= / 51(5C1|Zl) 52(1'2|22) fz(Zl,Zg) ledZQ (110)

For the univariate conditional survival functions S;(z;|Z;) it is assumed that
(see (1.4))

T

Si(z]Z;) = exp{ - Zi/ui(u) du} =exp{—Z;H;(z)}

0

with underlying baseline hazard rate u; and cumulative baseline hazard func-
tion H;. From (1.10) it follows that

S(w1,m2) = // e~ St =Zola(w2) £ (5 20) dzydz,
— Fe~Z1Hi(z1)=Z2H2(22) _ E(Hl(xl),HQ(xQ)) (1_11)

where L(u,v) = Ee “Z17"%2 is the two-dimensional Laplace transform of
(Z1, Z).

The identifiability of a bivariate frailty model described in (1.11) is different
from that of a univariate model (see (1.5)) when the frailty variables are
constructed using independent additive components. Let Yj, Y7 and Y5 be
independent non-negative random variables and let oz > 0 be a real number.
Tachine and Yashin (1998) show that if Z; = Y, +Y; and 7y = oY) + Y5,
the model is identifiable under some weak assumptions on H;(z), i = 1,2,
and the distribution of Y;y. They prove that if the unconditional survival
function S(xy, z2) from (1.11) is known, then the distributions of Yj, Y7 and
Y, the parameter « and the cumulative hazard functions H;(x), i = 1,2, are
identifiable.

Yashin and Iachine (1995b) apply a bivariate correlated frailty model that
uses gamma distributed independent components for the construction of the
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bivariate frailty distribution on Danish twin survival data. The properties of
the model are discussed in Yashin et al. (1995).

Let Yy, Y7 and Y5 be independent random variables which are gamma dis-
tributed with the scale parameter 1 and different shape parameters, i.e.
Y; ~ ['(k;,1). Y, represents the risk factors which the two individuals in
a pair share whereas Y; and Y5 represent the non-shared individual risk fac-
tors. Let us assume that the frailty variables Z; and Z; that correspond to
the survival times 77 and 75 of the pair of individuals can be decomposed:

Z, = oi(Yo+ Y1)
Zy = 03 (Yy + Y3) (1.12)

Then Z; ~ (ko + ki, 1/0?), i = 1,2 (see page 6). If we use the standard
assumption that EZ; =1, i = 1,2, follows Var(Z;) = 0?. And

0= COI'I'(ZI, ZQ) = 0'10'21470 (]_]_3)

holds for the correlation p between the frailty variables Z; and Z. Since it
also holds that 1/0? = ko + k;, i = 1,2, there is a one-to-one correspondence
between the shape parameters k;, ©« = 0,1, 2, on the one hand and the vari-
ances o7, i = 1,2, and the correlation g of the frailty variables on the other
hand. The shape parameters must be positive and therefore one gets the
following constraint on the correlation p:

02 01

0 < o < min (ﬂ,@> . (1.14)

To calculate the unconditional bivariate survival function S(z1, z2) of (T3, T3)
one has to know the two-dimensional Laplace transform of (7, Z;). Using
(1.7), (1.11) and (1.12) one gets

E(u,v) — Fe uZ1—vZ2 _ Ee—(uaf-l-vU%)Yo—uale—va%Yg
— Ee_(ua%-i-va%)Yo Ee—ua%Yl Ee—va%Yz
= [1 +uoi +voa] ™1 + uo?] ™M1 + voz] "
and

S(x,y) = [1+ 02H(2)] ™ [1+ 02Hay(y)] ™ [1+ 02H, (z) + 02Ha(y)] ™.

(1.15)

Expressing the shape parameters with o1, 09 and p, and applying (1.8) yields

S(z,y) = [Su(@)] "= [Sa(y)] LS, (@) + S, P (y) — 1A (1.16)
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where S7 and S5 are the marginal univariate survival functions of 77 and
T, respectively. The second representation of the bivariate survival function
makes a semi-parametric approach to the estimation of the parameters of the
bivariate frailty distribution possible if one uses a non-parametric estimate
for the marginal univariate survival functions (Yashin et al., 1995).

If o takes one of the limits obtained in (1.14), then S in (1.16) is still a
bivariate survival function. In case o = 0 the survival times are independent.
Since identifiability of the model was only shown for ¢ > 0 this case will be
excluded in all subsequent investigations.

In an application of the bivariate correlated frailty model on same sex twins
it should play no role whether a twin is the first or the second in a pair, i.e.
the marginal univariate survival functions and the distributions of the frailty
variables should be the same. This yields the specification S; = Sy = 57,
H, = Hy, = H and 01 = 03 = 0. The constraint on the correlation between
the frailty variables is 0 < o < 1, which is a natural constraint for a positive
correlation. The bivariate survival function in a twin model is given by

o1

S(z,y) = [1 + U2H(:z:)]%l [1 + UZH(y)] = [1 I 02H($) n O_QH(y)]—o%
— [Sp(x) Su(y)]* 2 [S.7 () + 5,7 (y) — 1] 2. (1.17)

Since the correlation between the frailty variables is explicitly included in the
model it can be estimated separately for monozygotic and dizygotic twins.
Therefore it is possible to evaluate the relative importance of genetic and
environmental effects on individual frailty (see section 1.5). When data on
monozygotic and dizygotic twins are combined different genetic parameters
such as the heritability of frailty can be estimated directly. Yashin and Ia-
chine (1995b) obtained an estimate of about 50% for the heritability in frailty
representing individual susceptibility to death in a Danish twin population.
This estimate was confirmed in the combined analysis of data from 3 Scan-
dinavian twin registers (Iachine et al., 1998).

An additional advantage of the bivariate correlated frailty model is that it
is possible to include censored and/or truncated data. It also allows us to
include covariates (Yashin et al., 1996; Yashin and Tachine, 1997).

For a rigorous introduction of the terms conditional distribution, conditional

survival function and conditional independence see, for instance, Witting
(1985) or Chow and Teicher (1988).

1.3.3 Frailty models in the literature

Different forms of multivariate frailty models are discussed and applied in
the literature.

10
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The special case where the correlation between frailties is equal to one is
called shared frailty model. In this model the related individuals share the
same relative risk and frailty represents only common risk factors. The inter-
pretation of the variance in frailty and the underlying hazard rates is different
to the one in the correlated frailty model. The properties of the shared frailty
model are discussed in Hougaard (1995).

A different approach for the introduction of frailty models is based on the
theory of counting processes (Andersen, Borgan, Gill, and Keiding, 1993).
Nielsen et al. (1992) formulate the shared frailty model in this framework
and discuss the EM-Algorithm for the estimation of the variance of the
frailty distribution and the underlying cumulative hazard rate. The un-
derlying cumulative hazard rate can be estimated either parametrically or
non-parametrically. Tachine (1995) describes the EM-Algorithm for the bi-
variate correlated frailty model with observed covariates.

For a special case of the model suggested by Nielsen et al., Murphy (1994)
proves consistency of the estimators derived by the EM-algorithm in the case
where the underlying cumulative hazard rate is estimated non-parametrically.
In another paper Murphy (1995) gives the asymptotic distribution of these
estimators.

Parner (1996b) generalizes Murphy’s proof of consistency for the correlated
frailty model and extends the model to allow for covariates. He introduces
a correlation between the frailty variables by decomposing them into the
sum of a shared and a non-shared component. Parner (1996a) also proves
the asymptotic normality of the estimators in the correlated gamma-frailty
model that are derived through the EM-algorithm.

Petersen (1998) formulates a general multivariate correlated frailty model
using the multivariate counting process framework. His model includes spe-
cial cases like the shared frailty model suggested by Clayton (1978) and the
correlated frailty model suggested by Yashin et al. (1995). It can be applied
to litter and adoption designs. The vector of frailty variables is linked by
a known design matrix to the intensity process of the event time. The in-
dividual frailty is thus a sum of different independent frailty components.
Petersen discusses different estimation approaches for his model. For the lit-
ter model he describes in detail the EM-Algorithm (Petersen, 1996). In this
two-step procedure estimation in the frailty model is regarded as an incom-
plete data problem. A non-parametric estimator of the cumulative baseline
hazard function and estimators for the parameters of the frailty distribution
can be derived by this procedure. A simulation study shows properties of
the estimation in the litter model. Petersen (1998) states the results of the
application of his model to an adoption study.

Pickles et al. (1994) suggest a bivariate frailty model for twins where the

11
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specific environment effects are assumed to be included in the observed co-
variates. Thus the frailty variables represent only the effects of the common
environment and the genes. Pickles and Crouchley (1994) discuss different
discrete and continuous frailty distributions and different estimation strate-
gies. In a simulation study Pickles and Crouchley (1995) find that for a
multivariate frailty model that represents multiple outcome measurements
the estimation of regression type coefficients for the covariates is quite ro-
bust to the misspecification of the frailty distribution.

Thomas et al. (1997) propose a correlated frailty model for pedigree data.
In this model it is assumed that two frailties belong to each individual, one
inherited from each parent, which act multiplicatively on the baseline hazard
through a relative risk function that depends on the form of the genetic
interaction between frailties. The frailties are assumed to be distributed over
the set of integers {1,... , K'} with some unknown Poisson distributed K. A
Markov chain Monte Carlo method is suggested to fit the model. The model
is applied to a data set on breast cancer in families.

This work does not deal with the question of using another than the gamma
distribution for the frailty variables. One can find discussions of other frailty
distributions in the literature. Yashin et al. (1999) compare, for example,
different continuous frailty distributions for the bivariate correlated frailty
model. Begun et al. (2000) introduce discrete frailty distributions to model
the influence of one major gene on life span.

1.4 Asymptotic properties of maximum like-
lihood estimates

1.4.1 Consistency and asymptotic normality

Let X, X5,... be a sequence of i.i.d. random variables defined on a prob-
ability space (€, §,P) with values in a measurable space (X,2). Let the
distribution of X; belong to a family Q = {Qg, 0 € O} indexed by a param-
eter @ = (0y,...,0;)" € O, where © C RF is a Borel set. Any measurable
function @, from (X7, 2") to (©,%Ue) is called an estimator of 8. Here g is
the sub-o-algebra of BF generated by ©. Let X; ~ Qg,.

Definition 3. The estimator 8, of @ is said to be (weakly) consistent if

0,.(X1,...,X,) converges in probability to 8g. That means that for any
e>0

lim P(|0,(X1,...,X,) — 6] >¢)=0.

n—0o0

12
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We denote this as: én R 0,.

Definition 4. A sequence Vi, V5, ... of random variables on a probability
space (2, §, P) is said to converge in distribution to a random variable V' if
the distribution function F;, of V,, converges to the distribution function F

of V' at every continuity point of F'. We write: V, v,

Definition 5. The estimator 6, of € is said to be asymptotically normal
if there exists a k-dimensional positive semi-definite matrix ¥(6y) such that
\/n(8,—80) converges in distribution to a random variable X ~ N(0,3(6y)).

We denote this as: \/n(6, — 6y) = N(0,%(6y)).

Let the family 9 (see page 12) be dominated by a o-finite measure p and let
f(z]@) denote the probability density function of Qg with respect to u. The
function

L(x|0) = L(xy, ... ,2,]|0) = Hf(xi|0)

is called the likelihood function of X = (Xy,...,X,)".

Definition 6. Any value 8, (x) that maximizes the likelihood function

L(x|6,(x)) = ZlelgL(Xle) (1.18)

is called a mazimum likelihood estimate (MLE) of 6.

Remark. If © is compact and if f(]0) is continuous in x then a measurable
solution of (1.18) always exists. (Witting and Nolle, 1970)

The following theorem gives sufficient conditions for the consistency of a
maximum likelihood estimate. It can be found in Amemiya (1985).

Theorem 1. Let X1, X5, ... be a sequence of i.i.d. random variables defined
on a probability space (2, §, P) with values in a measurable space (X, ). Let
X; ~ Qg, € Q={Qe,0 € O} and let Q be dominated by a o-finite measure
w. f(x]0) denotes the density function of Qg with respect to p. If

(A1) the parameter space © is a compact subset of RF,
(B1) f(x|@) is a continuous function of @ for all x,

(C1) 0 is identifiable, i.e. f(x|01) = f(x|02) a.s. implies 01 = 2, and

13
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(D1) Eg, sup | In f(X1|60)] = leelg | In f(2|0)]f (2|60) p(dr) < oo,

then the maximum likelithood estimate converges in probability to 6.

Remark. Tt is understood that the sequence of maximum likelihood estimates
is chosen as a sequence of measurable functions.

Proof. Define
Qn(x]0) = InL(x|0) =) "1In f(]6).
i=1

Then Q,(x|@) is a continuous function in @ and a measurable function of x.
Let Q(0) = Eg,In f(X1]0). Then under assumptions (B1) and (D1) by a
theorem of Amemiya (1985), (Theorem 4.2.1., p.116)

L Qn(X|0) ER Q(0) uniformly in 6.

Jensen’s inequality yields

Ep o L3Oy, SO

f(X160) f(Xi1]60)
The sign of equality holds if and only if

f(X1]0) f(X,1]0)
f(X1]600) * f(X1]60)
e f(X110) = f(X16) as. <= 6=6.

Hence for @ # 0, holds that:

f(X1]6)
Ego In f(X1|00)

Thus Q(@) attains a unique global maximum at 6,. The consistency of the
maximum likelihood estimate now follows from the application of theorem
4.1.1. of Amemiya (1985), p.106, on the function @, (x|@). O

Definition 7. Let Q = {Qg,0 = (01,...,0;)" € ©} be a family of probabil-
ity measures on a measurable space (X,2(). Let the family 9 be dominated
by a o-finite measure p and let f(z|@) denote the density function of Qg
with respect to p. If the partial derivatives a% In f exist for all @ € © and

i=1,...,k then the matrix I(8) = (I;;(@)),_, , consisting of the elements
o)

0
15(0) = [ g5 1(x16) g n 1 (210) £ +16) d

= Fy =1 a.s.

<0 <= Ey lnf(X1|0) < Ego lnf(X1|00) .

is the Fisher’s information matriz.

14
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In the following theorem sufficient conditions for the asymptotic normality
of a consistent maximum likelihood estimate are given. The theorem and its
proof can be found in Witting and Miiller-Funk (1995, Satz 6.35).

Theorem 2. Let X1, X5,... be a sequence of i.i.d. random variables defined
on a probability space (0, §, P) with values in a measurable space (X,2A). Let
X1~ Qp, € Q=1{Qop,0 € O}, © CRF, and let Q be dominated by a o-finite
measure 1. f(x|@) denotes the density function of Qg with respect to p. Let
©° denote the open kernel of the parameter set ©. Assume that the following
conditions are fulfilled.

(A2) The second partial derivative %{;ﬂf(ﬂe) exists for all x € X and all
1,7 =1,...,k and it is continuous on ©°.

(B2) For all @ € ©° it holds thatfa%if(ﬂ@) dp =0 and f%;%f(ﬂe) dpu =0
fori,g=1,... k.

(C2) For every 0 € ©° there exist a 69 > 0 with
U(B,69) ={0:160 —0| < g} C O°

and a measurable function M(z|6) on X with EgM(X,]0) < oo such
that ‘#{;%lnf(xw)‘ < M(x|0) forall@ € U(0,09) andi,j =1,... k.

(D2) For the determinant of Fisher’s information matriz det I(0) # 0 holds
for all 8 € ©°.

Then every consistent mazimum, likelihood estimate 0,, is asymptotically nor-

mal, meaning \/n(6, — 0) = N(0,1(8)7") for all 6 € ©°.

Remark. The conditions (A2) -(C2) imply the existence of Fisher’s informa-
tion matrix since:

0 0
/aei In f(|6) a6, In f(]0) f(x]0) dp =

0? 52
/aeiaejf(”TW) d“_/mlﬂf(ﬂ@)'f(ﬂ@) dp .

The asymptotic normality of maximum likelihood estimates is a very impor-
tant property that justifies the calculation of asymptotic confidence intervals
and the application of tests as the likelihood ratio test.

15
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1.4.2 Tests for normality

There are several tests for the normal distribution. D’Agostino and Stephens
(1986) suggest tests that are based on the skewness and the kurtosis of a
distribution.

Definition 8. Let X be a random variable with EX* < co. Denote p = EX
and 02 = F(X — p)% Then

_BE(X —p)’
51 - 0_3/2
is called the skewness of the distribution of X. The parameter
E(X — p)*
g, = E&—n)

o2

is called the kurtosis of the distribution of X.
Remark. For the normal distribution it holds that 4, = 0 and [, = 3.

The skewness is a measure of the symmetry of a distribution with respect
to the mean value whereas the kurtosis is a measure of the peakedness of a
distribution. Both values of 3; # 0 or values of 35 # 3 indicate non-normality
of a distribution.

Let Xi,..., X, bearandom sample of the random variable X. The statistics
that are used to estimate skewness and kurtosis empirically are

ms my
b =—% and by =— (1.19)
mg/Q mj

where my = L3 (X; — X)Fand X = 13" X,

D’Agostino and Stephens (1986, section 9.3.3) give a transformation of the
statistic b; to an approximately standard normal distributed variable Z;.
They say that the transformation is applicable for sample sizes n > 8. A
two-sided test based on the variable Z; would reject the null hypothesis

H, : X is normally distributed
with a 0.05 level of significance if | Z;| > 1.96. In this situation the alternative
H; : X is non-normal with 3; # 0

would be accepted.

In the same section D’Agostino and Stephens (1986) also give a transfor-
mation of the statistic b, to an approximately standard normal distributed
variable Z,. The approximation can be used for n > 20. Based on Z, one
can test the null hypothesis

16
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Hy : X is normally distributed
versus the two sided alternative
H, : X is non-normal with 3y # 3.

Hy would be rejected with a significance level of 0.05 if |Z;| > 1.96.
The transformations that yield the standard normal variables Z; and Z,
are validated theoretically by the d-method. Let (X,,) denote a sequence of

random variables with /n(X, — ¢) £ N(0,¢) for some constants ¢ and .
Then for every function A that is continuously differentiable in ¢ it holds that
Vn(h(X,)—h(c)) £ N(0,[A'(c)]%). The é-method is proven in Witting and
Nélle (1970).

The tests described above are used in section 5.3.2 to check the normality of
the distribution of maximum likelihood estimates.

1.5 The use of twins in genetic epidemiology

1.5.1 Basics of quantitative genetics

On the one hand it is surely right that almost every trait a researcher could be
interested in varies within a human population. On the other hand nobody
doubts that there is resemblance between relatives for some traits. Genetic
epidemiology tries to use information about family resemblance in order to
gain insight into variation within individuals. It is a science that:

“deals with etiology, distribution, and control of disease in groups
of relatives and with inherited causes of disease in populations.”
(Encyclopedia of Biostatistics, p.1676)

Twins represent a very special case of relationship. There are two types of
twins: monozygotic (MZ) and dizygotic (DZ) twins. MZ twins are genetically
identical, whereas DZ twins share 50 % of their genes on average like ordinary
siblings. This difference can help to evaluate the relative importance of genes
and environment on the variation of a trait.

Traditional methods of analyzing twin data look at the differences between
the correlations between MZ and DZ twins. A higher correlation for MZ
twins hints at a contribution of genetic factors to differences in a trait.

The basics for the biometrical models that describe the effects of genes lie
in Mendelian genetics. It would be beyond the scope of this work to go into
detail here, but I would refer the reader to Neale and Cardon (1992), who
do this in an easily understandable way.
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The main assumptions of biometrical genetics (assortative mating, no geno-
type-environment correlation, no genotype-environment interaction, no epis-
tasis) yield that the phenotypic variance 0% can be decomposed as:

0% =04+ 0h =04+ 0h+ob+on. (1.20)
o2 refers to the part of the phenotypic variation that is due to genetic effects
in general and o7, refers to environmental effects in general. Then one makes
the distinction between environmental factors that act between families - the
so called shared or common environment (¢2) - and factors that act within
families - the non-shared or specific environment (¢%). The variation o is
split into %, which stands for the part of the variation that is due to additive
genetic effects, and 0%, which refers to variation that is due to dominance
effects. The additive genetic effects are the sum of the effects of all alleles that
influence a trait taken singly. Dominance effects are due to the interaction
of alleles at a given locus.

The ratio 02 /0% is called the broad sense heritability whereas the ratio 0% /0%
is called the narrow sense heritability.

The covariance between the members of a twin pair can be expressed in terms
of the portions of the whole phenotypic variance:

cov(MZ) = 0% + 0}, + 04 (1.21)

cov(DZ) = 10% + Lo}, + of. (1.22)

From the observation of a phenotypic trait in a twin population one can
estimate the phenotypic variance and the covariances between the members
in the same type of twin pair. In contrast we have 4 unknown parameters:
0%, 0%, 0% and o%. In order to make the model identifiable one has to make
restrictions on the general model by setting one of the parameters equal to
zero. The genetic model where 0% is set equal to zero is abbreviated as ACE.
Similarly the genetic models ADE, AE, DE, CE, DCE and E are explained.
Usually in genetic analysis the parameter estimates are derived for different
models and then the best fitting model is chosen according to various criteria.
One of them is the Akaike Information Criterion (AIC) that is computed

2
AIC = N(— log-likelihood + p) .

p is the number of parameters and N the sample size, i.e. the number of twin
pairs (Akaike, 1974). The model with the lowest value is said to fit best by
AIC. Nested models can be compared using a likelihood ratio test. Neale
and Cardon (1992) give a very comprehensive introduction into the methods
for analyzing twin data.

18



1.5. THE USE OF TWINS IN GENETIC EPIDEMIOLOGY

The traditional model of genetic epidemiology described above can not usu-
ally be applied in survival analysis since one normally has to deal with cen-
sored or otherwise incomplete data there. Another limitation of the model
is that it can only incorporate twin pairs where the trait of interest is ob-
servable for both members of the pair. In studies that investigate a trait in
elderly twins, but not the life span of the twins, there are, of course, twin
pairs where one twin is already deceased. These pairs are called broken pairs.
They are usually excluded from a study which can reduce the sample size
considerably. This means a waste of information.

In order to study the role of genes in the life span or in the ageing process
another approach is needed. For the genetic analysis of life span a bivariate
correlated frailty model was successfully applied to Danish twin survival data
(Yashin and Iachine, 1995b). This model combines the ideas of survival anal-
ysis and demography with those of genetic epidemiology. In this approach it
is not the genetic parameters of life span that are estimated but those of an
unobserved variable called frailty. Frailty represents the individual suscepti-
bility to disease and death. The estimated heritability in frailty was about
50%. The concept of frailty models is introduced in section 1.3.

1.5.2 The genetic liability model

The methods described in section 1.5.1 can only be applied if a quantitative
trait is measured in twins. Many phenotypic traits that are supposed to be
influenced by the genes are, however, discrete. This can be, for instance,
the presence or absence of a certain disease or different levels of severity of a
disease can exist. In order to address questions about the relative importance
of both genes and the environment for the development of a phenotypic trait
that can only be discriminated into ordered categories, the liability model is
used.

Under the idea that the individual’s liability to develop a disease results
from the additive effects of many genetic and environmental factors, it is
assumed that an unobservable normally distributed random variable, called
liability, exists, and one or more threshold values that discriminate between
the categories. In the case of the dichotomous observation, affected versus
non-affected, this means that an individual will develop a disease when his
liability value exceeds the threshold value 7},. It is assumed that the liability
has the mean value 0 and the variance 1. Figure 1.1 illustrates the density
function of the liability variable.

The probability of having a disease can be calculated as 1 — ®(T},), where @
denotes the cumulative density function of the standard normal distribution.
When a discrete trait with D different categories is observed in twins then the
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threshold
not affected affected
_3 0 T 3

Figure 1.1: Density function of the liability variable.

resulting data set can be expressed as a D-by-D-contingency table. Table 1.1
shows the case of a dichotomous trait.

It is now assumed that the vector of the liability variables of the twins follows
a bivariate normal distribution with standard normal margins and the corre-
lation p. Under the assumption that the same threshold value T}, corresponds
to each twin it holds that

(o ele ]

P(both twins affected) = //qS(U, v, 0)du dv
T, T
T, T

P(both twins not affected) = / / é(u, v, 0)du dv (1.23)

— 00 —00

oo T
P(one twin affected, one not affected) = / / o(u, v, 0)du dv

Ty —o0

where ¢(u, v, o) denotes the density function of the bivariate normal distri-
bution with mean vector (§) and covariance matrix (; 7).

Given the data in table 1.1 and using (1.23) one can estimate the parame-
ter Ty and p. If this is done for monozygotic and dizygotic twins one gets
estimates of the corresponding correlations in liability: op/7 and ppz. For a
dichotomous trait these correlations are called tetrachoric correlations.

If there are D categories for the trait of interest then D — 1 threshold values
are introduced and the probabilities of the different cells in the D-by-D
contingency table are calculated analogous to (1.23) and one has to integrate
over the corresponding intervals.
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Table 1.1: General two-by-two contingency table.

twin 1 \ twin 2 | affected | not affected total
affected niy N1o N1+ Ny
not affected No1 Moo No1 + Noo
total | m11 +n01 | 10 + Moo n

If equations (1.20), (1.21) and (1.22) are divided by the phenotypic variance
0% then one gets:

oz =a>+d>+ ¢,
QDZ:%CLZ—f-idQ—FCQaHd

l=a’+d>+c+¢€*,

where a®> = 0% /0% is the proportion of variance associated with additive
genetic effects (narrow sense heritability), d* = ¢% /0% is the proportion of
variance associated with dominance effects, ¢ = o /0% is the proportion of
variance associated with shared environmental effects and e? = 0% /0% is the
proportion of variance associated with non-shared environmental effects.
Analogous to the case of a quantitative phenotypic trait, different genetic
models can be fitted to the correlations in liability and their fit can be com-
pared using the Akaike Information Criterion.

The disadvantages of the liability analysis are the same as for the case of a
quantitative trait, i.e. correction for truncation and censoring is not possible
and broken pairs are excluded. In Chapter 7 the liability approach is com-
pared with the frailty approach. With the help of simulated data it is shown
that the influence of genes on life span can confound the results derived by
using the liability analysis. This means that one might find influence of the
genes on the liability of the development of a certain disease but originally
only the age at death is influenced genetically.

1.5.3 Other measures for the similarities in twin pairs

Let us consider the case of a dichotomous trait, say a certain disease. Let
D; denote the disease status of twin 7, i = 1,2, in a pair (D; = 1 if twin i is
affected, D; = 0 if twin ¢ is not affected). The observations that one gets for
such type of trait in a twin study are presented in table 1.1.

A twin pair is called concordant if both members of the pair have the same
disease status, otherwise the pair is called discordant.
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A widely used measure to describe the similarity of the twins in a pair is
the probandwise concordance rate R. The probandwise concordance rate is a
measure that characterizes the conditional probability that a twin is affected
given that his or her co-twin is affected. From the data one can estimate the
two conditional probabilities P(Dy; = 1|Dy = 1) and P(Dy = 1|D; = 1). In
order to have one single measure for comparison the probandwise concordance
rate is used. R is calculated by weighting the conditional probability that
twin 1 is affected given that twin 2 is affected and the conditional probability
that twin 2 is affected given that twin 1 is affected according to the chance
that twin 2 is affected, and the chance that twin 1 is affected, respectively
(McGue, 1992):

P(D,=1|Dy=1)- P(Dy=1)+ P(D; =1|D, = 1)- P(D, = 1)
P(D,=1) + P(D, = 1) '

R=

From table 1.1 it follows that the probandwise concordant rate can be esti-
mated as

N 2
R= it . (1.24)
21011 + nip + noy

A higher concordance rate for MZ twins compared to DZ twins indicates an
influence of the genes on the development of the disease.
Another figure used to describe the dependence within a twin pair is the
relative risk of the disease for persons whose co-twin has the disease. This
approach is based on logistic regression, i.e. the conditional probability to be
affected given the health status of the co-twin is expressed as
' e t0j
P(D1:1|D2:]):m

The value €” is called the relative risk. It is an odds ratio since
8 _ OddS(P(Dl = 1|D2 = 1))
~ odds(P(D, = 1|D, = 0))

where odds(z) = $%;. Since one can estimate P(Dy = 1[D; = 1) as 21—

and P(D; = 1|D; = 0) as 42— (see table 1.1), it follows for the estimate
of the relative risk that:

ef = 11700 (1.25)

10 Mot
If D; and D, are independent then e’ = 1. If e > 1 then this indicates
interdependence between the different health status levels of the twins. Again
a higher relative risk for monozygotic versus dizygotic twins indicates the

influence of genes.
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Chapter 2

A correlated frailty model for
describing the ageing process

2.1 Introduction of the model

2.1.1 Basic structure

The ageing process is described as a stochastic process consisting of the three
states “healthy”, “ill”, and “deceased”. Such a process can be specified by the
multivariate distribution of its jump times, i.e. the times where an individual
changes from one state to another. Figure 2.1 shows a sample path of the
ageing process.

state
A
deceased +

ill +

healthy

| | >

Ti T time

Figure 2.1: 3-state-process and its jumping times

The ageing of an individual can be described with the time he stays in a
“healthy” state (Tjp) and the life span (7;). If there is an underlying un-
observable frailty variable corresponding to each of these times, then one
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Tla Zl
| > deceased

twin 1 healthy

\—> ill

Tho, Zo
T, Za2
|—>' ill
twin 2 healthy
|

> deceased
TZ; Z2

Figure 2.2: Four-dimensional correlated frailty model for a twin pair

represents factors that influence susceptibility to disease and the other rep-
resents factors that change individual chances of survival.

The ageing of a twin pair can be described in this way by a four-dimensional
correlated frailty model. Figure 2.2 illustrates such a model. T}, is the time
spent in a healthy state and T} is the life span of twin ¢, 7 = 1, 2. The frailty
variables Z;y and Z;, i = 1,2, correspond to these time periods respectively.
We assume that it makes no difference whether a twin is the first or the
second born in a pair. Therefore the bivariate distributions of (719, 77) and
(T, T3) as well as those of (719, Z1) and (Za0, Zs) are assumed to be equal.
Let Sy and Sy, denote the univariate survival functions of Ty, i = 1,2, and
T;, i = 1,2, respectively. Sp(z) is the probability of surviving age = and
So(z) is the probability of still being healthy at age x. A proportional haz-
ard model with the underlying baseline hazard rate py and the cumulative
baseline hazard rate Hy(z) = [, p10(u) du is assumed for the conditional sur-
vival function of T}y given Z;5. The conditional survival function of 7; given
Z; is defined similarly, with the underlying baseline hazard rate p and the
cumulative baseline hazard rate H(xz) = [ p(u) du:

P(Ty > x|Zy) = exp{—ZiHo(z)} and P(T; > z|Z;) = exp {—ZZH(EE)})
2.1

It is assumed that the times Ty, ¢ = 1,2, and T}, + = 1,2, are condition-
ally independent given the frailties and that the conditioning on the frailty
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2.1. INTRODUCTION OF THE MODEL

variables can be stratified.

P(Tvo > s1,Tao > 89, Ty > t1, Ty > to| Z10, Zao, 71, Z2) =
P(T10 > 81|Z10) . P(T20 > 82|Z20) . P(T1 > t1|Zl) : P(T2 > t2|ZQ) (22)

This assumption means that the dependence between the times 17, 159, 1}
and 75 can be completely explained by the dependence between the corre-
sponding frailty variables.

Equations (2.1) and (2.2) yield for the unconditional survival function S of
(Tho, To, Th, T3):

S(s1, 82, t1,t2) = P(To > s1,Tag > 89, Ty > 11, Ty > 1)
= EeXp{—ZloHo(Sl) - ZQOHO(SQ) - ZlH(tl) - ZQH(tQ)} . (23)

Thus, to calculate the unconditional four-dimensional survival function S of
(Tho, T2, T1, T) one has to specify the distribution of (71, Za, Z1, Z2) or,
more precisely, the Laplace transform of this random vector.

2.1.2 Modeling of the frailty distribution

To construct the joint distribution of the four frailty variables one has to
model their dependence. There is a wide range of dependence structures
that can be described by different four-dimensional distributions. A very
clear structure can be reached by linear combinations of independent random
variables. Correspondingly one can represent the frailty variables as the sum
of independent random variables. Let Y;, 7 = 0,1,...,4, and Y};, 7 = 1,2,
7 = 0,1, be independent random variables. They represent different parts of
all risk factors that influence health and survival. Their exact interpretation
gives us the following table.

Yy risk factors that influence health and survival and that are shared by
both twins

Y; risk factors that influence health and survival only for twin ¢, 2 = 1, 2

Y5 risk factors that influence only health and that are shared by both
twins

Y, risk factors that influence only survival and that are shared by both
twins

Yi; remainingindividual risk factors that influence only health or survival
and that are not shared by the twins
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|healthy — ill‘ ‘healthy — deceased

twin 1 7y - 7

0o 01

A
Y

Zao

Zs

Figure 2.3: Correlation structure of the four-dimensional frailty distribution

Assumption 1. Our model assumption is that the frailty variables admit
the representation:

Ziw=03Yo+Yi+Ys+Yie) Zi=0'(Yo+Yi+Yi+Yn)

_ 2 ) (24)
Zyy = 05 (Yo + Yo + Y5 + Yy) Zy=0"(Yo+ Yo+ Y, +Y5)

It is assumed that the Y; and Yj; are independent gamma-distributed random
variables with the scale parameter 1 and different shape parameters. Since
the sequence of the twins in a pair is arbitrary the distribution of Y} and Y5,
Y10 and Y5, and Yj; and Y5, respectively, should be the same.

YiNF(klal)a YVZNF(klal)a Y;Nr(kzal)al:073a4a
}/;0 ~ F(k107 1),2 — 1, 2, Sfil ~ F(klla 1),2 — 1, 2 (25)

In addition, it is assumed that the frailty variables 71y, Zog, Z; and Z5 have
the mean value 1.

Notice that the representation (2.4) is similar to a two-way random effects
model of analysis of variance. In the context of analysis of variance, Yy would
be the common mean effect, Y; and Y5 would be the effect of twin, Y3 and
Y, would be the effect of health state, and the Y;; would be the error terms.
If one applies the properties of the gamma distribution (see page 6) from (2.4)
it follows that the frailty variables are also gamma distributed. For the vari-
ances it holds that: of = Var(Zyy) = Var(Zy) and o? = Var(Z;) = Var(Z,).
Denote the correlations between the frailty variables in the following way:
O — COI'I'(ZH),ZQ()), 01 = COI'I'(Zl,ZQ), 0 = COI'I'(Zlo,Zl) = COI'I'(ZQ(),ZQ),
0" = corr(Zy, Zs) = corr(Zs, Zy). Figure 2.3 illustrates the correlation
structure.
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2.1. INTRODUCTION OF THE MODEL

There is a one-to-one correspondence between the shape parameters of the
components of the frailty variables and the variances and correlations of the
frailty variables.

Lemma 1. For the shape parameters ko, ki, k3, ks, k1o, k11, the variances

o2, 0® and the correlations 0y, 01, 0, 0 it holds that:

00 = (ko + ky + ks + k1) "1/?
o = (ko + ki + kg + ki) P
00 = o5 (ko + ks3)
01 = o%(ko + k)

0 = ogo (ko + k1)

0" = ook .

(2.6)

Proof. From (2.5) it follows that (see page 6)
EY, = EYy = ki, EY; =k;,i =0,3,4, and EY;; = kyj,i = 1,2, =0, 1,
and
Var(Y;) = Var(Ys) = ky, Var(V;) = k;,i =0,3,4, and
Var(Yy) = kij,i =1,2,5=0,1.
The assumption of independence and (2.4) yield therefore

EZ10 = EZQO = O'g(kg + kl + k3 + klg)
EZ, = EZy = 0*(ko + ki + ky + k11)
COV(Zl(), ZQO = O'g(V&I"(YE)) + Var(Yg,)) = O'g(k() + kg)

)
cov(Zy, Zy) = o* (Var(Yy) + Var(Yy)) = o* (ko + ks3)
cov(Z, Z1) = og0?(Var(Yy) + Var(Y1)) = o50” (ko + k1)
cov(Zag, Zs) = JSUZ(Var(Yg) + Var(Y3)) = a§a2(k0 + ky)

COV(Zl(), ZQ) = COV(ZQO, Zl) = O'gO'2 VaI'(YE)) = 0'30'21470 .
The assertion of the lemma is then obvious. O

Remark. The representation of the shape parameters as a function of the
variances and correlations is given in the Appendix in (A.1). The shape
parameters must be positive. Therefore from (A.1) one gets the following
constraints on the variances and correlations:

0<o"<p
0*0y <pgo < o — (0 — 0")og (2.7)
00 <p109 < 09— (0—0")o
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2.1.3 The survival function of (Tyg, T2, T1, T5)

Together with the constraints (2.7) the four-dimensional correlated gamma
frailty model is described by the unconditional four-dimensional survival
function of (T107 Tgo, Tl; Tg) .

Proposition 1. Let (T, Ta,T1,T2) be a vector of four survival times and
(Z10, Z20, Z1, Z2) be a vector of four random variables, both defined on a prob-
ability space (0, §, P). The vector (Zyo, Zay, Z1, Z2) is distributed according
to assumption 1. It is assumed that the univariate conditional survival func-
tions of Ty given Zyy, 1 = 1,2, and T; given Z;, i = 1,2, respectively, are
given by (2.1) and that the conditional survival function of (Tig, Tao, T, Ts)
given (Zyy, Zao, Z1, Z2) fulfills (2.2). Under these assumptions the uncondi-
tional four-dimensional survival function S of (Tio, Tao, Th, o) is given by

S(s1,S2,t1,t2)

(1-+ o2 Hy(s0)) (1 + 02 Hol52)] ™ [(1 4+ 02 (1) (1 + o*H (1)) ™
(1+ 03Ho(s1) + 0”H(t1)) (1 + 05 Ho(s2) + 0°H(t))] ™ h
1
1

=1
g
[1+ 05 Ho(s1) + UoHU(SQ)]i [1+0*H(t) + O'ZH(tQ)]
[1+ 0§ Ho(s1) + 03 Ho(s2) + 0 H(t1) + 0 H(ts)] ~ho (2.8)

= [50(81)50(32)]1—90—(9—9*)1_0 . [SL(tl)SL(tg)]ligli(gfé’*);fo

o—o*

20, oF _e1 o

(800 + 8,2 =] T [ ) 87 1]

_ 0"

S (1) + 8570 (s5) + ST (1) + S5 (f) — 3] 707 (2.9)

where Sy denotes the univariate survival function of Ty, 1 = 1,2, and Sy,
denotes the univariate survival function of T;, 1 =1, 2.

Proof. (2.3) shows that one has to calculate the four-dimensional Laplace
transform of (Z19, Zag, Z1, Z3) to get the survival function of (1o, Tog, 11, T3).
From (2.4), (2.5) and (1.7) it follows that

Eefu1210*u2z20*11121*11222
:E67(03u1+031@+021}1 +02v2)Y0 E67(08u1+02vl)Y1 Eef(o'g’U.Q+0'2’02)Y2

. Eef(o'g’u.1+0'g’u.2)Y3Eef(0'2’Ul+0’2’U2)Y4E670'g’u.1Y10Eefo'gUQYQOEefoj’l)lYll E670'2U2Y21
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=[1+ ofus + oguy + 0?0y + %ve] 1+ oguy + o*vi |1+ ofuy + 0%vg M
14 oduy + ogus) TR+ 0%vy 4 0% TR (14 o2uy ) (14 opuy)] 7F0

(14 0% (14 o%0)]) P10
Together with (2.3) this yields (2.8). From (2.1) and (1.8) it follows that
SU(.ZL') = [1 + UgHO(x)]*l/Ug and SL(Z') — [1 —|—O'2H(l')]71/02_

This implies

2

02Hy(z) = S;% () =1 and o*H(z) = S;" (z) — 1. (2.10)

Expressing the k; and £;; in terms of the variances and correlations according
to (A.1) and substituting (2.10) into (2.8) yields (2.9). O

Remark. The second representation (2.9) could be called semi-parametric
since it shows the functional dependence of the survival function S on the
marginal univariate survival functions Sy and Sy, which may be possibly
estimated non-parametrically from univariate data (see also section 2.3).

Remark. The marginal bivariate survival functions can easily be derived from
(2.8) and (2.9). They are all of the type of a bivariate correlated gamma
frailty model (see (1.16)).

ST(S,t) = P(T10 > S,T1 > t) = P(T20 > S,T2 > t)

0

= [So(s)] #2752 [5,78s) + 5770 1] 7 (21)

Sox (81, 82) = P(T1p > s1,Ta0 > $2)

Q0

2

= [So(s1)So(52)] % [, (1) + 8, (s2) — 1] 7 (2.12)

Sra(ti,ta) = P(Th > t1,T5 > 1)

5]
=

¥

= [Su(t)Su)) " [S,7 (1) + 8,7 () = 1] 7 (2.13)

SD(S,t) = P(T10 > S,TQ > t) = P(T20 > 8,T1 > t)

= [So(s))' P 1Se (0] T [5, 7 (s) + 557 () — 1] 7 (219)

2.1.4 Definition of the model

The four-dimensional correlated frailty model was introduced thus far under

2 2

the assumption of positive variances oj and ¢° and strict less-than-signs in
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the constraints in (2.7). The constraints can be modified in the following
way without changing the properties of the model:

r<o" <o
0" 0y <ppo <o — (0—0")oy (2.15)
0'0 <109 < 09— (90— 0")o

Here r is a positive arbitrary constant. Allowing for equality in the inequal-
ities is equivalent to allowing the parameters k;, © = 1, 3,4, and k;;, i = 1, 2,
j =0,1, to take the value zero.

If, for example, the shape parameter k; is zero this corresponds to the limiting
case that the variable Y] takes the value zero with probability one. This can
be interpreted that there is no variability in the risk factors that influence
health and survival only for one twin.

The functions (2.8) and (2.9) remain four-dimensional survival functions un-
der the constraints (2.15) as well.

In the following the constraints (2.15) are used. Thus the parameter space
O, is

O, = {(09,0, 00, 01,0,0") : 0 < 09, 01,0, 0" <1, 0<0p,0 and (2.15)}.

Definition 9. A vector of non-negative random variables (T}, Ty, 11, T2)
is said to be distributed according to a four-dimensional correlated gamma
frailty model if a parameter vector (09,0, 0o, 01, 0, 0*) € O, and univariate
survival functions Sy and Sj, exist such that the four-dimensional survival
function of (T1g, T2, T4, T») is given by (2.8).

2.2 Current health status data

2.2.1 Description of the observation scheme

It is quite unrealistic to assume that one can get exact information about
how long people stay healthy and it is often difficult to define or distinguish
the real onset of a disease. In addition, life span information is usually cen-
sored, and it may happen that people die before they fall ill. That means
that one cannot observe the vector (T1g, 159, 11, T5) directly but can observe
other variables that are a function of this vector. This loss of information can
imply the loss of the identifiability of the model. It has to be mentioned here
that the model includes a special competing risk situation. The observable
data never contain information about T}y if T; < Tj, i.e. if an individual dies
before getting ill we don’t know anything about the disease. The situation is
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different from the usual competing risk model. The latter would mean that
the minimum of T}y and 7; is always observable. One might call the situa-
tion for the four-dimensional correlated frailty model a half-competing risk
situation. It is also important to note that in general a model of dependent
competing risks is not identifiable (Prakasa Rao, 1992, section 7.4), whereas
it can be shown that a more realistic pattern of censored observations in the
four-dimensional correlated frailty model is sufficient for the identifiability
of the model (see section 3.3). We call this pattern of observation current
health status data.

Let us assume that one has carried out a cross-sectional study where one
examined the health state of twin pairs. This means that at a certain moment
in time the health of twins is investigated. Assume further that it is possible
to obtain the exact life span of twins of the same birth cohorts as the observed
ones who have already died from a population registry. Pairs where one or
two of the twins are already deceased are included in the study.

Naturally one knows the age or the hypothetical age of every twin individual
at the time of the survey. For living individuals this is their real age and for
deceased individuals this is the age they would have been on the day of the
survey. The difference of the age or the hypothetical age of an individual at
the time of the survey and the time of birth will be referred to as A, the age
at the time of observation, from now on. Since twins are usually born on the
same day, A is the same for each twin in a pair. If one includes different birth
cohorts of twins, i.e. one has a random time of birth and a deterministic time
for the survey, then A is a random variable. It is a censoring variable here.
It is important to distinguish this observation scheme from the usual model
of right censoring where the end of the observation period is random. For the
type of observation used here the time of observation is deterministic but the
time of birth is random. Therefore the age at the time of observation, that is
the difference between those two times, is also random. As a consequence the
range of birth cohorts influences the proportion of healthy, ill and deceased
individuals at the time of the survey.

For twin 7, i = 1,2, let T;y denote the time the twin stays healthy and let
T; denote the life span (see figure 2.2). A twin is healthy at the time of the
survey if T;o > A and T; > A, he or she is ill if T;p < A and T; > A, and he
or she is deceased if T; < A. It is assumed that for deceased persons there is
no information whether they had a certain disease or not.

In the context of this work current health status data means that if A is the
age of a twin pair at the time of observation then one can, for twin ¢, ¢ = 1, 2,

31
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observe the current health state:

0 if the twin is healthy <— Tpy>Aand T, > A,
C; =< 1 if the twin is ill — Tp<AandT;> A, (2.16)
2 if the twin is deceased <= T; < A,

and the censored life span:
X; = min(T;, A) i=1,2. (2.17)

The observation for a twin pair is the vector (X, X5, Cy,C3). X; and X, are
positive real numbers, C; and C5 can take the value 0, 1 or 2.
There are 6 possible cases of observations:

1. both twins are healthy and alive:
(Xla X2; Ola 02) - (A7 Aa 07 O)

2. one twin is ill, the other is healthy, both are alive:
(Xl, XQ, Cl, 02) = (A, A, ]_, 0) or (A, A, 0, ].)

3. both twins are ill and alive:
(Xla X27 Cla 02) = (Aa Aa ]-7 ]-)

4. one twin is healthy and alive, the other twin is deceased:
(Xla X?a Cla 02) = (Tla Aa 27 0) or (Aa T27 07 2)

5. one twin is ill and alive, the other twin is deceased:
(Xla X?a Cla 02) = (Tla Aa 27 ]-) or (Aa T27 ]-7 2)

6. both twins are deceased:
(Xla X2; Ola 02) — (TI; T27 27 2)

Current health status data are a special case of incomplete observations.

2.2.2 Calculation of the likelihood function

Under the assumption that the distribution of the vector (Tig, Ta, 11, T2)
can be described with a correlated frailty model and choosing an appropriate

measure on the sample space allows us to calculate the density function fx
of (X1, Xs, Cy,C5). The sample space of (X, Xo, C1,Cy) is

(X, 2A) = (R x {0,1,2} x {0,1,2},B% @ P02 @ pl012hy = (2.1g)
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Definition 10. Let \! and )2 denote the Lebesgue measure on R' and R?,
respectively. Let A, B € B! be two Borel sets. Let a function u*: (X, ) - R,
be defined by

AN(ANB) ifi<1landj<1,

M*(AxBx{i}x{j}):{)\z(AxB) ifi=2o0rj=2

and p*(Ax BxCx D)= > p*(AxBx{i} x{j}). Then p is defined
1eC,jeD
as the extension of ;* to a measure on (X, %A).

Corollary 1. For every measurable function g : (X,21) — (R',B") it holds
that

[owmigan i<t

(2.19)
/g(xl,xQ,i,j) d\? ifi=2orj=2.

/g($1,$2,i,j)du =

Proposition 2. Let (Tio, T, T1,T3) be a random vector of 4 survival times,
let S denote the survival function of (Tio, Too, T1,Ts) and let the vector have
a Lebesgue density. The random variable A and the vector (X, Xa, Cy,C3)
are defined as on page 32. Let the age at the time of observation A be in-
dependent of (Tho, Tao, T1,T3). If A has got the Lebesque density fa and the
survival function Sy then the density function of the vector (X1, Xs, C1, C5)
with respect to v as defined in definition 10 is given by

fx(z1, 0,01, ¢0) = S(m1, 29, 21, 2) fa(1) L1 = 22) I(c; = 0) (e

+ (S(0, 29, w1, w9) — S(w1, 2, T1, T2)) fa (1) L) = 29) 1

+ (S(x1, 0,21, 39) — S(x1, 2, T1, T2) ) fa(w2) L) = 29) 1

+ (S(O, 0,21, 29) — S(0, 22, 21, x9) — S(x1,0,21,22) + S
cfalx) Wy = 22) (e = 1) I(ep = 1)

_ 0S8(s1,82, 11, 12)

8t1 51=0,52=x2
ti=z1,l2=x2

cfa(ze) Wy < a9)I(er = 2)I(ey = 0)

_ 0S(s1, 52,11, t2) cFalxy) Iay > 22) () = 0) (e = 2)

8t2 s1=x1,52=0
ti=z1,l2=x2
+ 85(81782at1;t2) . 85(817827t17t2)
8151 51=0,s2=x2 8t1 s1=82=0
t1=x1,ta=x2 ti=z1,t2=x2

falze) (zy < 22)I(cr = 2) (e = 1)
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8t2 s1=x1,52=0 8152 51=52=0

+ [85(817827t17t2) 85(81782;t1;t2)

t1=x1,t2=x2 t1=$17t2=$2]
. fA(l'l) I(l‘l Z 1'2) I(Cl = 1) I(Cg = 2)

825(817 S2, tl; t2)
Ot 0ty

I Sa(max(z1,22)) I(c; = 2) I(cp = 2)
t11;$?;2=$2

(2.20)

Proof. fx is the desired density if for all z,y and all i,j € {0,1,2} the
following holds:

P(Xi >z, Xy >y,C=1,0y =) :/I(z,oo)($1) I(y,oo)(%)fx(%,fﬂmi,j) dp.

This can be checked for the different cases using (2.19). The explicit formulas
are given in Appendix B.1 on page 114. U

2.3 Estimation strategies

For current health status data (see section 2.2.1) the log-likelihood function
in the four-dimensional correlated gamma frailty model can be expressed
as a function depending on the parameters of the four-dimensional frailty
distribution og, o, 09, 01, 0 and p* and the univariate survival functions
So and Sy, (see (2.9) and (2.20)). The proof of identifiability shows that
the univariate survival functions can be identified non-parametrically, i.e.
without any parametric specification (see section 3.3). This property opens
up different possibilities for the estimation of the parameters in the model
and also provides us with the opportunity of evaluating the fit of the model.
On the one hand, one can choose a parametric specification for the univariate
survival functions Sy and Sy, or equivalently for the underlying hazard rates
io and p. Then the model becomes a purely parametric one and common
methods of parameter estimation, such as maximum likelihood estimation,
can be applied.

One has censored information for the life span of every individual, where the
age at the time of observation A is the censoring variable. On the other hand,
therefore, one can calculate the Kaplan-Meier-Estimator for the univariate
survival function S; from the data. One can use the values of this non-
parametric estimator in the log-likelihood function and choose a parametric
specification for the function Sy or . This approach could be called a partly
semi-parametric estimation strategy for the model.
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It is important to keep in mind that the standard errors that one would
get with traditional methods using this semi-parametric approach do not
include the error that is created by using a non-parametric estimator for Sy.
Therefore one has to use other methods, such as a bootstrap approach, to
get standard errors of the parameter estimates.

Using a fully parametric approach has got the advantage that well-known
theoretical results about the asymptotic distribution of the estimators ex-
ist. Thus standard errors can be derived directly. The disadvantage is the
higher number of parameters that have to be estimated simultaneously and
of course one makes restrictions on the shape of the survival functions Sy
and S;. A semi-parametric approach does not make such restrictions but
requires additional computational efforts to calculate the non-parametric es-
timate. To get standard errors for the remaining parameter estimates is not
straightforward and is usually also computationally demanding.

If the parameter estimates from the semi-parametric approach and a fully
parametric approach differ substantially, this can be a hint that the chosen
parametric specification for Sy, is inappropriate.

It is not possible to calculate the Kaplan-Meier-Estimator for the survival
function Sy on the basis of current health status data since one knows neither
the censored time of staying healthy nor the censoring indicator. In addition
people may die due to other causes of death than the ones under consider-
ation. That means that the risk of dying and the risk of getting ill are two
dependent competing risks here.

This work does not deal with the question of finding a non-parametric esti-
mate for the survival function Sy on the basis of current health status data.
If this were possible an approach that uses a non-parametric estimate for Sy
as well as for Sy, could be called a fully semi-parametric approach.

Such an approach would be the most general one in the sense that it makes no
restrictions on the shape of the univariate survival functions Sy and Sy;,. With
regard to the properties of the remaining parameter estimates, the estimates
of the variances and correlations of the frailty variables, it would be, however,
the most complicated one. Theoretical results about the asymptotic behavior
of these estimates do not yet exist. Additional computational efforts for
the calculation of the non-parametric estimates of the univariate survival
functions are also necessary.

For practical applications it is not easy to decide whether a fully parametric
or a semi-parametric approach is the most useful one. The decision depends
on the aims of a study, the ascertainment of the data (truncation, censoring),
and the computational resources that are available.
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Chapter 3

Identifiability of a correlated
gamma frailty model

In the ideal situation, where one has exact information about (T3¢, Ta, 71, T2)
the identifiability of the four-dimensional correlated frailty model that is
described in section 2.1 is a direct consequence of the identifiability in the
bivariate correlated frailty model (see Iachine and Yashin, 1998) since all
bivariate marginal distributions correspond to this model (see (2.11)-(2.14)).
But this means that T;y and T; cannot be interpreted as age at onset of disease
and life span, respectively, since then the problem of dependent competing
risks arises. In this chapter it is shown that current health status data as
described in section 2.2.1 are sufficient for the identifiability of the four-
dimensional correlated frailty model. As preparation for the main proof the
identifiability of the bivariate correlated frailty with censored observations is
proven.

3.1 Univariate censored life span information
The following lemmata show that under independent (right) censoring the

marginal univariate distributions of the survival time as well as the distribu-
tion of the censoring variable are identifiable.

Lemma 2. Let S be the continuous survival function of a non-negative ran-
dom variable V. Let V have the Lebesgue density f. Then

flu)
—[0/) %du =InS(z)

for all x with S(z) > 0.
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3.1. UNIVARIATE CENSORED LIFE SPAN INFORMATION

Proof. Let (t) = ¢t~1. Since p(S(u)) < S(z)~! for all u < x it follows that
E(Ijp)(V)e(S(V ))) < o0 if S(z) > 0. It holds that

f(u) . u Vidu) — B — InS(z
[t 5 o —[0[) o(S(w) PV (du) —[01_[( ol = st

by Hilfssatz 2 in Giard (1997). O

Lemma 3. Let T denote a survival time, i.e. a non-negative random vari-
able, and let T have the survival function Sy and the Lebesgue density fr.
The non-negative random variable A is a censoring variable. Assume that A
has the Lebesque density fa and the survival function Sy. It is assumed that
T and A are independent and that the variables

X =min(T,A) and A=LT < A)

are observable. Let [i be the measure on (R' x {0,1},B' @ PO that is the
product of the Lebesque measure X' with the counting measure on {0,1}, i.e.
w(A x {i}) = M(A) for i = 0,1. The density function f3* of (X,A) with

respect to i is given by:

¥ (#,0) = Sp(x) falz) (0 = 0) + fr(z) Sa(z)1(6 =1) . (3.1)
Proof. See for example Lawless (1982), p.35f. O

Lemma 4. Let the random variables T, A, X and A and the functions Sy,
fr, Sa, fa and f3 be defined as in lemma 3. Then the functions Sp(x)
and Sa(z) can be identified for all x with 0 < x < d with the help of the
distribution of (X,A), where d = inf{zx : Sa(z) = 0 or Sp(z) = 0}. That
means that if two different pairs of survival functions (S, S}) and (S%, S%)
exist that yield the same distribution for (X, A) then it follows S} (x) = S7(x)
and S4(z) = S%(x) for all x with 0 < z < d.

Proof. Let us assume that (S, S1) and (S%, S7) yield the same distribution
for (X, A). Consequently the corresponding density functions are a.s. equal.
From (3.1) it then follows that

Sp(@) fa(w) = Si(z) fi(x)  and (3.2)
fi(@) Si(w) = fi(z) Si(x)  as. (3-3)
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Since the distribution of (X, A) is the same for both pairs of survival functions
this is also true for the distribution of X, therefore

P(X >x)=P(T > z,A > 1) =S;(v) S(x) = S7(x) S5() (3.4)
for all z. Let
d=inf{z : St(z) =0 or S%(z) = 0 or S}(z) =0 or S%(x) =0}

Since the functions Si, S%, i = 1,2, are continuous it follows that d > 0.
After multiplying (3.2) with S} (z) and applying (3.4) one gets

fi@) _ A
Si@ ~ Si(@)

a.s. in [0,d). Thus from lemma 2 it follows that

St(z) = S%(x) = Sa(x) for 0<z<d. (3.5)
(3.4) yields then that

Sh(z) = 8%(z) = Sp(x) for 0<z<d. (3.6)

In addition, d = d = inf{z : Sx(x) = 0 or Sy () = 0} follows from (3.5) and
(3.6). O

3.2 Identifiability in the bivariate correlated
frailty model

Let us assume that one investigates the life span of twins. Individuals may
already be deceased or still alive at the time of observation which means
that the individual data is right censored. It is assumed that the censoring
variable A acts for both twins in a pair, i.e. the survival of the twins in a pair
is investigated at the same time. If 77 and 75 are the life spans of the twins
in a pair then the observation for a twin pair is (X, X3, Ay, Ay) where

X, =min(7;,A) and A;=[T;<A4), i=1,2. (3.7)

It is assumed that A is independent of the survival times T; (independent
censoring). The sample space of (X7, X5, Ay, Ay) is

(X%, %) = (R2 x {0,1} x {0,1}, B2 @ P} g plo1)
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3.2. IDENTIFIABILITY IN THE BIVARIATE CORRELATED FRAILTY MODEL

Let A! and A\? denote the Lebesgue measure on R' and R?, respectively. Let
A, B € B! be two Borel sets. Let i be a measure on (X*,*) with

A(ANB) ifi=0andj=0,

3.8
N(AxB) ifi=1lorj=1. (3.8)

ﬂ(AxBX{i}X{J'})Z{

One can verify that for every measurable function g : (X*,20*) — (R',B') it
holds

/g(x,x,i,j)d)\l ifs=0and j =0,

(3.9)
/g(x1;$2,i,j) d\? ifi=1orj=1.

/g(x17x27i7j)dﬂ =

The following lemma gives the density function of the vector (X, Xo, Ay, Ay)
with respect to [i.

Lemma 5. Let (T1,T,) be a random vector of two survival times with the
bivariate survival function Sr.. Let the vector have the Lebesque density fr..
The common censoring variable A is assumed to be independent of (T, T5).
Censored observations of (T1,Ts) are defined according to (3.7). If A has
got the Lebesque density fa and the survival function S, then the density
function f% of the vector (X1, Xo, A1, Ag) with respect to fi is given by

f;}(l‘l,.'l,’g,(sl,(SQ) == SL*(IL’l,l‘Q)fA(Il) I(l‘l == 1‘2) I((Sl == 0) 1(62 == 0)

- LT ) s < 1) 16, = 01652 = 1)
aSL*($1,$2) _ _
- a—xlfA(l'Q) I(l'l < 1’2) I(51 = 1) 1(52 - 0)

+ fre(x1, 22)Sa(max(zy, x2)) [(6; = 1) (0 = 1) .

(3.10)

Proof. f% is the desired density if for all x,y and all i, € {0,1} it holds
that

P(Xi>2, Xy >y, A =i,/ = j):/I(x,oo)(xl) I(y,oo)(%)f;((xh%,i;j) dji.

This can be checked for the different cases using (3.9). O

The representation of the density function in (3.10) is independent of the
form of the bivariate survival function Sy.. If Sy, is specified according to a
bivariate correlated frailty model then censored observations are sufficient for
the identifiability of the model. This is proven in the following proposition.
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Proposition 3. Let (T1,T3) be a random vector of two survival times and
let the vector be distributed according to a bivariate correlated gamma frailty
model. This means that the bivariate survival function Sy, of (T1,Ts) is given

by
Sre(@,y) = [Su(x) Su)] 2 [S,7 (2) + S, 7 (y) — 1] 7=

for some constants o > 0 and o > 0 and a univariate survival function Sy,
It is assumed that Sy, has a Lebesque density fr,.

Let A denote the common censoring variable. Assume that A is non-negative,
that it has the Lebesque density fa and the survival function Sa. A is assumed
to be independent of (T, Ts).

If the univariate survival function Sy of T;, i = 1,2, is strictly monotone
in an interval I and in this interval it holds that fa4(x) > 0, then the model
is identifiable with the help of censored observations X; = min(T;, A) and
A; =1(T; < A), i =1,2. This means that the parameters of the model o and
o2 and the value of the univariate survival function St on [0,d] are uniquely
determined, where d = inf{x : Sy(x) =0 or Sp(z) = 0}.

Proof. Tf one looks only at (X7, A1) one has univariate censored observations
as in section 3.1. From lemma 4 it follows that Sp(x), Sa(x), fr(x) and
fa(z) are identifiable for all z € [0, d].

Therefore from (3.10) it follows that the functions

Spe(z,x) for 0 <z <dand fa(zx) >0,
0Sp«(z,y) _ 0Sr+(y, )

for 0 <y <z <dand fs(x) > 0,

oy ox
82SL* (xa y)
fre(z,y) = “owdy for max(z,y) < d

are identifiable with the help of the distribution of (X7, X5, Ay, As). The
exact representation of these functions can be found in (A.20), (A.23) and
(A.25) in Appendix A.1. Since

8SL*(.TU,Z/) _ dln SL*(.TU,Z/)
oy Sre(z,y) B Ta— and
052 (z,y) — Sy (z.) Oln Sr.(z,y) 0ln Sr.(z,y) N 0?In Sr.(z,y)
0x0y Lk ox Oy 0x0y ’
the functions
0ln Sr.(z,y) [ 0 ] fr(z)
_ Pk ) —_ 1=
g9(x) o - 0+ 5 57@) @)
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and

_ 0*InSp.(z,y) 00? fr(@)]?
hle) = 0rdy [2 - S7 (x)]? {SL@ﬁ]

=y

are identifiable for all x with 0 < 2 < d and fa(x) > 0. Applying the
uniqueness of fy(x) and S (z) for these x yields that the functions

g(x) = Q#M —0
and

; 2 1

e ST

are identifiable for all x with 0 < 2 < d, fa(x) > 0 and fr(z) > 0. Some
transformations yield

0.2

h(@) = — §(@)° +20°§(x) + 00 .
If one uses this equation with 3 different x,, x5, 3 one gets a system of linear
. . . . . 2
equations with uniquely determined coefficients for -, 202 and po?. The
value of the determinant of the matrix of coefficients of this system is

(g(fl) - Q(%)) (g(iﬁ) - §($3)) (g(%) - 5(553)) .

It holds g(z1) = g(xq) if and only if Si(z1) = Sp(r2). Without loss of
generality one can assume that the interval I C [0,d]. Since Sp(x) is strictly
monotone on the interval I, in this interval it holds that fa(z) > 0 and
fr(x) > 0. Thus 3 different 1, xo, x5 exist for which the functions § and h
are identified and the value of the determinant is unequal to zero. Then the
system of linear equation has a unique solution. That means that o and p
are identifiable. O

Corollary 2. If the univariate survival function has the representation
Sp(z) =1+ o?H(z)]"/" |

with the underlying cumulative hazard rate H, then from the identifiability of
St and o follows the identifiability of H.
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3.3 Identifiability in the four-dimensional cor-
related frailty model

In this section it is proven that current health status data as described in
section 2.2.1 are sufficient for the identifiability of the four-dimensional cor-
related gamma frailty model which was defined in section 2.1.4.

The following auxiliary lemma is needed in the main proof. It gives the
density function of (X, C}), which is the current health status information
for one individual.

Lemma 6. Let (Ty9,T1) be a vector of two survival times. Let St denote
the bivariate survival function of (Tio,T1) and let the vector have a Lebesgue
density. Assume that Ty has a Lebesque density fr and let Sy denote its
survival function.

The random variable A denotes the age at the time of observation. It is
assumed to be independent of (Typ,T1). Assume that A has the Lebesgue
density fa and the survival function Sy.

Current health status data is defined as

0 ileO > A and T > A,
X =min(T1,A) and C=<X1 ifTio <A and T > A,
2 ifT, < A.
If \! is the Lebesque measure on R' and A € B! is a Borel set then let [i be
the measure on (R x {0, 1,2}, B! @ PIOL2H) with (A x {i}) = A\'(A). The
density function fr of (X, C) with respect to ji is given by

fr(z,c) = Sr(x,z) fa(z)I(c = 0)
+ [SL(x) — ST(x,x)]fA(x) [(c=1)+Sa(z)fr(z)(c=2). (3.11)

Proof. fr from (3.11) is the desired density function if for all z and i = 0,1, 2
it holds that

P(X >z,C=1i)= /I(wo) (w) fr(u, i) dj.
This can be checked for the different cases using
[ staivin = [ gtaiyix (312)

for every measurable function g. O
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The following theorem gives the main identifiability result for the four-di-
mensional correlated gamma frailty model.

Theorem 3. Let (T1o,T1,T5,Ts) be a random vector of 4 survival times
and let the vector be distributed according to a four-dimensional correlated
gamma frailty model (see definition 9). Let S denote the survival function of
(Tho, T, Tog, T3), Sy is the univariate survival function of Ty, i = 1,2, and
S, is the univariate survival function of T;, i =1, 2.

The random wvariable A denotes the age at the time of observation. It is
assumed to be independent of (Tho,T1,Ta,Ts) and to be non-negative. As-
sume that A has the Lebesgue density fa and the survival function Sy. Let
furthermore d = inf{x : Sy(z) =0 or Sg(x) = 0}.

If an interval I C [0,d] exists such that

(A) the univariate survival function Sy, is strictly monotone and twice dif-
ferentiable on I and fa(x) > 0 and 0 < Sy(z) < 1 for all x € I, and

(B) if for all c with 0 < ¢ < 1 there is at least one x € I such that

) Sy 0(x) — 1

A (313
Sy %(x)—1

then the model is identifiable with the help of current health status data

0 ifTyo>A andT; > A,
X; =min(T;,A) and Ci=<1 ifTjo<AandT; > A, i=1,2.
2 if Ty < A,

This means that the parameters of the model oq, 01, 0, 0, 09 and o and the
univariate survival functions Sy and Sy, are uniquely determined on [0, d).
The values So(x) can only be identified for those x € [0, d] with fa(x) > 0.

Proof. The proof is constructed stepwise. If the identifiability of one param-
eter was shown this property is used in order to show the identifiability of
the next parameter.

Step 1 - Identifiability of o, o1, S, and fa:
If one uses only the censored life span X; and

. 0 lfCZZOOI"Cl:]_,
)1 ifC=2,i=1,2,
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for every twin, one gets the case of a bivariate correlated gamma frailty
model with censored observations. From proposition 3 it follows that the
parameters o and p; and the values of the univariate survival function Sy,
on [0, d] are identifiable with the help of this part of the whole information.
Furthermore from lemma 4 it follows that f, is uniquely determined for all
z € 0,d].

Step 2 - Identifiability of g—; and S(;”g:

The knowledge of the distribution of (X, X5, C1,Cy) implies the identifia-
bility of the density function fy from (2.20). The explicit representation
of the functions that are included in fx is given in Appendix A.l in equa-
tions (A.9)-(A.26). From (A.9), (A.10), (A.13), (A.18), (A.19) and (A.24) it
follows that the functions

S(z,z,z,x) for 0 <z <d, (3.14)

S(0,z,z,x) for 0 <z <d, and (3.15)

9551, 52, 1 12) for 0 <t <z <d, (3.16)
8151 Slf?’,

are uniquely determined for all x with f4(z) > 0. The uniqueness of (3.14)
follows from that of the marginal density of the pairs where both twins are
healthy, that of (3.15) from the identifiability of the marginal density of the
pairs where one twin is healthy and one twin is ill, and finally the uniqueness
of (3.16) from that of the marginal density of the pairs where one twin is
healthy and the other is deceased.

Since for every twice differentiable positive function f

df (z) dIn f(x) d*f(x) din f(z)12  d*In f(z)
dr /(@) dx and dz? /() ([ dx ] + dx? )’

and applying (3.14), (3.15) and (3.16) one can conclude that the functions

0
g1(z) = a—tlln 5(31,52,t1,t2)‘510’ and
So=t1=to=x
2
= —InS ty,t
g?(l‘) at12 n (817827 1, 2)‘31:0,

are identifiable and defined for all # € I from assumption (A). Without
loss of generality it is assumed that 0 < Sp(z) < 1 for z € I. Sp(z) and
therefore also the derivatives of this function for x € I, o and o; have al-
ready been identified in step 1. Therefore one can conclude from the explicit
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representation of ¢g; and gy that the functions

hy(x) = %(x()x) g(z) — (1 - QI)SZQ (z) — 01[2 SL’”Q(x) - 1]_1
= 2 {[s7 ) + 2577 @) — 2 - 2577 @) - 1] '

and

02(2) — 01(2) [—(1 o), ()5} (@) +

02§, (@) 812 ()

h2 (ZC) =

2 2

— (1= )87 (x) — 01 [25,7 (x) — 1]

= o 215w 2577 (@)~ 2 - 2577 (@)~ 1] )

00

are identifiable for all z € I. This leads to the identifiability of SO_U‘% (z) for
all z € I and that of S—; since

—og2 hl(l‘) _.2
Sy () = 2 -1 2SLU X 2
P 2577 () = 1] s
and
o- 1 hi(z)

00 O hy(x) — hy(z) 2577 (x) —1]

Step 3 - Identifiability of £:

0
From lemma 6 it follows that using information from only one person yields
the identifiability of Sy(z,z) from (2.11) for all  with f4(z) > 0. Taking
into account the results just derived and the identifiability of S(z, z, x, z) one
sees that the functions

hs(xz) = In Sr(z,z) — In S ()

— sy () 4 L | 0 (#) Sp7 (x)

— - (3.17)
7 700 S 0 (x)+ 8.7 (v) — 1
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and

— 01

o [ S0 ") S (@) [25 P () + 25,7 () 3]

707 | [, () + 577 (@) — 1] [28, () — 1] [2577 () — 1]

oy, [S_@)
25,7 (z) — 1

1
hy(x) =InS(z,z,x,x) — 2hs(x) + 2

In S’L_”2 (x) + % In [25’;”2 (z) — 1]
o

+

00

are identifiable and finite for x € I. Since the coefficient for £ is unequal to
0
zero on I this term is uniquely determined.

Step 4 - Identifiability of o7 and :

(3.17) yields a system of linear equations with known coefficients for (;Lg and
-2 if 2 different @1,z € I are inserted in the formula. The value D(z1, z»)
of the determinant of the matrix of coefficients for this system is

D(x1,2) = In Sy ™ (21) In Sq 7 () (H (w2) — H (1))

where

In S 7% ()

Therefore D(z1,x2) can only be zero for all zy,zy € I if the function H is

constant on /. Since —1 < H(x) < 0 from assumption (B) it follows that

H(z) is not constant on I and thus D(x1,x9) # 0 for at least one pair of
0

distinct numbers in I. Thus % and > and therefore also oy and p are
0

uniquely determined.

Step 5 - Identifiability of Sy, 0* and gy:

Taking into account the results of step 2 and 3 the identifiability of o* and
0p is now obvious.

The function

_90 _ o _og2 o2 __e
Sr(z,) = [So(@)]'™ 7 *[Sp(@)] 0[Sy (@) + 5,7 (x) — 1] 777 (3.18)
is known for all z € [0,d] with fa(z) > 0 and Sp(z), 0p, 0 and o are
identifiable. Sy (x,x) is strictly monotone increasing in Sy(x). Therefore, for
every x € [0,d] with f4(z) > 0 the value Sy(z) is uniquely determined by
(3.18). O
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Remark. If an interval I = (0, K') with some constant K > 0 exists such that
assumption (A) of theorem 3 is fulfilled for all € I, then assumption (B) of
theorem 3 is automatically fulfilled. Assume that a constant ¢ with 0 < ¢ <1
exists such that for all x € I in (3.13) the equal sign holds. Then taking the
limit # — 0 on both sides of (3.13) yields ¢ = 1, which is a contradiction.

Remark. If for all intervals I C [0, d] for which assumption (A) of theorem 3
is fulfilled, assumption (B) of theorem 3 is not fulfilled, then only Sy (z),

v * 1 . . .
Sy g(:U), o, 01, C, Q—g, 2 and y=—=+(1- c)i are identifiable with the
help of current health status data.
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Chapter 4

Asymptotic properties of
maximum likelihood estimates
in a correlated gamma frailty
model

4.1 Consistency in the four-dimensional mo-
del when current health status data is
used

In this section a theorem is proven that gives sufficient conditions for the con-
sistency of maximum likelihood estimates in the four-dimensional correlated
gamma frailty model in the case where the estimation is based on current
health status data. A completely parametric approach is assumed, i.e. that
one chooses parametric representations for the univariate survival functions
Sp and S7, and that one estimates these parameters together with the vari-
ances and correlations of the frailty variables. Consistency is not shown for
the variances and correlations of the frailty variables directly, but rather for
the shape parameters of the components of the frailty variables. A one-to-
one mapping between these parameters and the variances and correlations
exists (see (2.6) and (A.1)).

The first subsection summarizes all technical assumptions used in the proof
of the main theorem. The second subsection defines the parameter set for
which consistency is proven in detail. Finally, the third subsection contains
the main theorem about consistency of maximum likelihood estimates in the
four-dimensional correlated gamma frailty model.
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4.1.1 Assumptions

First the assumptions on the parameterization of the univariate survival func-
tions are given.

Assumption 2. Let A ={A = (\(,...,\g,) : A € A} be a compact subset
of REx. Let $ = {H(.|A) : X € A} be a family of cumulative hazard functions
such that for all A € A:

(a) H(|A) iRy — Ry,
(b) H(0|A) =0,
(c) lim H(z|A) = oo,

Tr—00

(d) H(z|A) is a monotone increasing, continuous function in z, and,

(e) H(z|A) is a continuous function of A for all x € R,..

Assumption 3. Let $ = {H(.|A) : A € A} be a family of cumulative hazard
functions that fulfills assumption 2. It is assumed that

(a) H(z|A) is differentiable in z with p(z|A) = 2 H(z|A) for all X € A,
and that

(b) p(z|A) is a continuous function of A for all z € R, .

Assumption 4. Let ) = {Hy(.|[A) : A € A} and 9 = {H(.|A) : A € A}
be two families of cumulative hazard functions that fulfill assumption 2.
In addition it is assumed that $ fulfills assumption 3. Let mg, M, be two
constants with 0 < my < M, < co. Then two families of univariate survival
functions can be defined by

So = {So(z]og, A) = [1 + 02 Hy(z|A)] 7 : Hy € $9,m, < 09 < M,} and
S ={S.(z|lo,A) =1 +®H(zN)] V" :He H,m, <o <M} .

It is assumed that a constant Cy > 0 exists such that for all Ay € A, all og, o
with m, < 09,0 < M, and all z > 0 it holds that:

IRICLY
1+ 02 H (2] Ao)

(b) sup |p(z[A)] - Sp(z]o, Ae) < Co,
AEA

S CO;
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(¢) suplIn[l + MZ2Hy(z|\)] - So(x|og, Ag) < Cp and
€A
sup In[l + M2 Hy(z|X\)] - Sp.(z]o, Ao) < Co,
AEA

(d) supIn[l + M2H (z|\)] - Si.(z|o, Ag) < Cp, and,
€A

() sup 10 B(aI)| - (1~ S5elo, 2) S+l A0 < Cp and
€
iuIA) |In Hy(z|A\)| - (1 — So(z|og, Ao) SL(x|o, o) < Cp.
€

The following assumption ensures the identifiability of the parameters of the
univariate survival functions and that of the parameters of the distribution
of the frailty variables.

Assumption 5. Let $y = {Hp(.|A\) : A € A} and H = {H(.|A) : A € A} be
two families of cumulative hazard functions that fulfill assumption 2. Let $
fulfill assumption 3. Assume that

for all z in an arbitrary, non-degenerated interval I and for A;, Ay € A implies
Al - )\2.

Let mg, M, be two constants with 0 < m, < M, < co. Assume further that
an interval I exists such that for all A € A it holds that

(a) p(z|A) > 0, 0 < Hy(z|A) < oo, u(z|A) is differentiable in z for all
x €I, and

(b) for all ¢ with 0 < ¢ < 1 there is at least one z € I such that

o2 Ho(z|A)
[+ o2 Hy (x| N)] — 1

1+ 0 H(a|\) #
for all og, o with my < 09,0 < M;.

Now the technical assumptions on the distribution of the random variable A,
the age at the time of observation, are given.

Assumption 6. It is assumed that A is a non-negative random variable
which has the Lebesgue density f4 and the univariate survival function S4.
For these functions it holds that

(a) EA= [zfa(x)dr < oo, EA? = [2?f4(x)dx < o,

50
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(b) [ In fa()] fa(x) dz < oo,
(¢) [z |Infa(z)| fa(z)dx < oo and
(d) [[]InSa(max(zy,x2))] Sa(max(xy,zs)) dvidrs < co.

Remark. The convention g(z)I(x € B) = 0 for every (possibly infinite) func-
tion g(z), every set B and every x ¢ B holds for all considerations in this
chapter.

4.1.2 Definition of the parameter space

The identifiability of the four-dimensional correlated frailty model was proven
when Sy and Sy, are arbitrary univariate survival functions and if the param-
eter vector (09,0, 0o, 01, 0, 0) belongs to a parameter set O, that is defined
as

@T‘ = {(00707 Qo, 91, O, Q*) :0 S %0, 01, O, Q* S ]-7 0< 0o, 0 and (215)} .

Let m; and M) be two arbitrary constants with 0 < m; < M, < oo and
define

@k = {(k07k17k37k47k107k11) L my S kO S Mkao S k17k37k47k107k11 S Mk}
(4.2)

Consistency will be proven for every parametric specification of Sy and Sy,
that fulfills the assumptions 2, 3, 4 and 5. The parameter set © = O, x A and
the parameter vector @ = (k, k1, ks, k4, k10, k11, X')" are used. Here ko, ki, k3,
ks, k10 and kq; are the shape parameters of the gamma distributed compo-
nents of the frailty variables (see (2.5)). Since there is a one-to-one mapping
between the parameter vectors (o, o, 0o, 01, 0, 0*) and (ko, k1, k3, k4, k10, k11)
(see (2.6) and (A.1)) it makes no difference which of them is used in the
proof of consistency. The MLE for the vector (0, o, 09, 01, 0, 0%) is consistent
if and only if the MLE for the vector (ko, k1, k3, k4, k10, k11) is consistent.

Lemma 7. Setr = (14355)7" and let (ko, k1, ks, ks, k10, k11) € O be arbi-
trary. For the corresponding vector (og, 0, 09, 01, 0, 0*) that is calculated using
(2.6) it follows that (09,0, 0o, 01, 0, 0*) € O,.
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CHAPTER 4. ASYMPTOTIC PROPERTIES OF MLES IN A CORRELATED GAMMA FRAILTY MODEL

Proof. From (2.6) 0 < 09, 01, 0, 0* < 1 and gy, 0 > 0 obviously follow. Using
(2.6) one can calculate

0— 0 =090k >0

000 — 0*0y = oaoks > 0

0100 — 0"0 = 090°ky > 0

(1= 00)0 — (0= ¢")o0 = ggokio > 0
(1—01)o0 — (0 — 0")o = 090?k11 > 0.

To prove (2.15) it remains to be shown that ¢* > r. It holds that

ko
B Vko + ki + ks + ko Vo + ki + ka + ki
ky + kg + ko] by 4 kg + by
4+ - 1+ —
k() kU

*

0

—-1/2

= |1 Z(1+3]\m4—:)’1:r.

O

Remark. The mapping of O, into the variances and correlations leads to a
subset of ©, where the variances are bounded since %Mk_lﬂ < 0g,0 < m,:l/2

if (k()) kl) k37 k47 klOa kll) € @k}

4.1.3 Proof of consistency

Theorem 4. Let my and M, be two constants with 0 < my, < My < co. Let
© = O X A where O is given by (4.2) and A ={Ax = (A1,...,Ag,) : A €A}

is a compact subset of RE«. Set my = %M,ZI/Z, My =m, 1/2,

Oy = (ko + kl + k3 + klo)_l/Q and g = (ko + kl + k4 + kn)_l/2 (43)

fO’f' (ko, kl, kg, k4, klg, ku) S @k ﬁOZ{H0(|A) I)\GA} andﬁ:{H(P\) : AEA}
are two families of cumulative hazard functions that fulfill assumption 2. In
addition it is assumed that § fulfills assumption 3. Let

So = {S0(x]00, A) = [1 + 62Hy(z|A)] 7 : Hy € $9,m, < 09 < M,} and
S = {Sp(z]o,A) = [1 + 2H(z|A)] V" : H € §,m, < o < M,} be

two families of univariate survival functions that fulfill assumptions 4 and 5.
Let Py denote the probability distribution on (Ri,%i) that corresponds to
the four-dimensional survival function:

S(Sla 52, tla t2|0) - [SO(SI|UU; A)‘5(0(82|O-0; A)]USI‘HO [SL(tl |07 A)SL(t2|O', A)]ojkll
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2 g2 —ksp o —k4

- |85 " s1100, A) 48 saloro, N =1] T[S (1], N+ S (2], A) 1]
2 2 g2 o —k1

. [(S(;UO(SHO'U,A)—FSZU (t1|0', )\)—1)(50 0(82|0'0,A)+5LU (t2|0', A)—l)]
ko

S0 (51100, A) + 8, 7 (200, A) + 5,7 (il A) + 5,7 (ol A) — 3]

and let P = {Pp : 0 € O}. If (T, T, T1,T5) ~ Py then the vector
(X1, Xy, C4, Cy) is defined by

0 ifTyo>AandT;, > A,
X, =min(T;,A) and C; =<1 ifTjy<AandT,> A, i=1,2.
2 afT; < A,

where A is a non-negative random variable that has the Lebesque density fa
and the univariate survival function S4. It is assumed that A is independent
of (Tho, Tao, Th, T2) and that it fulfills assumption 6. It is assumed further that
the interval I from assumption 5 can be chosen in such a way that f4(x) >0
for all x € I. If (Tio,Te,T1,T5) ~ Pp let Qg denote the distribution of
(Xl,XQ, 01,02) and let Q = {Qg 10 € @}

A o-finite measure p on the sample space of (X1, Xo, C1,Cy) exists that dom-
inates the family Q. Let fx(.|@) denote the density of Qg with respect to u
and let (a7, x5, ¢}, ¢3) denote the i observation. Then every sequence of mea-

surable maximum likelihood estimates (0y,) of @ that is derived by mazximizing
the likelihood function

n
L(X11X2a C1,02|0) = HfX(xllaxZ% Ciacé|0)
i=1

is consistent. This means that if Oy denotes the true parameter and (én) the

sequence of maximum likelthood estimates then 0, R 0,.

Proof. The proof is based on theorem 1. The measure p can be chosen as
described in definition 10. The density function fx of (X, Xs, C1, Cs) with
respect to 4 is given by (2.20). The explicit representation of the functions
that are included in the density can be found in Appendix A.1. Now the
assumptions of theorem 1 are verified.

Assumption (A1)

is a direct consequence of the definition of ©, ©, and A.

Assumption (B1)
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follows from (4.3), from the representation of the functions that are included
in the density fy (see formulas (A.9) - (A.26)) and from assumptions 2(e)
and 3(b).

Assumption (C1):

From assumptions 5(a) and 5(b) and the assumptions on f4 one can conclude
that the assumptions (A) and (B) of theorem 3 are fulfilled for all A € A on
an interval /. Using lemma 7 and theorem 3 thus yields that from

1 1 1 1 1 1

fX($1,$2,01,02|00a0 y 00, 01,0,0 ,)\1)
_ 2 2 2 2 2 49
_fX(l‘17$2761762|0-070-7907917979 ,)\2) H-a.s.

follows 05 = of, o' = 0%, 0y = @, 01 = of, o' = 0% o = 0% and

So(zlog, A1) = So(z|od, Ag) and Si(x|ct, A;) = Si(x]|o?, A2) at least on an
interval I. The identifiability of the vector (ko, ki, ks, k4, k10, k11) is therefore
obvious. From the representation of Sy and Sy, one can furthermore conclude
that Ho(x| A1) = Ho(z|A2) and H(z|A;) = H(x|Az) at least on an interval I.
Thus (4.1) implies Ay = As.

Assumption (D1):
From (4.3) and the definition of Oy it follows that

ms < o9 <My, and myz <o < M,. (4.4)
It holds that
Ego sup | lan(Xl, XQ, Cl, CQ|0)|
fcO

= /(Saug | lan(JUl,fUz,Cl, C2|9)|fx($1,$2, 01,02|90)du
€

2 2
= ZZ/ZUS | lnfx($1,l‘2,i,j|0)| fX(l‘l,$2,i,j|00) dll’
€

i=0 j=0

2 2
=3 > 16,4) -
i=0 j=0

Viewing (A.9)-(A.26) it is easy to verify that singularities of the integrands in
the integrals I(7,j) can only occur for xy, 29 — 0 or xy,x9 — 00. The proof
of the finiteness of these integrals aims therefore at using the assumptions
made in section 4.1.1 to estimate the behavior of these singularities and to
show that despite the singularities of the integrand the integral itself is finite.
Since the structure of the integrand varies for the different cases of 7, j, these
cases have to be investigated separately. The finiteness of the single integrals
I(i,7) is proven in Appendix B.2. O

54
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4.2 Consistency of maximum likelihood es-
timates in a bivariate correlated gamma
frailty model

The bivariate correlated frailty model was introduced in section 1.3.2. This
section contains a theorem about the consistency of maximum likelihood
estimates in this model. The first subsection recalls the definition of the
model, whereas the second subsection gives the theorem itself and its proof.

4.2.1 Definition of the model and the parameter space

Definition 11. Let (77,75) be a random vector of two survival times with
marginal survival function Sy (z) = P(T; > z), i = 1,2. The vector (T}, 7T3)
is said to be distributed according to a bivariate correlated gamma frailty
model if two parameters p; and o with 0 < p; < 1 and ¢ > 0 exist, such that
the bivariate survival function Sp. of the vector (T7,T5) can be represented
as

Sl*(x,y) — P(j—'l > fL',TQ > y)
21
-2

= [Sp(2)SL(y)]' ™ |S77 (2) + S;7 (y) — 1

In the following it is assumed that censored observations of the survival times
T, and T; are available. That means that a censoring time A exists and that
the random vector (X7, X5, Ay, Ay) with

X; =min(T;, A) and A;=[T;<A4), i=12, (4.5)

is observable.

If A is independent of (T3,75), if it has the survival function S4 and the
Lebesgue density function f,, then a measure /i exists that dominates the
distribution of (X7, X5, Ay, Ay). The density of (X7, X5, Ay, Ay) with respect
to i was derived in section 3.2 and is given in equation (3.10).
Identifiability of the parameters p; and ¢ and of the univariate survival func-
tion Sz, with the help of the distribution of (X, X5, Ay, Ay) was proven only
if o1 > 0 (see proposition 3). One of the assumptions for the consistency
of MLEs are the compactness of the parameter space and the identifiability
of the parameter vector. This is the reason why it assumed in the following
that a constant m, exists such that m, < p; < 1. In addition the parameter
o is restricted to an interval [my, Mj].
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As in the four-dimensional model a completely parametric estimation ap-
proach is assumed. That means that a parametric specification of the uni-
variate survival function Sy, is used. Let the parameter A of Sy belong to
a compact subset A of Rf«. The complete parameter vector is therefore
9 = (0,01, X) = (V1,...,0k,) where X = (A1,...,Ak,)". The parameter
set, under consideration is

O={9=(0,0XN) :m;, <0< My,m, <o, <1,AeA}. (4.6)

The following lemma shows the relation between the parameter set O and
the parameter set © that was used in the proof of consistency for the four-
dimensional model.

M,

8

Lemma 8. Let © be defined as in (4.6) and set my, = 25 and My = #
Define the parameter set © by

C:) — {0 :(k07k17k37k47k107k117A,)l My S kU S Mkao S kll S Mk;
k1:k3:k4:k10:0,)\€/\}.

It obviously holds that © C © where © = Oy x A and Oy, is defined in (4.2).

While replacing o with (ko + kn)’% and o, with ko_’ﬁ‘}m every function h(19)

can be written as a function h(0) where 8 € O.

Proof. The following relation holds

1 ko . 01 1—0
= (ky+k 2 and o = —— iff kg = = and ki = )
o = (ko 1) na op k0+k111 0= 3 nd K o2

Since

my 01 1

mk:MZSESW:Mk and
1— 1—m,
0<—2 < — " (1—m,)M, <M,
o m?

the assertion of the lemma follows. O

Corollary 3. For the functions h(9) and h(6) defined in lemma 8 it holds
that:

sup h(9) < sup h(6) < sup h(0) .
V€O 6O 6co
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4.2.2 Proof of consistency of MLEs

The consistency of maximum likelihood estimates in the bivariate correlated
frailty model is in principle a special cases of the consistency of the maximum
likelihood estimates in the four-dimensional model which was shown in sec-
tion 4.1.3. f% denotes the density function of (X, X5, Ay, Ay) with respect
to i1 (see (3.10)). fx denotes the density function of (X, Xy, C1, Cy) with
respect to p which was used in theorem 4 (see (2.20)). Using lemma 8 one
can conclude that the following relation holds:

fx(x1,22,0,0|8) = fx(x1,22,0,0]0) + fx(x1,72,1,0|0) + fx(x1,22,0,1]0)
+ fx(x1,19,1,1|0)

5 (x1,29,1,0|19) = fx(x1,22,2,0[0) + fx (1, 22,2,1|60)

fi(@1,22,0,1|9) = fx(21,22,0,2|60) + fx(21,22,1,2|6)

fx(x1, 20, 1,1|19) = fx(x1,22,2,2|0)

where 0 € O.

Since for the bivariate model only assumptions on the parameterization of
the univariate survival function Sz, have to be formulated, a separate theo-
rem about the consistency of maximum likelihood estimates in the bivariate
correlated frailty model is given here. Some results that have been derived
in the proof of theorem 4 are used in the proof of the theorem in this section.

Theorem 5. Let A be a compact subset of RX«. Let m,, m, and M, be
three arbitrary constants with 0 < m, < 1 and 0 < my < My < oco. Set
9 = (0,01, \') and define the parameter set O by (4.6).

Let = {H(.|A) : A € A} be a family of cumulative hazard functions that
fulfills assumptions 2 and 3. Assume that H(x|X1) = H(x|As) for all z in
an arbitrary interval I and for X, Ao € A implies Ay = Xy. A family of
univariate survival functions is defined by

S = {S.(z|o,A) =[1 + ?H(z|AN)]"" : H e H,m; <o < M,} .

It is assumed that the family & fulfills the assumptions 4(a), 4(b) and 4(d).
Let Py denote the probability distribution on (Ri,%i) that corresponds to
the bivariate survival function:

Q

Sre(z, y|9) = [Si(z|o, A)Sr(ylo, N2 (S, (x|, A) + Sy (ylo, A) —1] ©

=

)

and denote P = {Py : ¥ € O). If (T, Ty) ~ Py then the random vector
(X1, Xo, Ay, Ay) is defined by

X; =min(T;,A) and A =1T;<A), i=1,2.

57



CHAPTER 4. ASYMPTOTIC PROPERTIES OF MLES IN A CORRELATED GAMMA FRAILTY MODEL

A is a non-negative random variable that has the Lebesque density fa and
the univariate survival function Sa. It is assumed that A is independent of
(Ty,Ts) and that it fulfills assumption 6. Furthermore, it is assumed that an
interval I with fa(x) >0 and p(x|X) >0 for all x € I and all X € A ezists.
Let Qg denote the distribution of (X1, X2, A1, Ag) and let Q = {Qo 09 € é)}
A o-finite measure i on the sample space of (X1, Xo, A1, Ao) exists that dom-
inates the family Q. Let f;‘((|19) denote the density of Qg with respect to [i
and let (zt, 2%, 8%, 04) denote the it observation Then every sequence of mea-
surable mazimum likelihood estimates (9 n) of ¥ that is derived by maximizing
the likelihood function

L*(Xla X2, 617 62|’l9) = H f)*((lea xéa 517 5;“9)
i=1
is consistent. This means that if ¥y denotes the true parameter and (1§n) the
sequence of maximum likelithood estimates, then I, L Y.
Proof. As for the four-dimensional model the proof is based on theorem 1.
The measure fi and the density function fi are given in (3.8) and (3.10),

respectively. The explicit representation of all parts of f% can be found in
(A.20), (A.23) and (A.25). Now the assumptions of theorem 1 are verified.

Assumption (A1) follows from the definition of ©.

Assumption (B1)

is a consequence of the form of the density function f% (see (3.10), (A.20),
(A.23) and (A.25)) and from assumptions 2(e) and 3(b).

Assumption (C1):

From theorem 3 one can conclude that from

[x (@1, 22,01, 02]01, 011, A1) = fx (21, 22,01, 02|02, 012, A2)  fi-a.s.

it follows that 01 = 092, 011 = 012 and SL(.'L’|O'1, )\1) = SL(I|O'2, Ag) at least on
an interval 1. The representation of Sy, thus yields that H(xz|A\;) = H(z|\2)
at least on an interval /. It was assumed that this implies A; = X,.
Assumption (D1):

One can write:

Eg, sup | In f1 (X1, Xo, Ay, Ag9))|
D6

Z /sup|lan T1, T, 1, §|9)| fx (21, T2, 4, | F0) dt = Z j(iaj)-

1,7=0,1 9€0 i,j=0,1
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From (3.10), (A.20), (A.23), (A.25) and lemma 8 follows that the parts of
the density function f§ can be represented as

fx(@1,22,0,009) = fr1 (w1, 22]0) fa(z1) L(z1 = 29) (4.7)
fx(x1,22,1,0|19) = far (21, 22|0) falze) [(21 < 22) (4.8)
f)*((l'l, T2, 1, 1|’l9) = ng(.ﬁUl, l'2|0) S’A(max(xl, .1'2)) (49)

where @ € © C ©. The finiteness of the single integrals I(7, j) will be proven
in Appendix B.2. The proof uses results derived in the proof of theorem 4. [

4.3 Asymptotic normality in a bivariate cor-
related frailty model

In this section the asymptotic normality of maximum likelihood estimates
in the bivariate correlated frailty model is proven. Functions and notations
that have been used throughout the whole section are summarized in Ap-
pendix A.1. The first subsection summarizes the assumptions that have not
yet been necessary to prove consistency. The second subsection includes some
lemmata that prepare the proof of asymptotic normality. These lemmata are
very technical and therefore their proofs are given in Appendix B.3. Finally
the third subsection gives the theorem about asymptotic normality in the
bivariate correlated frailty model and its proof.

4.3.1 Assumptions

The following assumptions, together with the assumptions used in the proof
of consistency in the bivariate model (see theorem 5), are sufficient for the
asymptotic normality of maximum likelihood estimates.

Assumption 7. Let § = {H(.|A) : A € A} be a family of cumulative hazard
functions that fulfills assumptions 2 and 3. Assume that the functions H(x|A)
and p(z|X) = L H(x|\) are twice continuously differentiable in X. Let mj,
M, be two constants with 0 < my; < M, < oo. A family of univariate survival
functions is defined by

S ={S.(z|lo,A) =1 +?H@ZN)] V" :He H,m, <o < M;}. (4.10)

Let A= (Ar, ..., Ax, ). It is assumed that for all o € [m,, M,], all A € A and
all x > 0 the following is fulfilled:
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(a) A constant Cy > 0 exists such that for & = L, 1 it holds

1
29

supIn[1 + M?H(z|A)] - S¢(z|o, A) < C .

A€
(b) A constant Cy > 0 exists such that for v = 1, 1,1 it holds that
iléli al%)\(jp\)‘ L S8¥(x|o, ) < Cy forje{l,... K,}.
(¢) A constant Cy > 0 exists such that for v = 3,1 it holds that
sup %‘ 5% (zlo, X) < Cy for kL€ {1,... K}

(d) A constant Cy > 0 exists such that for @ = I,3,1 it holds that

1 A < .
M‘ -St(zlo,A) <Oy forje{l,... K,}.
PETUNOY
(e) A constant Cy > 0 exists such that for @ = 5,1 it holds that
0% In p(z|\) < .
— |57 A) <Cy fork,l 1,..., Ky}
ilélz a)\ka)\l ‘ L(‘T|U7 ) = V2 or ~, E{ ) ’ }

Assumption 8. Let ) be a family of cumulative hazard functions that ful-
fills assumption 7. A family of univariate survival functions S7, is defined
according to (4.10) and a family of bivariate survival functions is defined by

_eL
2

St y19) = [Sy(«19)S1(yl9)] ™ [, (2]9) + 5,7 (y19) — 1] ~

where 9 = (0, 01, \')' € © from (4.6). A density function f% on the mea-
surable space (R% x {0,1} x {0,1},B? @ P{01} @ P{O1}) with respect to the
measure /i from (3.8) is then given by (3.10). It is assumed that for all 9 € ©°
the determinant of Fisher’s information matrix I(9) = (I;; (0))i:1,... K, 18 un-
equal to zero, where

I;;(9) =
/81nf}(x1,x2,51,52|19) dln fx (1, 29,01, 02(9)
09; 0V,

f)*((xlax% 51;52|'l9) d/j,
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4.3.2 Corollaries and lemmata
Corollary 4. From (4.7), (4.8) and (4.9) it follows that the elements of

Fisher’s information matrixz used in assumption 8 are given by

01 9) 01 Y
[Z](’ﬁ) _/ nflél(;: $| ) nfléf;; $| )fll(x x, |'l9)fA( )

ol 9) 01 9
+2// n fo x1,x2| ) O1n for (z1, 22 )fQI(xl,xQ,|q9)fA(x2)d$ldx2

0,

+//81nf22 $1a$2|19)51nf22($1,$2|‘9)
oY, v,

f22($1, T, |19)5A(max($1, «T2)) dxidxy

where the functions fi1, for and fay can be found in (A.20), (A.23) and
(A.25), respectively.

The following technical lemmata prepare the proof of the main theorem about
asymptotic normality in the bivariate correlated gamma frailty model. The
lemmata are based on the representation

(,9,0,0[89) = go,1(x,y|9) falz) I(z = y)
f;((xayaoanﬂ) =0 l(y x|19)fA(x) I(x > y) (4.11)
fx(@,y,1,019) = g11(z,y|9) faly) Iz < y)
fx(@,y,1,19) = ga1(, y[F)Sa(max(x, y))

for the parts of the density function f5. The functions gg 4, g1, and gs are
defined in (A.31), (A.32) and (A.34), respectively. The proof of the lemmata
can be found in Appendix B.3.

Lemma 9. Let § = {H(.|A) : A € A} be a family of cumulative hazard
functions. Let G be a family of univariate survival functions defined according
to (4.10) and let assumptions 2, 3, 7(a), 7(b) and 7(c) be fulfilled. Let the
function goo(x,y|?) be defined by (A.31). Then fori,j € {1,...,K,} two
constants cg > 0 and dy > 0 exist such that

990,07, y|9)

20, < ¢ fora:%,land

<dy fora=1,

for all z,y > 0 and all 9 € O.

Proof. The proof of lemma 9 can be found in Appendix B.3 on page 133. O
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Lemma 10. Let $ = {H(.|A) : X € A} be a family of cumulative hazard
functions. Let G be a family of univariate survival functions defined according
to (4.10) and let assumptions 2, 3, 4(a) and 7 be fulfilled. Let the functions
91.0(x,y|P) and goo(x,y|?) be defined by (A.32) and (A.34), respectively.
Then positive constants G1, Hy, Go and Hy exist such that for all 1,7 €
{1,...,K,} it holds that

2120 s0)) 5, ana \—6’295;%;9@]{"9 | < Hy for =11 and
) < Gy ana [P0 <

for all z,y > 0 and all 9 € O.
Proof. The proof of lemma 10 can be found in Appendix B.3 on page 141. [

Lemma 11. Let $§ = {H(.|A) : XA € A} be a family of cumulative hazard
functions that fulfills assumptions 2 and 3. Let the family of univariate sur-
vival functions & be defined by (4.10) and let assumptions 7(a), 7(b) and
7(c) be fulfilled. Let the function goo(z,y|Y?) be defined by (A.31). Then two
functions Mo(z,y) and My(z,y) and two constants é > 0 and doy > 0 exist
such that

Mg(l',y) “ 90 a(x y|’l9)
Mg(l',y) gOa(x y|’l9)
for all z,y >0 and all 9 € O and it holds that

dln go 1 (z, y|9) 9% In g1 (z,y|9) ~
) 2 < M

<¢ fora=3,1 and
< d, fora=1,

< Mﬂ(l‘ay) and

fori,je{l,... ,K,}, forallz,y >0 and all 9 € .
Proof. The proof of lemma 11 can be found in Appendix B.3 on page 142. [

Lemma 12. Let $ = {H(.|A) : X € A} be a family of cumulative hazard
functions that fulfills assumptions 2 and 3. Let the family of univariate sur-
vival functions & be defined by (4.10) and let assumption 7 be fulfilled. The
functions go1(z,y|9) and g1 4(x,y|I) are defined by (A.31) and (A.32), re-
spectively. Two functions My (x,y) and M (z,y) and two constants é& > 0
and ch > 0 exist such that

My (x,y) '90,&($,y|1§) <é fora=3,1and M, (z,y) '90,1($,y|1§) < d,
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for all z,y > 0 and all 9 € O and it holds

‘0lngl,a(x,ylﬂ)‘ < Mi(z,y)

for a= %,1 and

8191 11— 01
82 ln91 1(x,y|19) Ml(xay) 1
) < = = 1
00,09, ‘ Sy re=2»h

fori,je{l,... K}, for allz,y >0 and all ¥ = (0,01, \')' € 0.

Proof. The proof of lemma 12 can be found in Appendix B.3 on page 143. [

Lemma 13. Let $§ = {H(.|A) : X € A} be a family of cumulative haz-
ard functions that fulfills assumptions 2 and 3. Let the family of univariate
survival functions & be defined by (4.10) and let assumption 7 be fulfilled.
The functions go1(z,y|9) and go1(x,y|¥) are defined by (A.31) and (A.34),
respectively. Then a function Mg(l', y) and a constant dy > 0 exist such that

M2($ay) '90,1(«T,y|1§) < Ci2

for all z,y > 0 and all 9 € O and it holds

M2(x7y)
( - 91)2

fori,je{l,... K,}, for all z,y > 0 and all 9 = (o, 01, \')’ € O.

9% In 92,1(% ?J|‘9)
8192019]-

<

Proof. The proof of lemma 13 can be found in Appendix B.3 on page 146. [

4.3.3 Proof of asymptotic normality

Before the main theorem is formulated some properties of the density function
f% of censored observations in the bivariate correlated gamma frailty model
are shown.

Proposition 4. Let = {H(.|A) : A € A} be a family of cumulative hazard
functions and let G be a family of univariate survival functions defined ac-
cording to (4.10). Let assumptions 2, 3, 4(a) and 7 be fulfilled. The density
function f3 on (R2 x {0,1} x {0,1},8? @ PO @ PO is given by (4.11)
and the dominating measure [i is defined in (3.8). If for the function fa(x)
it holds that [ 2® fa(zx)dx < oo then two measurable functions G and H with
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[G(x,y,61,05) dit < 0o and [H(x,y,6,0)di < oo exist such that for all
i,je{l,...,K,}, allz,y >0, for 61,00 € {0,1} and all 9 € O it holds that

‘8fx($aya51’52|19)‘ < G(z,y,01,02) and
o0v;
32f}($,y751a52|"9)
< .
99,09, | < Hny 000

Proof. One can set

G(z,y,01,02) = co - fa(x) I(x =y)1(6; = 0) (62 = 0)
+ G- falx) Iy <z)I(6; =0)1(0 =1
+ Gy - fA(y) I(z <y)L(6 =1)1(0; =0
+ Gy - Sy(max(z,y)) (6, = 1) 1(0y =

where the constants ¢y, G; and G5 are chosen according to the lemmata 9
and 10. Then from (4.11) and corollary 7 it follows that

ofx (xa Y, 01, 52|79)
<
‘ 8192 ‘ _G($,y,51,52)

and it holds that

/Gmy,51,52 du-co/fA d:E+G1/ falzx)(y < z)dydx
—i—Gl/ faly) I(z < y) dxdy—l—GQ//SA max(z,y)) dx dy

ZCU+2G1/fo(x)dx+G2/x fa(z)dr < 0o .

Analogously one can set

H(z,y,01,00) = do - fa(z)(x =y)I1(6; = 0)I(d2 = 0)
+ Hy - fa(x) Wy <2) (6, =0)I(6, =
FH - Fa() 1 < )10, = 1)1(6 =0
+ Hy - Sa(max(z,y))[(6; = 1) 1(0y =

where the constants dy, H; and Hy are chosen according to the lemmata 9

and 10. U
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Corollary 5. For the density function fy of the vector (Xi, Xo, Ay, Ay),
foralli,je{l,... K,} and all ¥ € © under the mentioned assumptions it
holds that

2

9 ., ) > )
/a—ﬁle(l'aya51762|'l9)d,u—0 and /fo(l',y,51,(52|’l9)—o

Proof. The corollary is a direct consequence of lemma 17 and proposition 4.
O

Proposition 5. Let ©° denote the open kernel of the parameter set ©, i.e.
0° = {(0,01,A) iy <0 < My,m, < 0, <1, € A°}.

Let $ = {H(.|A) : X € A} be a family of cumulative hazard functions and
let & be a family of univariate survival functions defined according to (4.10).
Let assumptions 2, 3, 4(a) and 7 be fulfilled. Let (T}, Ts) be a random vector
which is distributed according to a bivariate correlated gamma frailty model
(see definition 11). The random vector (X1, Xo, Ay, Ay) is defined by (4.5).
The density function f% of (X1, X2, A1, Ay) is given by (4.11) where the
dominating measure fi is defined in (3.8). If for the density function fa(x)
of the censoring variable it holds that [2?fa(z)dx < oo, then for every
9 € 0° ady >0 with U(WY,d9) C ©° and a measurable function M(.|9) with
EsM (X1, X5, A1, As|¥) < 0o exist such that

0* In f§ (x,y, 01, 059
01,00,

)‘ < M{(z,y, 81,69 (4.12)

for all z,y >0, 61,0, € {0,1}, all 9 € U(9,09) and all k,1 € {1,... ,K,}.

Proof. One can set

M(z,y,61,00]9) = Mﬂ(l‘ay) [(6; =0)I(6, =0) + é\fl_(—ﬁg’y)ll((sl =1)1(d, = 0)
Ml(yax) M2($,y)

1(6, = 0)I(5, = 1) + (5, = 1) 1(6, = 1)

(1—01)? (1—01)

where the functions My, M; and M, are chosen according to the lemmata
11, 12 and 13, respectively.
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0 < g1z, y|9) < Kigoa(v,yld) and 0 < go1 (2, y|9) < (Ka+K7)go,(w, y|9)
follow from lemma 20, (A.32) and (A.34). Hence it holds that

EﬂM(X1,X2,A1,A2|T9) :/M(xaya51562|19)f;((x7y761;52|19) dji

M(x,y,4, j|9) fx (2, y,i,j|9) dii
->/ i
< / Wy, 2)g0,1 (. 2[9) f (x) da
T (12_—KQ [ 19901 519) e < ) at0) sy

K, + K?
(12—7@1/ Mo(2, y)go,1 (v, y|9) Sa(max(w, y)) du dy

~ 2d, K
§d0/fA(x)dx+ 1 Il // (x < y)faly)dedy
— 01)

(K. K2d
i+ 2//5Amaxxy dx dy
—01)

gy 20K (s K,
(1—01)? (1—01)?

It remains to proof that the inequality (4.12) is fulfilled for all 9 € U(d, dy)
for some dg. Let 09 = 1 — g1, then for all g; with |g; — 01| < dg it holds that
(1—01)"2<(1—p1) % Using the lemmata 11, 12 and 13, respectively, and
(A.39) one can therefore conclude that

FA? <

82 1n f(x,z,0,0]9) ‘

2] 9 ~
0 ng()l x ‘T| )‘ SMO("I’.VI) :M($,1‘7070|’l9)’

&2 1In fi(x,y,1,0[9) ‘ *In g1 (x, y|19)‘
819k819l o 619]68191

Wi(r.y) _ Wh(n.y)
“T(1=01)2 7 (1—0)?
0% 1In f%(z, y,1,1|19 ‘ 821119211' y|19)‘
001,00, - 001,00,
- M2(x,~y) < My(z,y)
T(l-a)? T 1-o)?

for all 9 € U(9,d9). f U(I,69) ¢ ©° then obviously aﬁg < 0y exists such
that U(9, dy) C ©° and all inequalities are still valid if 9 € U(19, dy). O

= M(z,y,1,0]|9) for x <y, and

= M(z,y,1,1]9)
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4.3. ASYMPTOTIC NORMALITY IN A BIVARIATE CORRELATED FRAILTY MODEL

Now the proof of asymptotic normality of maximum likelihood estimates in
the bivariate correlated frailty model is given. It is based on theorem 2.

Theorem 6. Let $ = {H(z|X) : X € A} be a family of cumulative hazard
functions that fulfills assumptions 2 and 3. Assume that H(x|A1) = H(z|X2)
for all x in an arbitrary non-degenerated interval I and for X, Ay € A implies
A1 = Xo. Let A be a compact subset of REv. The parameter set © is defined
by

A

@:{(UaQIaA,),:mSSUSMSamrSQISL)‘EA}

where mg, My and m, are constants with 0 < my, < My < 0o and 0 < m, < 1.
Let (Ty,Ty) be a vector of two survival times with marginal survival function:

Sp(x]9) = P(Ty > z) = [L+ o?H(z[A)] /7 i=1,2,
and bivariate survival function:

Sre(x,y|¥) = P(Ty > z,Ty > y)

oL
o2

= [Su(x9)Se (o) [ (@l9) + 577" (y]9) — 1

Denote & = {Sy(z]9) : ¥ € O} and let assumptions 4(a), 4(b), 7 and 8 be
fulfilled.

Let A be a non-negative censoring time with survival function S, and den-
sity function fa. A is assumed to be independent of (Ty,Ts) and it fulfills
assumption 6. Furthermore, it is assumed that an interval I with fa(x) >0
and p(x|A) >0 for all x € I and all X € A exists.

The random vector (X1, Xo, A1, Ag) is defined by

X; =min(T;,A) and A =1T;<A), i=1,2.

A o-finite measure i on the sample space of (X1, Xo, A1, Ay) exists such that
the density function of the vector (X, Xo, Ay, Ag) with respect to fi can be
written as:

fx (@1, 22,01, 02|9) = Spa(w1, 22|9) fa(1) L1 = 32) 1(61 = 0) 1(J2 = 0)
_ OSnel@nml9) ¢y < ) 18 = 0) I(6 = 1)

8.7)2
_ GSL*(;;, 210 fa(ze) Iz < x9) 1(0; = 1) I(69 = 0)
1
0 Spu (1, 72]09) - -
+ O, Sa(max(xy, 29)) I[(6; = 1)1(0y = 1) .
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CHAPTER 4. ASYMPTOTIC PROPERTIES OF MLES IN A CORRELATED GAMMA FRAILTY MODEL

Let (x%, 2%, 6%, 6%) denote the i'™ observation. The maximum likelihood esti-
mate ¥, of the parameter vector 9y = (0, 01, X') that is derived by mazimi-
zing the likelithood function

n

L*(Xl,XQ, 617 52|Il9) = Hf)*((levl‘%a 617 6;|'l9)

=1

is asymptotically normal for all 9 € ©°.
That means /n(d, — 9) £ N(0,1(80)" ") where Fisher’s information ma-
triz 1(9g) is given in corollary 4.

Proof. The measure i is defined in (3.8). The formula of the density function
f% is derived in lemma 5. The consistency of the maximum likelihood esti-
mate is a direct consequence of theorem 5. Now the conditions of theorem 2
are verified.

Assumption (A2) follows from the representation of f%, Sr., Si and assump-
tion 7.

Assumption (B2) is a consequence of corollary 5.
Assumption (C2) was proven in proposition 5.
Assumption (D2) follows from assumption 8. O

4.4 Concluding remarks

The assumptions made in sections 4.1.1 and 4.3.1 are technical. They might
be relaxed in the future by replacing the constant bounds with some mea-
surable and integrable functions which have to fulfill additional conditions.
It is easy to verify that all assumptions are fulfilled for

H={H@) =2("-1),me <a< My,my <b< M}

as the family of cumulative baseline hazard functions. This corresponds to
the Gompertz-parameterization, which has been used in applications (Yashin
et al., 1994).

The proof of asymptotic normality of maximum likelihood estimates in the
four-dimensional correlated frailty model is not given in this work. It is
one of the many future tasks to be solved. In principle, the way of proving
asymptotical normality in the four-dimensional model is not different from
that of the bivariate model but it requires many more technical consideration.
As one can verify in Appendix A.1 all functions which are included in the
density function of current health status data in the four-dimensional model

68
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are smooth and all derivatives with respect to the parameters exist and can
be calculated. To give the reader the chance of understanding the main
principle and to avoid getting lost in technical details the main reason that
a proof of asymptotic normality is given only for the bivariate model here.
Furthermore, such a long and technical proof would destroy the conception of
this work, which intends to present both the theory as well as the application
of the model.

Chapter 5 gives the results of a simulation study that empirically investi-
gates the asymptotic behavior of maximum likelihood estimates in the four-
dimensional correlated frailty model when estimation is based on current
health status data. These results confirm the conjecture that asymptotic
normality holds in the four-dimensional model as well.

Parner (1996a) also gives a proof of asymptotic normality in the correlated
gamma frailty model, but he uses the counting process approach and shows
asymptotic normality for a non-parametric maximum likelihood estimate
that is based on the EM-Algorithm. So his model and his technical methods
are different from those presented here.
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Chapter 5

Simulation of the distribution
of MLEs in the
four-dimensional correlated
gamma frailty model

In this chapter the results of a simulation study are presented. The em-
pirical distribution of maximum likelihood estimates in the four-dimensional
correlated gamma frailty model was investigated with the help of repeated
simulations of data sets. This was done for the case where the current health
status is observed (see section 2.2.1). The simulations were carried out for
different sample sizes, different distributions of age at the time of observa-
tion and using the fully parametric and the partly semi-parametric estimation
strategies, respectively (see section 2.3).

5.1 Mechanism of simulation

The simulation of uncensored data sets, i.e. realizations of the random vector
(Tho, T, Tsg, T), was done as the first step. The values of the parameters of
the frailty distribution were chosen as og = 1, 0 = 1, 09 = 0.7, 01 = 0.6,
0= 0.4 and p* = 0.3 for all simulations. According to the definition of the
model (see definition 9) the values of (T}, T1, Ta, T2) were calculated using

So(x) = [1+ 02 =2 (e® — 1)]7"78  with ao = 0.002 and by = 0.09,

%o
bo
and

Sp(x) =1+ 0 %(ebm )Y with a = 0.0005 and b = 0.06
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Figure 5.1: Density function of the age at onset of disease (a) and of the life
span (b).

as the univariate survival functions. The expected value for the life span is
then 80.47 and the standard deviation is 28.99. The expected value for the
age at onset of disease resulting from the described choice of the parameters
is 43.26 (standard deviation 18.62). This would correspond to a disease
with a very early onset. But, instead of thinking of age at onset of disease,
one might also consider age at the beginning of menopause or of any other
condition that remains until the end of life. To avoid confusion the terms
age at onset of disease or time of staying healthy are used throughout this
chapter. Figure 5.1 shows the density functions of the age at onset of disease
and of the life span.

The next step was the transformation of the uncensored data sets to data
sets of restricted observations. After simulating A, the age at the time of
observation, current health status data (X, X3, C1, Cy) was calculated as:

0 if Tjp > A and T; > A (twin is healthy),
Ci=4q 1 Tp<AandT;> A (twin is ill),
2 T; < A (twin is deceased),

and
X; = min(T;, A) i=1,2.
The age at the time of observation was assumed to be uniformly distributed

over different intervals. That means it is assumed that in a certain time
interval the number of twin births is uniformly distributed. In other words
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Table 5.1: Mean proportion of individuals in the health states “healthy”,
“ilI” and “deceased” for different choices of the distribution of the age at the
time of observation ( in % )

e over | Al deceased
40, 100] 12.9 49.0 38.1
(30, 110] 17.6 42.9 39.6
[0, 120] 34.4 31.4 34.2
[0, 80] 51.4 34.8 13.8
[0, 250] 16.5 15.6 67.9

The standard deviation for all numbers is smaller than 0.5, results
are derived by the help of 300 simulated data sets per case.

different birth cohorts of twins are observed at a fixed point in time and the
number of twin pairs in each birth cohort is more or less the same. The
intervals [40, 100], [30, 110], [0, 120], [0, 80] and [0, 250] were used.

Table 5.1 gives the mean proportions of healthy, ill and deceased individuals
for the different choices of the distribution of A. If the age at the time of
observation is distributed over [40,100] or [30,110] then most individuals
are ill or deceased. For [0,120] about one third of all individuals is in each
of the health states. Observing younger people (interval [0,80]) yields a
large proportion of healthy individuals. If A is distributed over [0,250] then
naturally most people are deceased. Remember that for a deceased person
A is the age that he or she would have been at the time of observation.

The sample size for the single data sets was 1000, 5000 or 10,000 pairs. Max-
imum likelihood estimates of the parameters were calculated for each data
set using the likelihood function given in (2.20) and the methods described
in Appendix C.1.1. In the fully parametric estimation approach estimates of
the full parameter vector

(007 g, Po, 01, 0, Q*a ap, bOa ai, bl)

were derived. In the partly semi-parametric approach the Kaplan-Meier Esti-
mator was calculated for Sy, using X;, ¢ = 1,2, as the observed censored time
and I(C; = 2) as the censoring indicator. The formula for the Kaplan-Meier
Estimator is given in (1.1). The values of the Kaplan-Meier Estimator were
substituted in the formula for the likelihood function and the maximum like-
lihood estimates of the remaining parameters (oo, 0, 0, 01, 0, 0%, ag, by) were
calculated.
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Table 5.2: Mean value and standard deviation for the maximum likelihood
estimate of oy, value used in simulation: oy = 1.

sample | me- interval of A

size | thod | [40,100] (30,110] [0,120] [0,80] [0,250]

1000 | para | 1.041 (.323) | 1.032 (.254) | 1.010 (.190) | 1.019 (.172) | 1.019 (.269)
semi | 1.037 (.383) | 1.028 (.238) | 1.007 (.192) | 0.988 (.188) | 1.033 (.252)

5000 | para | 1.021 (.195) | 0.991 (.109) | 0.992 (.091) | 0.999 (.086) | 1.002 (.123)
semi | 1.023 (.174) | 0.999 (.125) | 0.995 (.091) | 0.996 (.095) | 1.007 (.126)

10,000 | para | 1.012 (.123) | 0.999 (.084) | 0.992 (.060) | 1.001 (.064) | 0.997 (.090)
semi | 1.009 (.114) | 1.010 (.084) | 0.996 (.062) | 0.990 (.065) | 0.990 (.087)

para = fully parametric , semi = partly semi-parametric

The procedure of simulation and estimation was repeated 250 times. As a
consequence it is possible to make conclusions about the empirical distri-
bution of the maximum likelihood estimates. It is also possible to evaluate
the influence of the sample size, the distribution of the age at the time of
observation and of the estimation strategy on the properties of the estimates.

5.2 Descriptive statistics of the estimates

Tables 5.2 - 5.11 show the mean value and the standard deviation of the
estimates for the different samples sizes, distributions of A, and estimation
approaches.

oo :
o2 denotes the variance of the frailty that represents risk factors which influ-
ence the age at onset of disease.

The estimation approach has no visible influence on the standard deviation
or the bias of the maximum likelihood estimate of the parameter oy (see
table 5.2). This is not surprising since the survival function Sy is estimated
parametrically for both approaches. In general the bias of the estimates is
small.

The standard deviation is the smallest one in the cases that A is distributed
over [0,80] or [0,120]. These are the cases with the highest proportion of
healthy individuals (see table 5.1). The main reason that the standard de-
viation is smallest for the intervals mentioned is that these intervals are the
most “informative” for the distribution of the age at onset of disease (see
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Table 5.3: Mean value and standard deviation for the maximum likelihood
estimate of o, value used in simulation: o = 1.

sample | me- interval of A

size | thod | [40,100] [30,110] [0,120] [0,80] [0,250]

1000 | para | 1.006 (.146) | 0.994 (.119) | 0.994 (.103) | 1.079 (.332) | 0.997 (.060)
semi | 1.070 (.380) | 1.059 (.346) | 1.063 (.316) | 1.272 (.921) | 1.012 (.214)

5000 | para | 1.004 (.069) | 1.001 (.053) | 0.995 (.052) | 1.014 (.190) | 0.999 (.025)
semi | 0.994 (.198) | 1.011 (.172) | 0.998 (.152) | 1.072 (.287) | 1.002 (.090)

10,000 | para | 1.004 (.048) | 1.001 (.039) | 0.998 (.037) | 1.007 (.141) | 1.000 (.017)
semi | 0.991 (.153) | 1.014 (.129) | 1.008 (.122) | 1.062 (.268) | 1.001 (.060)

para = fully parametric , semi = partly semi-parametric

figure 5.1(a)). Consequently the standard deviation must be the highest for
the interval [40, 100] which is confirmed by the results.

If one wants to have an estimate for oy, with an acceptably small standard
deviation for small sample sizes then one has to chose an appropriate range
of birth cohorts.

As expected the standard deviation as well as the bias decrease when the
sample size increases.

o
The parameter o denotes the standard deviation of the frailty that summa-
rizes risks which change individual chances of surviving.

The estimation approach has a large influence on the magnitude of the stan-
dard deviation of the MLE for this parameter. The standard deviation of
the estimate resulting from a fully parametric estimation approach is about
one third of the standard deviation of the estimate resulting from a partly
semi-parametric estimation approach (see table 5.3). This is due to the fact
that in the semi-parametric approach the information about this parame-
ter comes only from the four-dimensional frailty distribution whereas in the
fully parametric approach additional information about o is available since
the parameter o also occurs in the representation of Sp.

The smallest standard deviation yields the case where A is distributed over
the interval [0, 250]. For this case, on the one hand, most people are deceased
and, on the other hand, this interval is the most “informative” for S; (see
figure 5.1(b)). On the contrary the standard deviation is the highest for the
interval [0,80] where the proportion of deceased individuals is the smallest
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Table 5.4: Mean value and standard deviation for the maximum likelihood
estimate of gy, value used in simulation: gg = 0.7.

sample | me- interval of A

size | thod | [40,100] (30,110] [0,120] [0,80] [0,250]

1000 | para | 0.727 (.185) | 0.711 (.170) | 0.686 (.172) | 0.714 (.159) | 0.673 (.231)
semi | 0.730 (.193) | 0.709 (.165) | 0.700 (.175) | 0.720 (.175) | 0.687 (.215)

5000 | para | 0.705 (.113) | 0.704 (.087) | 0.699 (.090) | 0.696 (.077) | 0.699 (.116)
semi | 0.704 (.105) | 0.707 (.090) | 0.705 (.088) | 0.704 (.083) | 0.705 (.119)

10,000 | para | 0.701 (.078) | 0.701 (.067) | 0.700 (.064) | 0.699 (.054) | 0.705 (.091)
semi | 0.700 (.072) | 0.692 (.066) | 0.695 (.064) | 0.701 (.052) | 0.700 (.087)

para = fully parametric , semi = partly semi-parametric

(see table 5.1). In addition the interval [0, 80] does not even include the mean
value corresponding to ST.

A sample size of 1000 pairs is not sufficient to get a standard deviation that
is smaller than one third of the mean value for the MLE of o with the semi-
parametric approach (exception A is distributed over [0,250]). The situation
can be improved if an adequate parametric specification is used in a fully
parametric approach.

An increasing sample size generally yields a smaller standard deviation and
a smaller bias.

Qo :

0o denotes the correlation of the frailty variables influencing the transition
from healthy to ill. This parameter is the most important one for the genetic
analysis of the risk factors that influence this transition.

Looking at table 5.4 the most surprising fact is that the distribution of A has
no pronounced effect on either the standard deviation or the bias of the MLE
of py. The estimation approach has also almost no influence. This means
that the estimate of p, is quite robust against the choice of the observed
birth cohorts and the estimation approach. This would be an advantage for
applications. It has to be noted here that for all investigated distributions of
A (with the exception of the interval [0, 250]) the proportion of ill individuals
is quite high (see table 5.1). This situation is obviously not realistic even for
common diseases but it might be for other characteristics, such as menopause.
The highest standard deviation yields the case where A is distributed over
[0,250]. This seems reasonable since the proportion of ill individuals is the
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Table 5.5: Mean value and standard deviation for the maximum likelihood
estimate of p;, value used in simulation: o; = 0.6.

sample | me- interval of A

size | thod | [40,100] [30,110] [0,120] [0,80] [0,250]

1000 | para | 0.615 (.137) | 0.608 (.125) | 0.612 (.110) | 0.635 (.259) | 0.609 (.073)
semi | 0.657 (.247) | 0.640 (.222) | 0.643 (.199) | 0.617 (.289) | 0.622 (.130)

5000 | para | 0.605 (.065) | 0.602 (.054) | 0.602 (.055) | 0.629 (.191) | 0.602 (.033)
semi | 0.653 (.172) | 0.622 (.136) | 0.618 (.115) | 0.629 (.238) | 0.604 (.059)

10,000 | para | 0.603 (.045) | 0.599 (.038) | 0.601 (.039) | 0.621 (.151) | 0.599 (.022)
semi | 0.633 (.135) | 0.608 (.102) | 0.606 (.089) | 0.623 (.226) | 0.602 (.040)

para = fully parametric , semi = partly semi-parametric

smallest for this case.

In general the standard deviation of the estimate is already relatively small
for a sample size of 1000 pairs.

As one would expect, the standard deviation and the bias decrease when the
sample size is increased.

01

The parameter p; denotes the correlation of the frailty variables that describe
the risk factors which influence the survival of an individual. This parameter
is the one that is used for the genetic analysis of these risk factors.

It can be seen in table 5.5 that the situation of the MLE of p; is completely
different from that of the MLE of p,. The estimation approach and the
distribution of A have an influence on the standard deviation and the bias
of the estimate.

The standard deviation of the estimate resulting from the fully parametric
approach is about one half of the standard deviation of the estimate resulting
from the partly semi-parametric approach. A possible explanation of this
effect is that the quality of the estimate of the parameter o influences the
performance of the estimate of p; since these two parameters describe the
bivariate distribution of the life spans of the twins in a pair.

The bias for the estimate in the fully parametric approach is also smaller.
The smallest standard deviation yields the case where A is distributed over
the interval [0, 250]. That is the case with the highest proportion of deceased
individuals. The case with the smallest proportion of deceased individuals is
the case with the highest standard deviation.
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Table 5.6: Mean value and standard deviation for the maximum likelihood
estimate of p, value used in simulation: p = 0.4.

sample | me- interval of A

size | thod | [40,100] (30,110] [0,120] [0,80] [0,250]

1000 | para | 0.420 (.226) | 0.406 (.235) | 0.407 (.235) | 0.396 (.251) | 0.388 (.248)
semi | 0.404 (.235) | 0.379 (.247) | 0.426 (.256) | 0.418 (.270) | 0.368 (.282)

5000 | para | 0.441 (.163) | 0.428 (.154) | 0.428 (.171) | 0.434 (.162) | 0.396 (.203)
semi | 0.427 (.165) | 0.433 (.161) | 0.435 (.188) | 0.444 (.173) | 0.418 (.203)

10,000 | para | 0.417 (.128) | 0.435 (.132) | 0.423 (.145) | 0.433 (.138) | 0.399 (.136)
semi | 0.423 (.152) | 0.439 (.146) | 0.437 (.153) | 0.445 (.163) | 0.431 (.165)

para = fully parametric , semi = partly semi-parametric

It is necessary to have a reasonable number of deceased individuals in order
to get an acceptable estimate of the parameter p; for a sample size of 1000
pairs. The standard deviation and the bias decrease when the sample size
increases.

o:
The parameter o denotes the correlation of the frailty representing suscepti-
bility to disease of one twin and of the frailty representing susceptibility to
death of the same twin. This parameter is not identifiable from univariate
data without making parametric assumptions on the underlying hazard rates.
The situation is comparable to that of dependent competing risks where it
is not possible to identify the distribution of two survival times by observing
their minimum (Prakasa Rao, 1992, section 7.4). While observing current
health status you do not observe the minimum of the time of staying healthy
and the life span but another function of these two dependent survival times
(see also page 30).

The parameter p is a parameter that represents the dependence of two vari-
ables belonging to one individual but that is estimated from data on two
individuals. This characteristic is reflected by the properties of the MLE
(see table 5.6).

The MLE of o has a quite large standard deviation even for a sample size
of 10,000 pairs. The bias is also quite high for this large sample size. That
means that the consistency of the estimate which was proven in Chapter 4
holds only for higher sample sizes than the ones considered here.

The choice of the distribution of the age at the time of observation has

7



CHAPTER 5. SIMULATION OF THE DISTRIBUTION OF MLES IN THE FOUR-DIMENSIONAL MODEL

Table 5.7: Mean value and standard deviation for the maximum likelihood
estimate of p*, value used in simulation: o* = 0.3.

sample | me- interval of A

size | thod | [40,100] [30,110] [0,120] [0,80] [0,250]

1000 | para | 0.301 (.181) | 0.304 (.193) | 0.302 (.197) | 0.296 (.207) | 0.296 (.226)
semi | 0.301 (.196) | 0.291 (.199) | 0.316 (.225) | 0.312 (.232) | 0.271 (.245)

5000 | para | 0.302 (.091) | 0.303 (.096) | 0.294 (.114) | 0.204 (.112) | 0.280 (.160)
semi | 0.306 (.093) | 0.302 (.104) | 0.310 (.120) | 0.307 (.105) | 0.297 (.160)

10,000 | para | 0.305 (.066) | 0.299 (.072) | 0.293 (.087) | 0.297 (.071) | 0.286 (.118)
semi | 0.304 (.076) | 0.308 (.072) | 0.299 (.084) | 0.309 (.085) | 0.305 (.115)

para = fully parametric , semi = partly semi-parametric

no pronounced effect on the standard deviation. The same holds for the
estimation method. The standard deviation and the bias resulting from the
fully parametric approach is a little bit smaller than that resulting from a
partly semi-parametric approach. But it is only a small difference.

The parameter p is the one which is most difficult to estimate. Even with
high sample sizes the properties of the estimate are bad. In applications
one should be very careful with the interpretation of the estimate for this
parameter.

* .

o
o* denotes the correlation of the frailty corresponding to the transition from

healthy to ill of one twin and of the frailty corresponding to the transition
from healthy to deceased of the other twin. Contrary to the parameter p,
the parameter o* describes the association of two variables belonging to two
different individuals.

The estimation approach has almost no effect on the standard deviation and
the bias of the MLE of ¢* (see table 5.7).

The distribution of age at the time of observation has no large influence on
bias or standard deviation, either - especially for a sample size of 1000 pairs.
The smallest standard deviation yields the case where A is distributed over
the interval [40, 100]. This is the case with highest proportion of pairs where
one twin is ill and the other is deceased. The case with the lowest proportion
of these pairs, the interval [0, 250], leads to the largest standard deviation.
The standard deviation is falling with a rising sample size. For a sample size
of 1000 pairs it is still too high to make meaningful interpretations of the
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Table 5.8: Mean value and standard deviation for the maximum likelihood
estimate of ag x 100, value used in simulation: ag = 0.002.

sample | me- interval of A

size | thod | [40,100] (30,110] [0,120] [0,80] [0,250]

1000 | para | 0.234 (.171) | 0.206 (.109) | 0.202 (.063) | 0.196 (.052) | 0.195 (.081)
semi | 0.243 (.182) | 0.200 (.107) | 0.201 (.065) | 0.206 (.055) | 0.194 (.088)

5000 | para | 0.206 (.105) | 0.203 (.050) | 0.201 (.029) | 0.199 (.024) | 0.199 (.041)
semi | 0.202 (.101) | 0.202 (.058) | 0.201 (.030) | 0.200 (.025) | 0.200 (.040)

10,000 | para | 0.200 (.072) | 0.200 (.041) | 0.202 (.021) | 0.200 (.018) | 0.201 (.029)
semi | 0.198 (.069) | 0.193 (.041) | 0.200 (.021) | 0.201 (.017) | 0.201 (.029)

para = fully parametric , semi = partly semi-parametric

estimate of the parameter. The bias, however, is already small for a sample
size of 1000 pairs.

ap and by :

The parameters ag, by and oq describe the shape of the survival function Sj.
The estimation approach has no pronounced effect on the properties of the
MLEs of ag and by (see tables 5.8 and 5.9). This seems natural since the
survival function Sy is estimated parametrically for both approaches.

As already discussed for the parameter g, the distribution of A influences
the properties of the estimates in such a way that the smallest standard
deviation and bias are derived for the most “informative” interval for Sy -
the interval [0,80]. On the contrary the less “informative” interval [40, 100]
gives the largest standard deviation and bias.

As expected both standard deviation and bias decrease when the sample size
is increased. To get acceptable estimates of the parameters ay and by one has
to choose either an adequate interval or a relatively high sample size.

a; and by :

The parameters ay, by and o are used for the parametric specification of the
survival function S7,. Of course it is only possible to get MLEs of a; and b,
with the fully parametric estimation approach (see tables 5.10 and 5.11).
The smallest standard deviation is derived in the case where A is distributed
over the interval [0,250]. The proportion of deceased individuals is the
highest for this interval and it is the most “informative” for S; (see fig-
ure 5.1(b)).The largest standard deviation consequently yields the interval
0, 80].
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Table 5.9: Mean value and standard deviation for the maximum likelihood

estimate of by x 10, value used in simulation: by = 0.09.

sample | me- interval of A

size | thod | [40,100] [30,110] [0,120] [0,80] [0,250]

1000 | para | 1.019 (.486) | 0.967 (.314) | 0.923 (.158) | 0.928 (.135) | 0.956 (.249)
semi | 1.056 (.681) | 0.966 (.288) | 0.925 (.170) | 0.906 (.142) | 0.967 (.235)

5000 | para | 0.956 (.272) | 0.904 (.106) | 0.901 (.074) | 0.906 (.061) | 0.910 (.099)
semi | 0.949 (.220) | 0.913 (.124) | 0.903 (.071) | 0.906 (.067) | 0.911 (.102)

10,000 | para | 0.925 (.143) | 0.908 (.084) | 0.898 (.048) | 0.904 (.046) | 0.902 (.071)
semi | 0.925 (.137) | 0.922 (.086) | 0.903 (.048) | 0.900 (.044) | 0.900 (.067)

Table 5.10: Mean value and standard deviation for the maximum likelihood

para = fully parametric ,

semi = partly semi-parametric

estimate of a; x 1000, value used in simulation: a; = 0.0005.

sample

size

40,100]

30,110]

interval of A
[0,120]

[0,80]

[0,250]

1000

0.506 (.075)

0.502 (.074)

0.503 (.070)

0.486 (.092)

0.509 (.072)

5000

0.499 (.036)

0.499 (.033)

0.502 (.036)

0.497 (.049)

0.501 (.030)

10,000

0.498 (.025)

0.500 (.023)

0.501 (.027)

0.500 (.035)

0.500 (.021)

Table 5.11: Mean value and standard deviation for the maximum likelihood

estimate of b; x 10, value used in simulation: b; = 0.06.

sample

size

[40,100]

30,110]

interval of A
[0,120]

[0,80]

[0,250]

1000

0.602 (.039)

0.601 (.036)

0.601 (.032)

0.620 (.063)

0.599 (.029)

5000

0.602 (.019)

0.601 (.016)

0.600 (.017)

0.605 (.032)

0.600 (.012)

10,000

0.601 (.013)

0.600 (.012)

0.600 (.013)

0.602 (.024)

0.600 (.008)
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The standard deviation decreases with an increasing sample size. In general
for a sample size of 1000 pairs the standard deviation is already acceptable
small. The bias is small for all situations.

5.3 Empirical distribution of the estimates

5.3.1 Graphical analysis

Figures C.1 - C.9 in Appendix C.2 show histograms for the empirical dis-
tribution of the MLEs in the four-dimensional correlated frailty model for
different situations. The histograms confirm the empirical results discussed
in section 5.2.

The behavior of the estimates of the parameter o and ¢; depends strongly on
the estimation approach. For the other parameter the estimation approach
has no significant influence. For all parameters a higher sample size leads to
a decrease in the variance and a better approximation to the normal curve.
The interval on which the age at the time of observation is distributed has
an impact on the distribution of most parameters. The only exception here
are the parameters gy and p.

A sample size of 1000 pairs is only sufficient for an acceptably well-distributed
MLE if A is distributed suitably (parameter oy, ag, by, a1, b1) and an adequate
parametric specification is chosen for S7, (parameter o, g;). For all other
parameters higher sample sizes are necessary to get useful estimates.

The estimate of the parameter o is the one with the worst properties. The
approximation to the normal curve is quite good for a sample size of 10,000
pairs but the variance is still very large for this high sample size.

For most parameters the approximation to the normal curve is good for
high sample sizes. This is an indication of the asymptotic normality of the
maximum likelihood estimates.

5.3.2 Test of normality based on skewness and kurtosis

To make statements about the normality of the distribution of the maximum
likelihood estimates in the four-dimensional frailty model, tests based on
skewness and kurtosis were used. These tests are explained in section 1.4.2.
In table C.1 (see page 164) the empirical estimate of the skewness of the
maximum likelihood estimates is given for the different distributions of A
and for the sample sizes 1000 and 10,000 pairs. The skewness was calculated
using formula (1.19).

The value of the skewness was used to test the null hypothesis
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Hy : The MLE is normally distributed.
versus the two-sided alternative
H, : The MLE is non-normally distributed with 3; # 0.

In table C.1 the asterisk indicates the cases where the null hypothesis is
rejected with a 0.05 level of significance.

Except for the case where A is distributed over the interval [40, 100] the null
hypothesis of normality is rejected less for the higher sample size of 10,000
pairs than for a sample size of 1000 pairs. That means that a higher sample
size leads to a less skewed distribution of the estimate.

Except for the parameter o the estimation approach has no visible effect on
the number of rejections. For the parameter o the null hypothesis is more
often rejected for the semi-parametric estimation approach. The reason for
this is the same as for the smaller bias and standard deviation in the fully
parametric case. While estimating o in this approach one gets additional
information about the parameter from the estimation of S7,.

The parameters with the most skewed distribution are oy, 01 and by. For all
other parameters a sample size of at least 10,000 pairs is sufficient to accept
normality. But for the parameters oy, 0; and by for this sample size the
asymptotic normality still isn’t reached. The exception to the last statement
is the case where the age at time of observation is distributed on the shortest
interval ([40, 110]). For this case a sample size of 10,000 pairs is not generally
sufficient to accept normality.

Table C.2 (see page 165) shows the values of the kurtosis estimated using
formula 1.19. The results are given again for the different distributions of A,
the sample sizes 1000 and 10,000 pairs and for the two different estimation
approaches.

Based on the kurtosis the null hypothesis

Hy : The MLE is normally distributed.
was tested versus the two-sided alternative
H, : The MLE is non-normally distributed with (5 # 3.

Rejection of the null hypothesis with a 0.05 level of significance is indicated
by an asterisk.

The number of rejections of normality decreases when the sample size is
increased. In general for a sample size of 1000 pairs normality is rejected for
most parameters, whereas it is accepted for most parameters for a sample
size of 10,000 pairs.
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There is no pronounced effect of the estimation approach for all parameters
with the exception of parameter ;. The null hypothesis of normality is more
often rejected if the estimate of p; is derived in a partly semi-parametric es-
timation approach. A possible explanation for this might be that the quality
of the estimate of ¢ influences the properties of the estimate of p;.

The parameter for which normality is rejected most often is the parameter p.
Non-normality is also accepted quite often for the parameter by.

With regard to kurtosis non-normality also occurs most often for the case
that the age at the time of observation is distributed over [40, 100].

5.3.3 Asymptotical variance of the estimates

Let f(z]@) be a density function depending on a one-dimensional parameter 6.
From theorem 2 it follows that under certain smoothness conditions on f a
constant «(0) exists such that for the maximum likelihood estimate 6, of @
it holds that /n(6, — ) < N(0,02(6)). From a heuristic point of view, the
variance of \/n(, — ) should be more or less constant, for high values of the
sample size n.

Table C.3 (see page 167) shows the empirical variances of /n(f, — 0) for
the maximum likelihood estimates of the different parameters of the four-
dimensional correlated frailty model. The behavior of the these values for a
rising sample size is investigated. If, on the one hand, the empirical variance
is relatively constant then this can be a hint that the asymptotic normality
of the maximum likelihood estimate is valid. On the other hand, if it varies
widely then this can be hint that the asymptotic distribution of the estimate
does not follow the standard behavior. If the asymptotic normality of the
maximum likelihood estimate was theoretically proven then a varying vari-
ance of \/ﬁ(én — 0) would mean that the asymptotic behavior is valid only
for very high sample sizes.

g .

The values of the empirical variance of \/n(dq, — 0p) are given in the second
row of table C.3. A more or less constant value for all sample sizes can only
be found for the case where A is distributed over the interval [0,120]. The
values of the empirical variance are similar for n = 5000 and n = 10,000 if A
is distributed over [0,80] and [0,250]. This confirms the results of the tests
for normality carried out in section 5.3.2. For n = 1000 asymptotic normality
is not yet reached but for n = 10,000 the distribution of the MLE of g seems
to approach the normal distribution better.

o:
The values of the empirical variance of \/n(d, — o) can be found in the
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third row of table C.3. For the fully parametric estimation approach the
values are relatively similar for all sample sizes except for the case that A
is distributed over [0,80]. For the semi-parametric approach the situation
is worse. Looking at the values it is not surprising that the normality of
0, was rejected more often for the semi-parametric estimation approach in
section 5.3.2. In general the properties of the MLE of o which were described
on page 74 are confirmed. The especially bad behavior of the estimate when
A is distributed over [0, 80] is not surprising if one looks at figure C.2. The
pattern of the empirical distribution is far from being normal even for the
sample size n = 5000.

Qo :

The values of the empirical variance of v/n(go, — 00) are given in the fourth
row of table C.3. For most cases the values for n = 5000 and n = 10,000 are
quite similar, whereas the values for n = 1000 are different. Combining this
with the results derived in section 5.3.2 one can conclude that asymptotic
normality seems to hold for the MLE of gy and that the asymptotical behavior
seems to be valid at least for n =10,000.

01

The fifth row of table C.3 shows the empirical variance of /n(61, — 01).
The influence of the estimation approach on the properties of the estimate
that have been discussed in section 5.2 are also obvious here. For the fully
parametric approach the values are more or less constant for all sample sizes
except for the case where A is distributed over the interval [0,80]. For the
semi-parametric approach something like constant values can only be found
for the case where A is distributed over the interval [0, 250]. This confirms the
results derived in section 5.3.2 exactly. The poor properties of the estimator
when A is distributed over [0, 80] are also reflected in figure C.4.

o:
The values of the empirical variance of \/n(9, — 0) can be found in the sixth
row of table C.3. One cannot find any pattern of similar values here. That
confirms the fact that the estimate of the parameter o is the one with the
worst properties and that even a sample size of 10,000 pairs is not sufficient
to get an acceptable estimate (see also figure C.5).

* .

o
The results for the parameter ¢* can be found in the seventh row of table C.3.

There is no clear pattern for the parametric estimation approach, whereas
for the semi-parametric estimation approach the values for n = 5000 and
n = 10,000 are quite similar for the cases where A is distributed over [30, 110],
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[0,120] and [0, 250]. This confirms the results of section 5.3.2. A high sample
size is necessary to get an approximately normally distributed estimate of o*.

ag and by :

The values of the empirical variance of \/n(dao, — ap) and \/ﬁ(l;()n — by) are
given in rows 8 and 9 of table C.3. For the cases where A is distributed
over [0,80] and [0, 120] the values are similar for all sample sizes. For most
other cases this is true at least for n = 5000 and n =10,000. This confirms
the results of section 5.3.2. An approximately normal distribution can be
excepted at least for high sample sizes.

a; and b; :

The values of the empirical variance of v/n(a, —a;) and \/ﬁ(gln —by) can be
found in rows 10 and 11 of table C.3. At least for the sample sizes n = 5000
and n =10,000 these values are more or less constant. Again the results of
section 5.3.2 are confirmed. An approximately normal distribution seems to
be valid for high sample sizes.

5.4 Summary

In general the empirical results for the maximum likelihood estimates con-
firm expected properties of the estimates about consistency and asymptotic
normality.

A higher sample size improves the properties of the estimates. In general,
the proportion of healthy, ill and deceased individuals has a high influence
on the behavior of the estimates. The estimation yields acceptable results
for the parameter of the univariate survival function Sy only if the age at the
time of observation is distributed over a reasonable interval.

A suitable parametric choice for the survival function S; can improve the
behavior of the MLE of the parameters ¢ and p;. For all other parameters the
semi-parametric estimation approach performs as well as the fully parametric
approach.

The parameter p seems to be the one with the worst properties. One should
be careful when interpreting the estimates of this parameter.

The parameter gy is the most important for the genetic analysis of the risk
factors that influence susceptibility to disease. The estimator of this param-
eter seems to be quite robust, at least for the situations investigated here.
In general for a fixed sample size the distribution of a maximum likelihood
estimate is unknown. For sufficiently smooth density functions asymptotic
normality of MLEs is usually true. For the bivariate correlated gamma frailty
model asymptotic normality of the maximum likelihood estimates was proven
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in theorem 6. Asymptotic normality of the maximum likelihood estimates
holds probably also in the four-dimensional model. On the one hand this
could be supported partly by the simulation study described in this chapter.
On the other hand one has to keep in mind that the four-dimensional model
is much more complicated. The number of parameters is higher in the four-
dimensional model. Consequently an approximate normal distribution of the
maximum likelihood estimates might not yet be valid for the sample sizes
that have been investigated here but for higher sample sizes.

Asymptotic normality of maximum likelihood estimates is an important the-
oretical property that justifies the construction of confidence intervals and
tests. If, for example, one wants to construct a test for the null hypothe-
sis 0* = 0 then one has to calculate the (asymptotic) a-quantile of a test
statistic. The results of the simulation study suggest that the distribution
of the MLE of p* is not approximately normal for smaller sample sizes. The
conclusion must then be that it is better to use other methods such as a
bootstrap approach to calculate an a-quantile for a test. Similar conclusions
can be made concerning the validity of asymptotic confidence intervals for
the estimates for small or medium sample sizes.
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Chapter 6

Application of the
four-dimensional correlated

frailty model to prostate cancer
data

6.1 Data

The applicability of the four-dimensional correlated frailty model was tested
with data on prostate cancer in male Swedish twins. The data set was created
by merging the Swedish Twin Registry with the Swedish Cancer Registry and
the Swedish Mortality Registry.

The twin pairs come from the “old cohort” in the Swedish Twin Registry,
these are the birth cohorts from 1886 to 1925. The twins were tracked down
by contacting all parishes in Sweden. The “old cohort” includes all like-sexed
twin pairs where both twins responded to a questionnaire sent out in 1961.
Therefore the data is left-truncated since both twins of a pair had to be alive
in 1961 in order to be included. The determination of the zygosity of a pair
was based on the responses to the question “During childhood, were you and
your twin partner ‘alike as two peas in a pod’ or not more alike than other
siblings in general?”. This method was validated using blood samples and
showed correct classification for 95% of the pairs (Cederl6f et al., 1961).
The cancer follow-up extended from 1958 to 1997. The determination of a
diagnosis of cancer and of the vital status was based on the unique national
registration number that is assigned to each Swedish citizen.

The day of birth and the zygosity is known for every twin pair. For individ-
uals who died during the observation period (1/1/1962 - 20/12/2000), the
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Table 6.1: Proportion of pairs with no, one, or two affected twins

zygosity no twin one twin both twins total
with diagnosis | with diagnosis | with diagnosis

MZ 1412 200 33 1645

85.8 % 12.2 % 2.0 % 100 %

DZ 2554 401 18 2973

85.9 % 13.5 % 0.6 % 100 %

day of death is included in the data, as is the day of diagnosis for individuals
with prostate cancer during the follow-up (1/1/1958 - 31/12/1997).

There is information on 9,236 individuals, i.e. 4,618 pairs of twins (1,645 mo-
nozygotic, 2,973 dizygotic). A cancer diagnosis was registered for 703 indi-
viduals (7.6%). The empirical mean of the observed ages at cancer diagnosis
is 74.1 years (standard deviation 7.4 years).

Table 6.1 shows the proportion of pairs where a diagnosis of cancer was reg-
istered for no, one, or both twins for the different zygosities. The proportion
of pairs with two affected twins is higher for monozygotic twins. This could
be an indication of a genetic influence.

The data provide more information than the type of data described in sec-
tion 2.2.1, since there is information about the time of diagnosis, which could
be interpreted as time of onset of disease. The censored life span is used for
every individual in the analysis and the age at onset of disease is used for
people with a diagnosis of cancer. For individuals without a cancer diagnosis
who were deceased at the end of the observation period it is assumed that
their age at onset of disease is greater than their age at death. This means
that here the risk of death and the risk of getting cancer are two competing
risks. Finally, individuals who are still alive at the end of the observation
period and who do not have a diagnosis of cancer contribute with the infor-
mation that they can only have had a diagnosis before the beginning of the
follow-up or will have one after the end of the follow-up.

Four different types of observation are possible for every individual:

1. A person died during the observation period and no cancer diagnosis
is registered. Thus only the age at death is known for this person.

2. A person died during the observation period and a cancer diagnosis is
registered. Then the age at diagnosis and the age at death are known.

3. A person is still alive at the end of the observation period and there is
no diagnosis of cancer. Then one only knows the censored life span.
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4. A person is still alive at the end of the observation period and there is
a diagnosis of cancer. Then one knows the censored life span and the
age at diagnosis.

Tables 6.2 and 6.3 show the cross-tabulation of these types of observation
in a twin pair for monozygotic and dizygotic twins. In the majority of pairs
both members are deceased and do not have a diagnosis of cancer.

Table 6.2: Proportions of different types of observations for MZ twins in %

twin 1 \ twin 2 | 1 2 3 4 | total
1156545 ] 89 |0.5] 70.5
2136 |16] 09 |0.2] 6.2
3198 |1.11106 |05 | 22.1
4105 0105 01 1.3
total | 70.4 | 7.3 1 20.9 | 1.4 | 100.0

1 = deceased without diagnosis of cancer, 2 = deceased with diagnosis of cancer,
3 = alive without diagnosis of cancer, 4 = alive with diagnosis of cancer

Table 6.3: Proportions of different types of observations for DZ twins in %

twin 1 \ twin 2 | 1 2 3 4 | total
11542149 9.1 |06 | 68.9

2147 105] 08 |01 6.1
3111.8(091]10.7(04 ]| 239

4107 100] 04 [00] 1.1
total | 71.4 | 6.4 | 21.1 | 1.2 | 100.0

1 = deceased without diagnosis of cancer, 2 = deceased with diagnosis of cancer,
3 = alive without diagnosis of cancer, 4 = alive with diagnosis of cancer

6.2 Methods and results

The data are left truncated pairwise since both twins in a pair had to survive
the year 1961. That means that the conditional probability to be included
in the study for an individual also depends on the survival of the co-twin.
The life spans of the twins in pair are not independent. Their common
distribution is described by the bivariate survival function Sp. (see (2.13)).
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For this reason the usual Kaplan-Meier-Estimator is not appropriate for the
estimation of the survival function Sp. Thus the partly semi-parametric
approach that is described in section 2.3 could not be used and a parametric
specification had to be chosen for Sy as well as for Sy.

S(z) = e[1 + s> H(z)]""/*"  with H(x):%(eb‘”—l)+cx (6.1)

was used as the most general parameterization for the univariate survival
functions (indices are ignored here). The survival function S in (6.1) is
derived by using the conditional hazard rate u(z, Z) = Z(a e*® +c) +d. This
model is a combination of the gamma-Makeham-parameterization

Wz, 2) = Z po1(v) +d = Zae” +d
and the Gompertz-Makeham-parameterization
w(z, Z) = Z pgy(2) = Z (ae®® +¢) .

Both parameterizations have been used in lifetime data analysis (Yashin
et al., 1994). The fit of different submodels of (6.1) was compared using the
Akaike Information Criterion. Let (S1) denote the submodel of (6.1) with
c=0,d=0and s> = 0% (variance of the corresponding frailty variable):

S(x) = [1+0” S(e = 1] (S1)

and let (S2) denote the submodel with ¢ =0 and d = 0:

S(x) = [L+” $(e = D], (52)
First a separate analysis for monozygotic and dizygotic twins was done, fit-
ting combinations of different submodels of (6.1) for the univariate survival
functions Sy and Sy to the data. We determined maximum likelihood esti-
mates of the parameters of the four-dimensional frailty distribution and of
the univariate survival functions.
For monozygotic twins the parametric specifications (S1) for Sy and (S2)
for Sy, fitted best according to AIC. For dizygotic twins a model with the
parameterization (S2) for Sy and Sy, provided the best fit. The parameter
estimates and their standard errors are given in the rows MZ and DZ of table
6.4.
Then a joint analysis of all data was carried out, in which the same param-
eters were estimated under the assumption of equal marginal distributions
for monozygotic and dizygotic twin individuals. In the joint analysis the

90



6.2. METHODS AND RESULTS

Table 6.4: Results of separate and joint analysis. Estimators of the variances
and correlations of the frailty variables and of the parameters of the univariate
survival functions Sy and S7, together with their standard errors (in brackets).

B

0o o Qo 01 0 0
MZ 3.738 1.670 0.369 0.477 0.379 0.119
(0.558) | (0.114) | (0.077) | (0.039) | (0.054) | (0.041)
DZ 2.773 2.400 0.046 0.145 0.771 0.040

(0.497) | (0.189) | (0.063) | (0.026) | (0.145) | (0.055)
MZ & DZ | 2.935 | 1.918 | 0.280M% | 0.427%% | 0.560 | 0.130M%
(0.508) | (0.116) | (0.089) | (0.035) | (0.106) | (0.057)

0.055P% | 0.182P% 0.036P%
(0.064) | (0.028) (0.043)
S0 ag - 10° by 51 ap - 10° by
MZ 3.738 0.237 0.255 0.259 2.488 0.102
(0.558) | (0.382) | (0.025) | (0.107) | (0.704) | (0.004)
DZ 1.714 1.260 0.233 0.261 2.563 0.102

(0.283) | (1.352) | (0.017) | (0.075) | (0.493) | (0.003)
MZ & DZ | 2264 | 2.035 | 0221 | 0270 | 2545 | 0.102
(0.402) | (1.733) | (0.013) | (0.060) | (0.409) | (0.002)

parametric specification (S2) was used for all univariate survival functions.
Assuming equal values for og, o, 0, sg, ag, by, s1, a; and b; for monozygotic
and dizygotic twins, respectively, yields the estimation results given in the
rows MZ & DZ of table 6.4.

The genetic analysis of the data is the last step. Five different genetic models
were explored: ACE, AE, ADE, DE, CE. A refers to additive genetic effects,
D to genetic effects due to dominance, C to shared environmental factors, and
E to non-shared environmental factors. The basic assumptions and notations
of quantitative genetics are introduced in section 1.5.

Let a? denote the proportion of variance associated with additive genetic
effects. This is called narrow sense heritability. d?, ¢ and e? are similarly
defined as proportions of the phenotypic variance associated with the corre-
sponding genetic or non-genetic effects. In quantitative genetics one generally
assumes that for a phenotypic trait the correlations between monozygotic and
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dizygotic twins can be expressed as

QMZ:a2+d2+02,

opz =1ad>+1d*+ ¢
and that the normalizing equation
l=a*+d*+c+¢€

holds. Since only 3 of the parameters a?, d?, ¢ and €? are determined by
these equations, one can only look at the 5 genetic models mentioned above.
Let a2, d2, ¢3 and €2 denote the genetic parameters of the frailty that cor-
responds to the transition from healthy to ill. The same parameters of the
frailty that corresponds to the transition from healthy to deceased are de-
noted a?, d2, ¢z and €. The four-dimensional frailty model allows for the
joint genetic analysis of the frailty of becoming ill and the frailty of dying.
One can thus combine the 5 genetic models and carry out the estimation pro-
cedure for a total of 25 different models. In each of these models a subset of
the parameters {a?, d3, c2,e3,a%,d3,c3, €3} is estimated. Since these models
are not nested, the best-fitting one was chosen using the Akaike Information
Criterion.

For the possible 25 combinations of the different genetic models, maximum
likelihood estimates were calculated for oy, o, 0, 0*, the parameters of Sy
and Sy and for the genetic parameters. It turned out that a DE-model for
the transition from healthy to ill (d% = 0.27 (0.09)) and an AE-model for the
transition from healthy to deceased (a? = 0.41(0.03)) was the best-fitting
combination.

The maximum likelihood estimation and the calculation of standard errors
of the MLEs are based on the methods described in Appendix C.1.

6.3 Results of the liability analysis applied to
the data set

To compare the results derived by estimating the genetic parameters of frailty
with those from the traditional analysis of the data set a liability analysis
was carried out (see section 1.5.2).

The information that had to be extracted from the data set on prostate
cancer in Swedish twins in order to perform the liability analysis is given in
table 6.1.

The analysis was done using the program Mx. Mx is a matrix algebra inter-
preter and numerical optimizer for structural equation modeling and other
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Table 6.5: Estimates of the tetrachoric correlations and the threshold values
(95% confidence intervals in brackets).

Omz 9Dz Tz Tpz X (df) p AIC

0.416 0.033 1.399 1.450 2.31 (2) | 0.32 | -1.70
(.290,.531) | (-.092,.155) | (1.332, 1.467) | (1.403,1.498)

0.411 0.033 1.433 1.433 3.75 (3) | 0.29 | -2.25
(.289,.525) | (-.092,.157) | (1.395, 1.473) | (1.395,1.473)

onmz = correlation in liability for MZ twins, gpz = correlation in liability for DZ twins,
Tz = threshold value for MZ twins, Tpz = threshold value for DZ twins

types of statistical modeling of data (Neale, 1995). It includes a special
built-in fit function for the calculation of the maximum likelihood estimates
for the tetrachoric correlation and the threshold values given a two-by-two
contingency table. Mx also gives confidence intervals of the parameter esti-
mates and a y2-statistic that allows us to evaluate the fit of the model as
well as to compare nested models. The y2-statistic measures the discrepancy
between the cell frequencies predicted by the model (bivariate normal dis-
tributed liability with the same threshold value for each individual in a pair)
and those actually observed in the data. If this discrepancy is to large, i.e.
the corresponding p-value is smaller than .05, then one would conclude that
the model fails to predict the data.

In the first step of the analysis the tetrachoric correlations and threshold
values were estimated for the prostate cancer data set. The results are given
in table 6.5. In the last row of table 6.5 the parameters are estimated under
the assumption of equal threshold values for MZ and DZ twins. The null
hypothesis Hy : Ty = Tpz can be tested by calculating the difference
between the two y? statistics given in the table. The resulting test statistic
is asymptotically y2-distributed with one degree of freedom. Its value here is
1.44 which corresponds to a p-value of 0.23, thus the null hypothesis can be
accepted. This means that MZ and DZ twins regarded as individuals have
the same pattern of disease distribution.

The value of the correlation in liability is larger for the MZ twins which can
hint at genes playing a role in the development of prostate cancer.

In the second step of the liability analysis different genetic models are fitted
to the data and the genetic parameters are estimated using Mx again. The
results are given in table 6.6. The best fitting model according to AIC is the
DE model. As for the estimation of the threshold values and the tetrachoric
correlations the y2-statistic given in table 6.6 tests the goodness of fit of the
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Table 6.6: Estimates of the genetic parameters of liability (95% confidence
intervals in brackets).

model a’ d? c? e X2 (dfy| p | AIC

ACE 0.341 - 0.000 0.659 9.80 0.02 | 3.80
(.193,.450) (-) (.550,.774) | (3)

ADE 0.000 0.396 - 0.604 4.89 0.18 |-1.10
) (.061,.509) (.492,.726) | (3)

AE 0.341 - - 0.659 9.80 0.04 | 1.80
(.226,.450) (.550,.774) | (4)

DE - 0.396 - 0.604 4.89 0.30 |-3.11
(.274,.509) (.492,.726) | (4)

CE - - 0.209 0.791 21.52 | <0.01]13.52
(.121,.295) | (.705,.879) |  (4)

a’? = proportion of additive genetic variance, d> = proportion of dominance variance,

¢® = proportion of shared environment variance, e> = proportion of non-shared envi-

ronment variance

model based on the difference between observed and expected cell frequencies.
A p-value smaller than .05 would imply the rejection of the model. In an ACE
model the ¢? and in an ADE the a? is estimated at zero. Both parameters
are not significant in the corresponding model. But a DE model fits better
than the AE model. The model without genetic effects (CE) fits badly.

The liability analysis yields that there are genetic effects on the liability to
prostate cancer. These effects are due to dominance effects.

6.4 Discussion

The analysis of the Swedish twin data on prostate cancer suggests that genes
have an influence on frailty in the development of the disease, which is due
to dominance effects. The genetic influence on the frailty corresponding to
the life span is moderate and results from additive genetic effects.

The latter confirm results derived by Yashin and Iachine (1995b) for Danish
twins who estimated a heritability of about 50% for the frailty corresponding
to life span.

The findings from the prostate data must be judged critically, however. First,
using the age at diagnosis to calculate the age at onset of disease is a ques-
tionable procedure. Second, the number of affected people, i.e. the number
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of people with a diagnosis of cancer is small. This means that the estimators
of the parameters for the transition from healthy to ill have large errors, so
one should be careful interpreting them.

Ahlbom et al. (1997) applied traditional methods of quantitative genetics on
the same prostate cancer data set. They estimate correlations of liability and
the relative risk of cancer for twins with an affected co-twin compared with
twins with a non-affected co-twin. They find that “prostate cancer displays
a clear familial effect that is almost accounted for by heritable effects” and
an indication of non-additive heritable effects. The limitations of the data
set are discussed thoroughly in the paper.

Another study of prostate cancer in Swedish twins by Gronberg et al. (1994)
used other statistical methods (calculation of concordance rates and corre-
lation of liability) but it also finds that “genetic factors might be important
in prostate cancer development” on the basis of differences in proband con-
cordance rates and correlations in liability between monozygotic and dizy-
gotic twins. They calculate correlations of liability of 0.40 and -0.05 for
monozygotic and dizygotic twins, respectively. The corresponding estimates
of the correlation between the frailty variables influencing the transition from
healthy to ill are 0.28 and 0.06, respectively (see table 6.4, row MZ & DZ,
estimates for gy). These values are of the same magnitude.

The results of the liability analysis coincide with the results of the frailty
analysis for this special prostate cancer data set. Both analyses show that
there is a genetic influence on the development of prostate cancer and this
influence might be explained with nonadditive genetic effects. As shown in
Chapter 7 the conclusions made from liability analysis can differ from those
made from frailty analysis. The genetic influence on the age at death can be a
confounder for the disease-status relationship in a twin pair. When applying
the 3-state-frailty model one can distinguish whether there are genetic effects
on the development of disease or on the life span or on both. With the liability
approach this distinction is not possible.

Applying the traditional method of calculating tetrachoric correlations in
liability on the data described in section 6.1 means that one only uses the
information given in table 6.1. In doing this one ignores, on the one hand,
the fact the some of the living twins might still receive a cancer diagnosis
after the end of the study (right censoring) and that there might have been
cases of prostate cancer before the beginning of the observation period (left
truncation). On the other hand, one does not use the additional information
about the age at onset of the disease. All these facts are accounted for in the
four-dimensional correlated frailty model.
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Chapter 7

A comparison of liability
analysis with frailty analysis

The liability approach (see section 1.5.2) and the frailty approach (see sec-
tion 2.1) are conceptually similar in the sense that in both models it is as-
sumed that an unobserved random variable exists that influences the prob-
ability of being affected by a disease. Both variables, liability and frailty,
represent the susceptibility of getting ill.

The liability is assumed to be standard normal distributed and the proba-
bility of being ill depends on the fact whether the value of liability is above
or below a certain fixed threshold value. In this work the frailty variable is
assumed to be gamma distributed with mean 1 and it influences the proba-
bility of getting ill through the conditional hazard function. In both analyses
the genetic parameters of the underlying non-observable variables are esti-
mated by applying the structural equations from quantitative genetics on the
correlations of liability and frailty, respectively.

In this chapter the two approaches are compared using simulated data. The
advantages of the frailty approach are illustrated.

7.1 Simulation of data sets

The data sets for this simulation study were structured using the data set on
prostate cancer in Swedish twins (see section 6.1) as an example. This means
that there is the same mechanism of truncation and censoring, that different
birth cohorts of twins are investigated in a certain observation period, and
that the time of the onset of disease is known.
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7.1.1 Uncensored data

In the first step uncensored data sets were simulated according to the four-
dimensional correlated gamma frailty model (see definition 9). That means
that for a given choice of the parameters of the four-dimensional frailty dis-
tribution (oy, o, 0o, 01, 0, 0) and of the univariate survival functions Sy and
Sy, realizations of the random vector (Tig, Ta, 11, T2) were calculated. This
was done for separate data sets for MZ and DZ twins and for different genetic
models for the frailty variables.

For all data sets the following parameters had the same value in the simula-
tion: o9 = 1.5, 0 =1, p = 0.3, 0},, = 0},, = 0.05. The univariate survival
functions have been chosen to be

So(z) = [1+ of %(ebom — 1) with ag = 107 and by = 0.14, and
0
Sp(z) =1+ o %(eb’” — 1) witha=4-10"and b= 0.1.

This choice corresponds with an expected value of 107.4 for the time until
the onset of disease and an expected value of 78.3 for the life span. The
reason for this choice of the parameters of the univariate survival functions
is the assumption that the risk of falling ill and the risk of dying are two
dependent competing risks here. That means that everybody would eventu-
ally get the disease if he or she would live long enough but most people die
before developing the disease under study. Consequently the observed mean
age at the onset of disease is smaller then the expected value of the age at
the onset of disease.

The values of the parameters g, and p; used in the simulation are given in
table 7.1. For the first pair of data sets (one data set for MZ, one for DZ
twins) it was assumed that the frailty corresponding to the transition from
healthy to ill and the frailty corresponding to the transition from healthy
to deceased can both be described by a model that consists only of additive
genetic effects. This is equivalent to setting the correlation between the MZ
twins twice as high as the correlation between the DZ twins (see (1.21) and
(1.22)). The first pair of data sets has the code gg.

For the second pair of data sets (code eg) it was assumed that the frailty
corresponding to the transition from healthy to ill can be described by a
model consisting only of shared environmental effects. That means that the
correlation between the MZ twins equals the correlation between the DZ
twins. The genetic model for the frailty corresponding to the transition from
healthy to deceased remained the same.

The reversed choice of genetic models was done for the third pair of data sets
(code ge). lLe. the genetic model for the frailty of becoming ill is a purely
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Table 7.1: Values of the correlations gy and p; used in the simulation.

code genetic model genetic model 00 01
healthy — ill healthy — deceased
gg AE AE 0.6M2 0.8M2
0.3P% 0.4PZ
eg CE AE 0.45M7 0.8M2
0.45P% 0.4PZ
ge AE CE 0.6M2 0.6M?7
0.3P% 0.6PZ
ee CE CE 0.45M7 0.6M2
0.45P% 0.6P%

0o = correlation of frailties for transition from healthy to ill,
01 = correlation of frailties for transition from healthy to deceased

additive genetic one and the genetic model for the frailty of dying is a purely
shared environmental one.

In the last pair of data sets (code ee) the correlations are the same for MZ
and DZ twins for both transitions, i.e. the frailty of becoming ill as well
as the frailty of dying are described by a model consisting only of shared
environmental effects.

The simulated sample size was always 2000 MZ and 4000 DZ pairs.

7.1.2 Restricted observations

In the second step of simulating data a transformation procedure was applied
to get observations as in the real prostate cancer data set.

First, for every twin pair the age at left truncation was simulated as the
realization of a random variable that is uniformly distributed on the interval
[15,80]. Then a fixed observation period of 60 units was assumed. If Ay
denotes the age at left truncation then the age at the end of the observation
period As can be calculated as Ac = Ap + 60. All pairs where T} < Ar
or T, < Ap, meaning one of the twins died before the beginning of the
observation period, were removed from the data set. This is exactly the
mechanism of pairwise left truncation that holds for the prostate cancer data
set.

Second, for every twin the type of observation Cj, i = 1,2, was calculated as
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(see page 88):

(1 if the twin is deceased and no diagnosis exists

< (Tio < Arpor Ty >T;) and T; < Ag,

2 if the twin is deceased and a diagnosis exists
— Ar <Tp <T; < Ag,

3 if the twin is alive and no diagnosis exists
< (T < Aror Tjp > Ac) and T; > Ac,

4 if the twin is alive and a diagnosis exists
= Ar <Tjp < Ac and T; > Ac.

9%
I

\

The information about the age at death of every individual is included in the
censored life span:

Xi == min(Ti, Ac) ,i = 1, 2.

The age at the end of the observation period A¢ is the censoring variable
here. The censored age at the onset of disease is not known but

X min(Tj, X;) if Ty > Ar,
X; if Tyg < Ar.

The exact age at the onset of disease is only known if it is smaller than
the censored life span (competing risk situation) and larger than the age at
left truncation. Due to the truncation the sample size is reduced. The new
sample sizes are given in table 7.2.

Table 7.2: Sample size in the transformed data sets in pairs.

code | MZ | DZ
gg | 1633 | 3189
eg | 1632 | 3221
ge | 1596 | 3272
ee | 1597 | 3261

For every twin pair an observation in the transformed data set consists of a
realization of the vector (X, X5, X1, Xy, Cy, Cs, Ar, Ac). This new data set
is used in the frailty analysis, that means that maximum likelihood estimates
of the parameter are derived using this data.
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Table 7.3: Estimates of the correlations in liability and the threshold values
for the simulated data sets (95% confidence intervals in brackets).

code oMz 0Dz T, X (df) p | AIC

gg 0.507 0.161 1.411 2.26 (3) | 0.52 | -3.74
(.395,.607) | (.050,.268) | (1.373, 1.450)

eg 0.476 0.313 1.432 3.37 (3) | 0.34 | -2.63
(.360,.581) | (.211,.410) | (1.393, 1.472)

ge | 0343 | 02907 1405 | 1.68 (3) | 0.64 | -4.32
(.212,.464) | (.198,.391) | (1.367, 1.444)

ce | 0250 | 0.334 1419 | 043 (3) | 0.93 | -5.57
(.103,.389) | (.239,.425) | (1.380, 1.458)

oy z = correlation in liability for MZ twins, ppz = correlation in liability for DZ twins,
Ty, threshold value for MZ and DZ twins

For the liability analysis the two-by-two contingency tables containing the
information “a diagnosis exists” (C; = 2 or C; = 4) versus “no diagnosis
exists” (C; =1 or C; = 3) for the twins in a pair are calculated.

7.2 Results of the liability analysis

The analysis of the simulated data sets (the two-by-two contingency tables)
with respect to the liability approach was done in the same way as for the
data set on prostate cancer in twins (see section 6.3). The interpretation
of the y%-statistics and p-values given in tables 7.3, 7.4 and 7.5 is the same
as in this analysis. They test the goodness of fit of the model based on the
difference between observed and expected cell frequencies. A p-value smaller
than .05 would imply the rejection of the model.

First the correlations in liability and the threshold values were estimated.
The results are given in table 7.3. The table shows the estimates under the
assumption of equal threshold values for MZ and DZ twins. A significant
difference between the threshold values of MZ and DZ twins could not be
found for any of the four pairs of data sets .

One would conclude that there are genetic influences on the liability in the
disease if the correlation between MZ twins is substantially higher than the
correlation between DZ twins. This is true for the cases where the model
for the frailty corresponding to the transition from healthy to deceased is
additive genetic (gg and eg). Whether the model for the frailty corresponding
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Table 7.4: Estimates of the genetic parameters of liability - case gg (95%
confidence intervals in brackets).

model a? d? c? e’ X2 @df)| p AIC

ACE 0.469 - 0.000 0.531 4.54 0.21 |-1.46
(.302,.564) ) (.436,.634) | (3)

ADE 0.136 0.371 - 0.493 2.26 0.52 |-3.74
(.000,.530) | (.000,.606) (.393,.605) |  (3)

AE 0.469 - - 0.531 4.54 0.34 |-3.46
(.366,.564) (.436,.634) | (4)

DE - 0.514 - 0.486 2.61 0.62 |-5.39
(.407,.611) (.389,.593) | (4)

CE - - 0.311 0.689 21.19 | <0.001]13.19
(.232,.387) | (.613,.768) |  (4)

a’? = proportion of additive genetic variance, d*> = proportion of dominance variance,

¢® = proportion of shared environment variance, e?> = proportion of non-shared envi-

ronment variance

to the transition from healthy to ill includes genetic factors or not has no
pronounced effect on the correlations in liability. The same pattern can be
found for the cases where the model for the frailty in dying contains no
genetic effects (ge and ee). Then the correlations in liability are of the same
magnitude for MZ and DZ twins regardless of whether there are genetic
effects for the frailty in falling ill or not. More detailed information can be
derived by the fitting of different genetic models.

The results of fitting different genetic models for the liability are given in the
tables 7.4 and 7.5 for the two cases where the frailty of dying is modeled to
be influenced by additive genetic factors (gg and eg) .

In the case that both frailty variables include only additive genetic effects
(case gg) the best fitting model for the liability according to AIC is a DE
model (d? = 0.514(0.407,0.611)), see table 7.4. This model has also the
highest p-value. In an ACE model the estimate of ¢? is zero, as well as the
estimate of a? in an ADE model. These results would yield the conclusion
that there are genetic influences on the liability of developing a disease.

In the case where the model for frailty of dying includes genetic effects again
but the model for the frailty of falling ill does not include genetic effects, the
best fitting model for the liability is an AE model (a* = 0.509 (0.411,0.599)),
see table 7.5. Looking at the results from this analysis one would conclude
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Table 7.5: Estimates of the genetic parameters of liability - case eg (95%
confidence intervals in brackets).

model a? d? c? e X2 (df)| p | AIC

ACE 0.325 - 0.150 0.524 3.37 | 0.34 |-2.63
(.023,.578) (.000,.376) | (.420,.640) | (3)

ADE 0.509 0.000 - 0.492 5.01 0.17 1-0.99
(.268,.599) | (.000,.254) (.402,.590) | (3)

AE 0.509 - - 0.492 5.01 0.29 [-2.99
(.411,.599) (.402,.590) | (4)

DE - 0.522 - 0.478 15.95 | 0.003 | 7.95
(.417,.617) (.383,.583) | (4)

CE - - 0.379 0.621 7.83 | 0.10 |-0.17
(.303,.452) | (.548,.698) | (4)

a’? = proportion of additive genetic variance, d> = proportion of dominance variance,

¢® = proportion of shared environment variance, e> = proportion of non-shared envi-

ronment variance

that there are genetic influences on the development of the disease but the
data were modeled in such a way that no such influences occur. The rea-
son for this misinterpretation is that the genetic influence on the life span
confounds the disease-status relationship of the twins. One cannot recognize
this confounding by using the liability approach.

For the two cases where the model for the frailty corresponding to the tran-
sition from healthy to deceased contains no genetic effects, the best fitting
model for the liability is the CE model: ¢ = 0.313(0.235, 0.389) for the case
ge and ¢ = 0.308 (0.229, 0.385) for the case ee. In both situations the AIC is
the smallest and the p-value is the highest for the CE model. Thus for both
cases one would conclude that there are no genetic effects on the liability
of developing the disease. In the situation where the frailty of falling ill is
modeled to be influenced by the genes this again shows the confounding of
the relation between the ages at death of the twins.

7.3 Results of the frailty analysis
The analysis of the transformed data sets using the frailty approach was

carried out like for the real data on prostate cancer (see section 6.2).
In the first step maximum likelihood estimates for the correlations and vari-
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ances of the frailty variables (0, o, 0o, 01, 0, 0*) and for the parameter of the
univariate survival functions (ay, by, a, b) were calculated. This was first done
separately for the MZ and DZ twins and then in a joint analysis these param-
eters were estimated under the assumption of equal marginal distributions
for MZ and DZ twin individuals. The latter assumption is equivalent to in-
troducing the constraint that the parameter estimates of oy, o, 0, ag, by, a
and b are equal for MZ and DZ twins. The null hypothesis
Hy: oMZ = gD? gMZ = 5DZ GMZ _ (DZ (MZ _ (D7

pMZ = pDZ oMZ — (DZ pMZ _ Dz
was tested using a likelihood ratio test. It could be accepted for all four pairs
of data sets.
Table 7.6 shows the results of the joint analysis. Compared to the values
used in the data simulation the values of the estimates are acceptable. The
standard errors of the estimates of the parameters belonging to the transition
from healthy to ill have larger standard errors than the estimates belonging to
the transition from healthy to deceased. This is due to the small proportion
of affected people (about 8 % for all data sets).
For all four pairs of data sets the estimates of the correlations of the frailty
variables representing susceptibility to illness or death confirm the mechanism
with which the data sets where simulated. If a frailty variable was modeled
to be genetically influenced then the corresponding correlation in frailty is
higher for the MZ twins than for the DZ twins, if there were only shared
environmental effects modeled, then the corresponding correlation in frailty
is of the same magnitude for both MZ and DZ twins.
In the second step a more detailed analysis that fits combinations of different
genetic models should show whether it is possible to investigate the nature
of genetic and environmental influences with the help of the frailty approach.
Let analogous to the analysis of the prostate cancer data (see page 92) a3,
d2, c2 and €7 denote the genetic parameters of the frailty that corresponds to
the transition from healthy to ill and let a?, d2, ¢ and e? denote the same
parameters of the frailty that corresponds to the transition from healthy to
deceased. The 25 possible combinations of the genetic models ACE, ADE,
AE, DE and CE were fitted to the four pairs of data sets. That means
that in addition to the maximum likelihood estimates of the parameter oy,
o, 0, 05, ag, by, ay, by the maximum likelihood estimates of the subset of
{a2,d%,c3,e2, a2, d2,c2,e2} that corresponds to a certain combination of ge-
netic models are calculated. Table 7.7 gives the latter estimates for the best
fitting models according to AIC for the four pairs of data sets.
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7.4. CONCLUSIONS

In the case where the frailty variables that represent susceptibility to illness or
death are both modeled to be influenced genetically (case gg), a combination
of an AE model with an ACE model fits as well as a combination of a DE
model with an ACE model. Therefore the frailty analysis yields that there
are genetic influences on the frailty of falling ill whose nature is not clear,
and that there are additive genetic effects and small environmental effects on
the frailty of dying.

For the other three cases, the best fitting combination of genetic models
according to AIC is precisely the combination of genetic models used in the
simulation of the data.

Table 7.7: Results of genetic analysis. MLEs of the genetic parameter for
the best fitting model according to AIC (standard errors in brackets).

code ?ﬁggﬁ:* a? d? c? e az cx e
gg |AE x ACE | 0.632 - - 0.368 | 0.614 | 0.138 | 0.248
(0.143) (0.143) | (0.102) | (0.081) | (0.038)

DE x ACE - 0.682 - 0.318 | 0.619 | 0.133 | 0.248
(0.153) (0.153) | (0.102) | (0.081) | (0.038)

eg | CE x AE - - 0.477 | 0.523 | 0.796 - 0.204
(0.107) | (0.107) | (0.032) (0.032)

ge | AE x CE | 0.523 - - 0.477 - 0.593 | 0.407
(0.120) (0.120) (0.026) | (0.026)

ee | CE x CE - - 0.490 | 0.510 - 0.602 | 0.398
(0.109) | (0.109) (0.028) | (0.028)

*Best fitting combination of genetic models for frailty according to AIC.

7.4 Conclusions

The comparison of the liability approach with the frailty approach shows
that both methods have their advantages and drawbacks.

To apply the liability analysis for a certain disease one only needs the in-
formation affected versus non-affected for twins of different zygosities. The
calculations are numerically relatively easy.
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The method has some drawbacks. With the liability approach it is not possi-
ble to account for truncation and censoring in the data set. If, in addition to
the health status, information about age at onset of disease or age at death
is available then this information is not used in the analysis. Finally, due to
the confounding effect of the age at death, misinterpretations are possible.
On the one hand, genetic influences on the development of a disease might be
concluded that do not exist and the conclusion is due to the genetic influence
on the age at death. On the other hand, genetic influences on the liability
to disease might not be detected.

The frailty approach has the advantage that it is possible to distinguish
whether there are genetic effects for the frailty of falling ill and/or the frailty
of dying. It is easy to account for truncation and censoring. Whether it is
possible to make conclusions about the nature of genetic effects (additive or
non-additive) depends on the quality of the data set. In general one should
be very careful about making such conclusions.

Another advantage of the frailty model is the ability to handle multiple study
waves, at the same time increasing the number of observations without chang-
ing the model.

The main drawback of the frailty approach is that it demands additional
information at least about the age at death but preferably also about the age
at onset of disease, and that the required sample sizes are at least moderate.
In addition a rather large proportion of ill people is necessary which restricts
the approach to common diseases. The frailty analysis is computationally
demanding, additional efforts for getting maximum likelihood estimates are
necessary.
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Appendix A

Notations

A.1 Functions

The following functions are used throughout the entire work, most notably in
the proofs of the theorems about identifiability, consistency and asymptotic
normality. To make the understanding of these proofs easier, the functions
are collected here and their explicit representation is given.

Shape parameter of the components of the frailty variables

*

kO = k0(00707 Q*) =

000
— *) = _ Q*
kl — kl(O'an'a 0,0 ) -
oog0
« Q0 0"
ks = k3(00,0,00,0") = = —
oy 000 (A1)
B o 01 0"
ks = ka(00,0,01,0") = = —
o 000
-0 o0—0"
kl() = kl[)(O'[),O', %0, 0, Q*) = 2 B
on o0
-0 o0—0"
kll = k11(0-07 o, 01, 0, Q*) = 2 -
o 0o0

Parts of the four-dimensional survival function

Lo(s1, 89, t1,t2) = Lo(s1, S2, t1,12]0)
=1+ 03H0(81|A) + 03H0(82|A) + O'2H(t1|A) + O'2H(t2|A) (AQ)
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Li(s,t) = Li(s,t]0) = 1 + og Ho(s|\) + o H(t|A)
L3(s1, 52
L4(t17 2

L10(8

(A.3)
Ls(s1,52]0) = 1+ g Ho(s1|A) + 03 Ho(s2| ) (A.4)
Ly(t1,t2]0) = 1+ 0 H (t,|X) + 02 H(t5|N) (A.5)
(A.6)
(A.7)

L10(8|0) =1 +O'§H0(S|)\)
L11(t]0) = 14+ 0>H(t|A)

)=
)
)
)

Lll(t

The four-dimensional survival function

In addition to the representations of the four-dimensional survival function
given in (2.8) and (2.9) this function can be represented as

S(s1, 89,11, 1510) = L7g"(5110) Lig™ (520) L™ (11]0) L1 (£210) L™ (51, 11(6)
Ll (82,t2|0) k3(31,82|0)L4k4(t1,t2|0) (81,82,t1,t2|0) (AS)

The likelihood function of current health status data

The likelihood function of current health status data is given in (2.20). The
parts of this function can be represented as

fx (@1,22,0,000) = foo(71, 22|0) fa(21) (21 = 22) (A.9)

v (71,72,1,010) = (fio(x1,22|0) — foo(z1,72]0)) fa(z1) l(z1 = 25) (A.10)
fx(21,29,0,1|0) = fx(x2,21,1,0|0) (A.11)
Fx(n, 22, 1,118) = (fir (21, 2210) — 2 fro(w1, 22]0) + fools, 22/6))

: fA(Jh) 1(301 = 302)

= fx(x2,21,2,0]0)
= (far(w1, 72|0) = fao(w1,22]0)) falws) L1 < 25)
= fx(x2,21,2,1|0)
fx(x1,19,2,2|0) = foo(x1,22|0)Ss(max(zy,xs))
where (omitting the dependence on @)

f00($1,$2|9) = S($1,«T2,$1,$2)
= L0 (1) Lyg " (w2) Ly (1) L™ (w2) Ly ™ (w1, 21) Ly ™ (22, 2)
. Lg_kS (1'1, .I'Q)LZ]M (1'1, .I'Q)Lako (1'1, T2,T1, 1'2) (A18)
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fro(z1,22|0) = S(0, 2, 21, 72)
= L0 (o) Ly (@) LT (22) LT (29, 22)
. LZM(&El,Ig)LakO(O,LEQ,.'II1,.'L’2) (A]_g)

f11(271,5172|9) = 5(0,0,%,352) = SL*(IIH,IEQ)

_1-0 1-0y 91
=Ly - (II)LH - (5E2)L4 ($17x2) (A-20)
= L™ P () L™ 7 () Ly ™70 (2, 20) (A.21)

85(81, S2, tl; t2)

f20($1,$2|9) = - ot
1

s1=0,t1=x1

so=to=x2
ki + ks k4 ko
= x1,22|0) o u(x { + }
fm( ! 2| ) M( 1) L11($1) L4(5U1,$2) L0(0,$2,$1,$2)

(A.22)

o 65(317827t17t2) o aSL*(l‘laxQ)

far(@1,700) = = Bt q=s=0 O
ti=z1,la=x2
1—0 01

— , 9|0 + A.23
fuloraal®) o) {724 =2

ki1 + kq ky + ko }
+ A.24
L11($1) L4($1,$2) ( )

~ fu(enaal8) e §

825(81782;t17t2) 82SL*(:U1;$2)

for(w1,24|0) = —

8t18t2 flfSQiU_ ‘ - 81‘181‘2
— fu(ra,218) ) § 20
= J11(T1, T2 M1 )\ T2 Li(fla@)
I -0 01 ][1—& 01 ]}
+ + +
[Ln(ﬁh) L4(5U1,$2) Ln(xz) L4(5U1,$2)
(A.25)
ki + k
- 4 _HRatFo_
= fu(w1, 22]0) 0" (1) p(2) {LZ(%,@)

[k11+k1 ky + ko ] [k11+k1 k4 + ko ]}
_|_
L11(I1) L4($1,$2) L11(£E2) L4 $1,$2
6
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Functions used in the proof of asymptotic normality

lo(9) = lo(0, 01) = % (A.27)

L(9) =l(o,01) = ! ;291 (A.28)

Ly(z,y|9) = Ly(z,y|lo, A) = 1 + 0> H(x|X) + o>H (y| ) (A.29)
Ly (z|9) = Ly (x]o, X) = 1 4+ o?H (x| ) (A.30)

(2. 319) = 5. (2, 019) = [Lu @)L w9 (LG, 1))

(A.31)
9ra(@, y|8) = hi(z,y[9)g0,a(, y[9) (A.32)
nte9) = {20+ p ) (4

g2,oc(x7 y|0) - hg(x, y|19)90,a(x; y|’l9) + gl,a/Z(xa y|0)gl,o¢/2(y7 l'|’l9) (A34)

lo(3)
h 9) =o' A A)——"— A.
hi (2]9) = o® (x| X)Ly (2|9) (A.36)
hio(@,y[9) = o* (x| X)L (2, y|9) (A.37)
hao(w, y|9) = o (| X) u(y| X)L (2, y|9) (A.38)
Parts of the density function in the bivariate model
fx(@,y,0,0019) = go.1(x, y[9) fa(z) l(z = y)
f)*((xa Y, 07 1|Il9) = 91,1(% .fU|’l9)fA(.fL‘) I(y S l')
(A.39)

f;((fli, Y, 17 0|19) = gl,l(xv y|19)fA(y) I(l‘ S y)

f)*((xa Y, 17 1|’l9) = 92,1(x7 y|’l9)SA(maX(xa y))
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A.2 List of symbols and abbreviations

ADE, ACE, AE, DE,
CE, DCE, E
AIC

a.s.
DZ

ge, ge, eg, ee
iff

ii.d.

MLE

MZ

a?, d?, 2, e?

A C

Ar, Ac

by

by

C;, C;
EX, Ey, X

fa, fx, fz. fo, F(.0)
F. F,

H, Hy, H;

H,, H,

I, [a,b]

1(0) = (1;(9)) ,_, 4
L(x|0)

my

n, N
N(Oa E(90))

P

Py, Pz, Qo
Px(.|Z =2)
R, R

SA) SL) SX? SO) S?,

genetic models (see page 18)

Akaike Information Criterion (see page 18)
almost surely

dizygotic

codes for different combinations of genetic models
in the simulation study in Chapter 7

if and only if

independent, identical distributed

maximum likelihood estimate

monozygotic

proportion of the parts of the phenotypic variance
(see page 21)

age at the time of observation, censoring time
age at left truncation/right censoring

empirical estimate of the skewness (see page 16)
empirical estimate of the kurtosis (see page 16)
current health status (see pages 32 and 99)
expectation of a random variable X

probability density function

distribution function

cumulative hazard function

null hypothesis, alternative hypothesis

interval of real numbers

Fisher’s information matrix

likelihood function
= L 3 (X; — X), k-th standardized moment
i=1

number of observations, sample size

multivariate normal distribution with mean vector
zero and covariance matrix 3(f)

probability measure

probability distribution

conditional distribution of X given Z = 2
probandwise concordance rate and its empirical es-
timate (see page 22)

univariate survival function
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S%,SM;SD;SM
S(t)

S(x|Z), Si(x|Z;)
T, T;, Ty

Th; TMZ; TDZ
U(6, )

X, Xi, Y, Y, Yy
Z, Zi; Zzy

A

B2
(k,\)

P
IS

§D>QCD
CD>\_% :
v
=

QD

My o, [
[y fby [y [T, p1°
Omz, ODZ

%o, 01, 0, Q*

2 2 2
g-, 0g, 0,
op

2 2 2 2
OxyOps O¢y O

¥()
()

(22,3, P)

2, A%, F
Ax @ Ay
Ao

%k

B

9, Ho

B, Q

bivariate survival function (see page 29)
Kaplan-Meier Estimator

conditional survival function

survival time

threshold value

= {0 : |6 — 0| < 4}, closed neighborhood of #
random variable

frailty variable

skewness (see page 16)

kurtosis (see page 16)

Gamma-distribution with shape parameter £ and
scale parameter \ (see page 6)

censoring indicator

one-dimensional parameter

multi-dimensional parameter vector

MLE of

MLE of 6

parameter set

open kernel of the set ©

Lebesgue measure on (RF, BF)

baseline hazard function

o-finite measure

correlation of a phenotypic trait in MZ/DZ twins
correlation of frailty variables

variance of frailty variables

phenotypic variance

parts of the phenotypic variance (see page 18)
covariance matrix

distribution function of the standard normal dis-
tribution

probability space

o-algebra

product o-algebra

o-algebra generated by the Borel set ©
o-algebra of the k-dimensional Borel sets C RF
o-algebra of the k-dimensional Borel sets C RY
family of cumulative hazard functions

family of probability distributions
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(X, ), (X, qA%)

(%X X Xy, Ax ® Q(Y)

(X", 2Am)
L(v) = Ee™”

73{0,1,2}

Rk
R:

corr(X,Y)
cov(X,Y)

I(x € A), I4(x)
odds(x)
Var(X)

X ~ Qg
v, Ly
vV, SV

o 9
80;> 90;00;

f(@)]e=a
f'(x)
(01,...,0)
O

measurable space
product space
n-fold product space

Laplace transform of the univariate random vari-
able Z
set of all subsets of {0, 1,2}

k-dimensional real vectors
non-negative k-dimensional real vectors

correlation of the random variable X and Y
covariance of the random variable X and Y
indicator function with respect to the set A
= 1=, odds ratio of x

variance of a random variable X

random variable X has probability distribution
convergence in probability

convergence in distribution

partial derivative

value of the function f at x =«
derivative of f with respect to x
transpose of a vector

end of proof, q.e.d.
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Lemmata and Proofs

B.1 Calculation of the likelihood function for
current health status data

Proof of proposition 2

1.

P(X1 >x,X2>y,01:0,02:0)
=PA>z,A>yTi> ATy >AT > AT > A)

= [ty @) (0. 0,0,0) £1(a) do

= /I(z,w)(fvl) I(y,OO)(xQ)fX(xlax%oaO) dp

P(X1 >1‘,X2 >y,C’1:1,C’2:0)
:P(A>I,A>y,T10§A,TQO > AT > AT >A)

= / I(m,oo)ﬁ(y,oo)(a) [S(Oa a,a, a) - S(aa a, a, Cl)] fA(a) da

= /I(:v,oo)(xl)I(y,oo)(xZ)fX(xlaxQJ170) dlu’
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P(Xy>1,Xy >y, 0 =1,0y =1)
:P(A>ZU,A>y,T10 SA;TZO SA;TI >A,T2 >A)

B /I(x’oo)ﬂ(y:oo) (a) [S(O’ 0’ a, a) - S(aa 07 a, a)
— 5(0,a,a,a) + S(a,a,a,a)] fa(a)da

= /I(m,OO)(xl) I(y,OO) ($2)fx($1, T, 1, 1) dp

P(X1 >ZU,X2 >y701:2702:0)
=P(A>y,Tyn>AA>T >z > A)
0S5 (s1, 89, 1,1
= / / L200) (1) Iy 00) (@) 1(t < a) | = (51 87521 L f2) o | Fa(a) dadt

t1=t,ta=a

:/I(I,OO)(xl)I(y,OO)(x2)fX(xlax212a0) dp

P(X1>x,X2>y,01:2,02:1)
:P(A>y,T20§A,AZT1>I,TQ>A)

_ / / Loy () Tty (a) I(2 < @)

0S(s1, 52,11, 12) 0S (51, 82,11, t2)

- da dt

atl 51=0,52=a atl s1=52=0 fA(a) a
th=ttr=a ti=t,ta=a

= /I(x,OO)(xl)I(y,OO)(x2)fX(xlax2a2a 1) dp

P(X1 >IL’,X2 >y,01:2,02:2)
:P(AZT1>ZU,AZT2>Z/)
825(811827t17t2)

- //I(:L‘,oo)(tl) I(yaOO)(tQ)SA(maX(tl’ t2)) 0t 0ty

:/I(x,oo)($1)I(y,oo)(I2)fX($1,$2,2a2) dﬂ

dty dt,

s1=52=0
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B.2 Consistency
In the following lemmata some inequalities are given that are used in the proof
of consistency of MLEs in the four-dimensional correlated frailty model.

Lemma 14. Let oy, an,... ,ay be some arbitrary non-negative real num-
bers, then it holds that:

N N

Lemma 15. Let o and k be some arbitrary real numbers with 0 < a < 1
and k > 0, then it holds that:

|In(1 —o®)| < (k+1)|1In(1 — )| + | Ink|.
Proof. The two cases k£ > 1 and k£ < 1 are investigated separately.
k > 1: The function f(a) = 1 — af — (1 — a)* is monotone increasing for

0 < o < 3 and monotone decreasing for 1 > o > 1. Since f(0) = f(1) =0

it follows that f(a) > 0 for 0 < a < 1. Hence (1 — a)* < 1 — o* which is
equivalent to

|In(1 —a®)| < k|In(1 — )| < (k+1)|In(1 —a)| + |Ink| .

k < 1: The function f(a) =1 — o* — k(1 — «) is monotone decreasing for
0 <a<1and f(1) = 0. Therefore f(«) > 0 for 0 < a < 1 which means
1—af >k (1—a). It follows that

|In(1 —a®)] < |In(1 —a)| —Ink < (k+ 1) |In(1 — a)| + | Ink| .
O

Lemma 16. Let a and k be some arbitrary real numbers with 0 < o <1
and k > 0, then it holds that:

- <(k+1)(1-a).
Proof. The cases k < 1 and k > 1 are investigated separately.

k > 1: The function f(a) = k(1 — a) — 1 + o is monotone decreasing for
0<a<1land f(1) =0. Hence

- <k(l-a)<(k+1)(1-a).
k < 1:1t is easy to verify that
l-ad"<l-a<(k+1)(1-a).
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Proof of theorem 4

The finiteness of the single integrals I(i,j) is now proven. To make the
proof easier to understand the dependence of the functions on the parameter
vectors @ or A is omitted where it is obvious and would not be informative for
the conclusions. Let 6y = (l::o, ki, ks, kq, k1o, k11, Ay) be an arbitrary element
of © (the true parameter) and set 5y = (ko + ky + ks + ko) Y2 and

o= (ko + ki1 + kg + k11)71/2.

I(0,0) : Using (A.9) one can estimate for x; = 2o = x
| In fx(z,2,0,0[0)] < [In foo(w,2|0)| + [In fa(x)|
and (A.18) leads to

| ln fog(l‘l, IL’2|0)| S klO (IH Llo(fIIl) + ln Llo(l’g)) + kll (IH LH(IL’l) + ln LH(IL’Q))
+ kl (ln Ll(l’l,l‘l) + lnLl(xQ, IL’Q)) + k3 In Lg(l‘l, IL’Q)
+ k4 In L4(l‘1, ZUQ) —+ ko In Lg(l'l, X, ZCl,l'Q) .

Applying (A.2)-(A.7), lemma 14, the definition of ©4 and (4.4) yields

|1H f00(1‘1,1‘2|0)| S 4Mk (ln L10(!L’1) + In Llo({L’Q) + In LH(IL’l) + In LH(IL’Q))
< 4 My, (In[1 + MZHo(21|\)] + In[1 + M7 Ho(z2|N)]

+In[1 + M7 H (21|A)] + In[1 + M2 H (z5|N)]) .
(B.1)

From (A.18) it follows that
foo(z1,72]0) < min(50($1|00;A)a50($2|00,)\);SL($1|U, A), Sp.(x2lo, A))
and therefore using assumptions 4(c) and 4(d) one can conclude

2118 | In foo (%1, 2]0)| - foo(w1,72]600) < 16 MCo = Coo
€

and thus

zug |In fx(z,2,0,0|0)| - fx(z,2,0,0|0y) < (Cog + |lan(x)|)fA(:c) )

Finally, using assumption 6(b), one gets

1(0,0) < Cyo +/|lan(x)|fA(x) dr < 00 .
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I(1,0) =1(0,1) : From (A.10), (A.18) and (A.19) it follows that

|In fx(z,2,1,0]0)| < [In fio(z,z(0)] + |In[l — T(z,2|0)]| + |In f4(z)]
(B.2)

where

f00($1,$2|9)
f10($1,$2|9)
:Llokm(xl){ Lig(22) rs{ Ly (7)) ]kl{Lo(Oam%xl’x?) r).

Ls(x1, z2) Ly(x1, 21) Lo(w1, 9,31, T2)

(B.3)

T(xl,x2|0)

Hence T'(z1, 22]|0) < [%]mk < 1 and with lemma 15 one gets

S —1H<1 . |: LO(Oax%xl;xQ) :|mk>
L0($1,$2,$1,$2)

Lo(0
S—(mk+1)ln<1— 0(0, 22, 21, 7)

|In[1 — T'(21, 2|0)]

+ | Inmy
LU(xlax%xl;xQ)) | |

o5 Hy(w1|A)
LU(xlax%xl;xQ)
< (my, +1)(2]Inog| + | In Ho(z1|A)| + In Lo (21, 22, T1, T2) + | Inmy,].

In

= (mk+1)

+ | Inmy|

Using the notation Chg = 2 (mg +1)(| Inmy| + | In M) + | Inmy|, (4.4), (A.2)
and lemma 14 now yields

|In[1 — T(1,2]0)]] < Cio+ (mg + 1) (| In Ho(z1|X)| + In[1 + M? Ho(z1|\)]
+1n[1 4+ MZHy(29|X)] + In[1 + MZH (z,|X)] + In[1 + M?H x2|)\ )

Analogously to (B.1) one can estimate

|ln f10(1'1,$2|0)| S 4Mk(ln[1 + MSZHU(ZL'2|A)] + ln[l + MzH(l‘ﬂA)]

+ In[1 + MZH (22| N)]) . (B.5)
. L3(x1,22) Li(z1,21) Lo(x1,x2,21,22)
Since m <1, m < 1 and I ;1)205;2 ;1 oy < 1, from

(B.3) and (4.3) it follows that
T(xl,x2|0) Z [Llo(xl)]_ko_kl_]%_kw = SU(.CU1|O'0, A) . (B6)
In addition it holds that

f10($1,1'2|0) S min(S’g(x2|ao,)\),SL(x1|a, A),SL(.ZL'2|O', A)) . (B?)
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From (B.4), (B.6) and (B.7) one can conclude

gtelg| In[1 — T(x,2(0)]| - (fio(w,7(60) — foo(w,7(6s)) < Cio
+ (my, + 1) Sup | In Ho(z|A)[ - (1 = So(x|G0, Ao) So(x|G0, Ao)
+ (mg + 1) sup In[1 4+ M2 Hy(x|X)] - So(z|50, Ao)
+2 (mg + 1) sup In[1 + MZ?H (x|\)] - S.(2]6, Xo)

and thus assumptions 4(c), 4(d) and 4(e) yield that

gug |In[1 — T(z,2(0)]| - (fio(z,2]00) — foo(z,2]00))
€

< 010 + 4 (mk + 1)00 =Y . (B8)
From (B.5), (B.7) and assumptions 4(c) and 4(d) it follows that

le[@) | In f10($1,1‘2|0)| . flg(l‘l,l‘2|00) S 12 Mkoo . (Bg)
€

Finally from (A.10), (B.2), (B.8) and (B.9) one gets

gug |In fx(z,2,1,0|0)| fx(z,2,1,0|60) < (12 MCo+Cho+|In fa(z)]) fa(z)
€

and therefore
I(1,0) < 12 M Cy + Cyp + / |In fa(2)|fa(z)dr < oo

if assumption 6(b) is taken into account.
I(1,1): Using (A.12), (A.19), (A.21) and (B.3) one can write
fx(z1,29,1,1|0) = f11(x1,22|0) R(x1,22|0) fa(x1) (21 = x2) (B.10)
where
R(x1,75]0) =1 — 2T (21, 25|0) + T(x1,25|0) T (1, 22|6)

and

B _ Ju(z1,75(0)
T(xy,25|0) = m

o Li(we) 1M La(wi,m) 1™
— [ ok 11 ’ . B.11
10 (‘TQ) |:L1(l'2, xZ) LU(Oa T2, L1, xZ) ( )
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Since 222 < 1 and w < 1 it holds that

L%O(I) 0(0,1’,1’,1’)

<1.
L2(0,z,x,x) -

;Eii:z; {Lg,(x,x)]k?’{L4(x,x)L0(x,x,x,x) o

L3 (z)
It follows that T'(z,z|0) < T'(z,x|0) < 1 and
[1—T(z,z|0)] < R(x,7|0) < 1

and therefore

|In R(z,z|0)| = —In R(z,2|0) < 2|In[l — T(z,z|0)]| .

From (B.11) one can conclude

~ L4(«T1;x2) "
T 9) < <1
(71, 72]0) < |:L0(O,£U2,xlax2) a

and using lemma 15 one can then estimate

[In[1 = T(z1,2|0)]| < —ln<1 - [LOLL!(:CI’IQ) )]mk>

(07 T2, T1,T2

In [1 B Ly(x1, )
LO(O, Xo,T1, $2)

o5 Ho(x2|)
LO(O, T2, T, $2)

< (my +1)

:(mk+1)‘ln + | Inmy|

< (my +1)(2|Inoo| + | In Ho(w2|A)| + In Lo (0, 29, 1, 72) + | Inmy,|.

Using again the notation Cjp = 2 (my + 1)(|Inmg| + |In M) + |Inmy],
(4.4),(A.2) and lemma 14 now yields

|In[1 — T'(z1,22|0)]| < Cip + (myg + 1) (| In Ho(w2|X)| + In[1 + M2 Hy (72| N)]

+In[1 + M2 H (21| N)] + In[1 + M2 H (2| \)])
(B.12)

Applying (A.21) and lemma 14 it is easy to verify that
|1In f11 (21, 22]0)| < 4 M, (ln[l + M?H (z1|X\)] + In[1 + MfH(x2|)\)]) (B.13)
and

f11($1,$2|0) S min(S’L(x1|a, A),SL(1'2|O', A)) . (B14)
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. Li(x1,z Lo(0,x2,x1,2 :
Since W <1 and W < 1 using (B.11) and (4.3) one can

estimate
T(z1, 25) > [Lyg ()] Fokr—ka=kio — G (25|00, A) (B.15)
and therefore
R(z,z]0) <1 —T(x,z|0) <1 — Sy(x|og, A) . (B.16)
From (B.12), (B.14) and (B.16) it follows that

sup| Infl — T(z,2(0)]| - fui(z, x|60) R(w, 2]60) < Cr
S

+ (mk + 1) iug | IHHU(.CU|A)| : (1 — S()(.CU|5'0, Ao)) SL(.CU|5', AU)
€

+ (myg + 1) supIn[l + M2Hy(x|X)] - S (2|5, Xo)
AEA

+ 2 (my + 1) supIn[l + M2H (x|\)] - Si.(x|5, Xo)
AEA

and thus assumptions 4(c), 4(d) and 4(e) yield that

22ug |In[1 — T'(z, z|0)]| - fi1(x,2|0y) R(z,x|6)
€

S 2010 +8 (mk + 1)00 = Cll . (Bl?)
From (B.13), (B.14) and assumption 4(d) one can conclude that

sup | 1nf11($1,$2|9)| : f11($1,$2|90)
0co

S 4Mk (sup ln[l + MSZH(ZUHA)] : SL(.CL'1|5', Ao)
AEA

AEA

Finally from (B.10), (B.17) and (B.18) one gets
2up |In fx(z,2,1,1|0)| - fx(z,2,1,1|6y) < (8 M.Co+ Cii+ |In fA(x)|)fA(x)
€o

and, using assumption 6(b), that yields

I(1,1) < 8MkC'0+C'11+/|lan(x)|fA(x) dr < 00 .

I(2,0) =1(0,2) : From (A.13) and (A.22) it follows that

fx(w1,79,2,0[0) = fio(w1, 72]0) pu(21]|A) Ry (71, 22]0) fa(w2) (71 < 39)
(B.19)
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where
ki1 + ky ky ko
Rx,m0202{ + } B.20
1(71,72(0) Ly (1) Ly(zy,20)  Lo(0, 20, 1, 35) (B.20)
Using (4.3), (A.2), (A.5) and (A.7) one can conclude
1-— (k4 + k0)02 k402 kUUQ
Ri(x1,2,]0) = ™
1(z1,72|0) L1 (z1) Ly(z1,29)  Lo(0, 29, x1, x2)
< <1 B.21
= Liy(zy) ~ ( |

This yields

mka2

n
LU(Oa T2, X1, 1'2)

S |lnmk| +2|lna| —|-IIIL0(O,1'2,£U1,£U2) .

|lnR1(x1,x2|0)| = —lnR1($1,$2|0) S —1

With the notation Cyy = |Inmy| + 2 |Inmg| + 2 |In M| and applying (A.2)
and lemma 14 one can thus estimate
|In Ry (21, 72]0)| < Cop + In[1 + M2 Hoy (22| A)] + In[1 + M2H (z1]|\)]
+1In[1 + MZ2H (25|\)] .
From (B.19) and (B.5) it therefore follows for z; < xs:

|lan(x1,x2, 2,0|0)| S 020 + |lnu(x1|)\)| + (1 + 4Mk) ln[l —+ M3H0(1'2|A)]
+(1+4 M) (In[1 + MZH (z1|A)] + In[1 + MZH (22| A)]) + | In fa(z2)] -

Using (B.19), (B.21), (B.7) and assumption 4(a) leads to

fX($17x27270|0)
S CO min(50($2|00,)\),5’L($1|a, A),SL(.'L’2|O', A))fA(l‘Q) I(l‘l S 1‘2) .

Hence it holds for x; < z5 that
sup |1 f (1,222, 010)] - Fx (1,2 2,0189) < Co [Cho +| I faa2)
€
+sup [ In p(z1[A)[ - Sp.(21]5, Ao)
AeA
+ (1 + 4Mk) sup ln[l + M3H0(1'2|A)] . SU(.CL'2|5'0, Ao)
AeA

+ (1 —+ 4Mk) sup ln[l —+ MS2H(1'1|A)] . SL(1'1|6', AU)
AEA

+ (1 +4 M) supIn[l + MfH(x2|)\)] - Sp(xe|6, Xo) | fa(xa)
AcA
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and assumptions 4(b), 4(c) and 4(d) yield that for z; < x

2“8 | lnfx($1,$2;2a0|9)| 'fX($1,$2;2a0|90)
€
<y (020 + (4+ 12 M;)Ch + | In fA(«T2)|)fA($2) .

Finally, using assumptions 6(a) and 6(c), we get

1(2,0) < [Coo + (4 + 12 M) Co]Co BA + Co /x n f1(2)| () da < o0 .

I(2,1) =1I(1,2) : Using (A.15), (A.22) and (A.24) one can write

Fx(@1,22,2,110) = fi1(21,72]0) pu(21|X) R(21, 2|0) fa(22) L1 < 22)
(B.22)
with

R(IL’h IL’2|0) = Rg(l‘l,l‘2|0) - T(l‘l, IL’2|0) Rl(fL’l, IL’2|0) (B23)

where T(z1,75|0) and Ry (x1,2,|@) are given by (B.11) and (B.20), respec-
tively, and it holds that

S bt ) B
From (4.3), (A.5) and (A.7) it follows that
_ 2 2
Rafr, 5/6) = : (L]i(;];())a (E(j;f(ij) = Lul(fl?l) <t (B
Thus (B.23) yields
R(z1,75]0) < Ry(x1,22|0) < 1. (B.26)
In addition, from (B.20) and (B.24) one can conclude that
R(x1,75]0) = Ry(x1,22|0) — Ry (21, 12|0)
= ko ! ! >0 (B.27)

L4(fL’1, 1‘2) a LO(Oa T2, X1, 1‘2)
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and therefore

R(I1,$2|0) = []_ - T(I1,$2|0)] R2($1,1'2|0) + T(l‘l,l’2|0) R(I1,$2|0)
(B.28)

> [1 —T(xq,22|0)] Ry(x1,22]0) .
Together with (B.26) we get
|In R(x1, 25|0)| < [In[1 — T'(21, 24|0)]| + | In Ry(z1, 2|6)]| .
From (B.24) it follows that

mk02
Ly(x1,22)
< |lnmyg|+2|Ino|+In Ly(z,25) .

|In Ry(x1,22]0)] = —In Ry(x1,75]0) < —1In

Using the notation Cyy = |Inmy| + 2 |Inmy| + 2| In M| again and applying
lemma 14 and (A.5) one can thus estimate

Hence using (B.12) one can conclude

IIn R(x1,72|0)| < Cho +Cap + (my + 1) (JIn Ho (2| X)| + In[1 + M2 Hy(z2|A)))
+ (mi +2)(In[1 + MZH (z1|A)] + In[1 + MZH (z5|N)]) .
(B.30)

Since Lig(x2)La(x1,22) > Lo(0, 29,21, 72) and applying lemma 16, from
(B.27) we get

. B ko Ly(zy,22)
R(l‘1,$2|0) - L4(1‘1,1‘2) |:1 B L0(0,$2,1‘17I2):|
Mk 1 . Mk - 08 e
= Ly (21) [1 N L1o($2)] a Lu(xl)[l %" (72l70, 2]
My (M? + 1)
W[l — So(w2]o0, A)] . (B.31)

From (B.15), (B.25), (B.28) and (B.31) it follows that

- 1+ M(M? +1
R(z1,22]0) < (1 — So(x2]00, X)) L]fl((xl) )
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and this together with (B.14), (B.22) and assumption 4(a) leads to
fx(@1,22,2,1|8) < Cor (1 — So(w2]09, A))

-min(Sg,(z1]0, X), St(z2|o, X)) fa(w2) I(z1 < x5) . (B.32)
where Cyy = C [1 4+ My (M? +1)]. The inequalities (B.30) and (B.32) yield

2ug| lné($1,$2|9)| : fX(xlaxZa 2, 1|‘90) < CA'21fA(£2) I(xl < $2)
€

. (mk —+ 1) iug | lnHo(l'2|A)| . (1 — SU(.CL'2|5'0, AO))SL(:UZM'; Ao)
€

—+ (mk + 1) sup ln[l + M3H0(1'2|A)] : SL(.CL'2|6', Ao)
AEA

+ (mg + 2) supIn[l + M2H (x1]|X)] - Sr.(21]5, Ao)
A€EA

+ (my +2)supIn[l + MSQH(xQP\)] - S1(2]6, Xg) + Cho + Ca
AEA

and using assumptions 4(c), 4(d) and 4(e) one can thus conclude that

sup|In R(z1, 72|0)| - fx (21, 22,2,1]|6)
6co

S 621[6_'10 + 020 + 2(2 my + 3)Co]f,4(l‘2) I(l‘l S 1‘2)
= Cyy falxe) (21 < 29) .
From (B.18) and (B.32) it follows that

sup | In f11 (21, 22|0)| - fx (21, 22,2,1|00) < 8 MCo Cor fa(ra) lay < a5) .
€O
We can now, using (B.22), (B.32) and assumption 4(b), estimate

EUP | In fX(IE1,$2, 2, 1|9)| : fX(IE1,$2, 2, 1|90)
)
< (8 Mkogégl +Co+ Co + 6'21| In fa(x2)]) fa(zz)

for x1 < x9, which finally yields
[(2, 1) S (8 MkCOC’Zl + C() + Cgl)EA + égl /l‘ | In fA(.fU)|fA(.fU) dr < oo
if we take assumptions 6(a) and 6(c) into account.

I(2,2) : From (A.17) and (A.26) it follows that

fx(@1,22,2,2(0) = fui(w1, 22|0) (21| A) (22| X) Rs (21, 22|0) S 4 (max(z1, 72))
(B.33)
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with
0'4(ko + k4)
Li(21, 22)

The function Ry(z1,x9|0) is given in (B.24). Using (4.3), (A.5) and (A.7)
one can verify that

R3(l‘1,$2|0) = + R2(1'1,£C2|0) : R2(1'2,£U1|0) .

(my + m3)m? M?+4
5 < Ry, 12|0) < = : B.34
Li(wy,z9)  — (o1, 7210) < Ly (1) L (2) (B.34)
Hence it holds that
(my, + mi)ms ‘ M2 +4
In R3(x1,25]0)| < |In ————2| + |In 5
[In Ry, 7.6)] ‘ Li(21, 72) Ly (z1) L (22)

< Inf(my + mi)m]| + [ In(M + 4)] + 2[In Lu(z1, 7)|
+ |lnL11(x1)| + |lnL11(x2)| .

Using the notation Cay = |In[(my + m2)m?]| + | In(M?2 + 4)| and applying
lemma 14 yields

|In R3(z1, 72|0)| < Cop + 3 In[1 + MfH(x1|)\)] + 3 In[1 + MfH(x2|)\)] )
(B.35)

From (B.34) and assumption 4(a) it follows that
(1 A) pu(@2]X) By (21, 2210) < CG(M +4)
and applying this to (B.33) leads to the estimation
fx(r1,12,2,2|0) < Cg(M? + 4) f11 (71, 72]0) Sa(max(xy,22)) . (B.36)
Using (B.14) and (B.35) one can thus conclude
sup | In Ry (1, %|0)] - fx (21, 22,2,2]00) < CF(MZ + 4) Sa(max(zy, x3))

. C’QQ +3 Supln[l + MSZH(.'L’1|)\)] . SL(IL’1|5', Ao)
AEA

+3 Supln[l + MZH(.’L’2|A)] . SL(IL’2|5', )\0)
AEA

Applying assumption 4(d) yields

Eug |In R3(x1, 22|0)]| fx (21, x2,2,2|60)) < Co Sa(max(xq,xs)) (B.37)
€

126



B.2. CONSISTENCY

where Cyy = C2(M?2 + 4)(Caa +6Cp). Using assumption 4(b) and (B.14) one
can estimate

sup | 1H/L(I1|A)| . fu(.’l)l,l‘2|00) S Cg (B38)
AEA
From (B.18), (B.33), (B.36), (B.37) and (B.38) it follows that

EUP | lﬂfX(IE1,$2, 2, 2|9)| : fX(IE1,$2, 2, 2|90)
)

< CZ (M2 +4)(Coo + | In Sa(max (w1, 42))|) Sa(max(z1, 22)). (B.39)

with Coy = 8M.Cy + 2 Cy + Cas. Since [[ Sa(max(zy,x5)) deidrs = EA? it
therefore holds that

1(2,2) < C3(M? + 4)Cyy F A

+ C3(M? + 4) / | In Sa(max (1, 22))| Sa(max(zy, z2)) dridry < 00
where assumptions 6(a) and 6(d) are taken into account. O

Proof of theorem 5

The finiteness of the single integrals I(7, j) will now be proven.

I(0,0) : From corollary 3, (B.14), (B.18) and (4.7) it follows that

Sup | lnf;‘((x,x,0,0|19)| . f;((xaxaoamﬂo) S (8 MkCO + |1an(l')|)fA(l')
JIEO

and therefore assumption 6(b) yields

1(0,0) < 8 MCy +/|lan(x)|fA(x) dr < 0o .

I(1,0) =I1(0,1) : Using (4.8) and (A.23) one can write
fx(w1,22,1,019) = fi1(w1,22|0) (21| X) Ro(21, 22|0) fa(we) Lz < 29)

where Ry(z1,x92|0) is given in (B.24). From (B.14), (B.25) and assumption
4(a) it follows that

fx(21,22,1,0]9) < Comin(Sy(z1]0, X), Sp.(z2]0, X)) fa(22) Iz < 35) .
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In addition from (B.13), (B.29) and corollary 3 one can conclude that for
1 < Ty:

sup|In f5(z1,22,0,0[3)| < Cy + sup |In p(z1|A)] + | In fa(xs)]

9cO A€A

+ (4 My, + 1) (sup In[1 + MZH (21|X)] 4 sup In[1 + MZH (z|)]) .
AEA AcA

Therefore assumptions 4(b) and 4(d) yield for z; < x5

SUP | lnf)*((xlax% 170|0)| : f)*((xlax% 170|00)
YO

< Co(Cao + (8 My, + 3)Co + [ In fa(w2)]) fa(w2) -

Finally we get

F(1,0) < Co[Cho + (8 My + 3)Co] EA + Co /x n fa(2)] fa () d < o0

if we take assumptions 6(a) and 6(c) into account.
I(1,1) : From (4.9) and (A.17) it follows that
f)*((xla T2, 17 1|’l9) = fX(xla T2, 27 2|0) :

Thus using corollary 3 and (B.39) one can conclude

sup | In f§ (1, 2,1, 119)| - fx (21, 22,1, 1])
DeO

< CZ(M? +4)(Coo + | In Sa(max(z1, 2))|) Sa(max(z1, 22)) -
Using assumptions 6(a) and 6(d) this yields
I(1,1) < C3(M? + 4)Cyy F A
+ C3 (M2 + 4)/ | In Sa(max(zy, x2))|Sa(max(z1, x2)) deidry < 0o .

O

B.3 Asymptotic normality in a bivariate cor-
related frailty model

First some basic corollaries and lemmata that are applied in the proof of
asymptotic normality of maximum likelihood estimates in the bivariate cor-
related gamma frailty model are presented.
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Corollary 6. From (A.5) and (A.7) it follows that
1< Li(2]9) < La(z,y19) , (B.40)
0 <InLy(z,y|d) <InLy(z|9)+InLy(y|d) and (B.41)
‘8lnL4(x,y|19)‘ < ‘GlnLu(xW) ‘ N ‘alnLH(yW)‘
forie{l,... K,}.

(B.42)

Corollary 7. From (A.39) it follows that

0
< |=— . =
A g, 0,09 < G001 u9)| - Fa(@) 1 =)
62
< . =
P z i, 0,08)]| < [ 55550019 fale) 1w =)
0
oo 0, 1.009)] < | g gl9)] - £ 1w <)
0? 0?
X < . <
8192319]fX($’y’ ]-70|’l9) —= 8192819391’1(x’y|19)‘ fA(y) I(III = ?J) )
8 0
f)*(('raya ]-7 1|’l9) S 61992,1($7?J|19)‘ . SA(maX(fL',y)) and
2
< .

fori,j 6{1,... Ky}

Lemma 17. Let f(z]0) be a family of density functions dominated by a
measure . Let © € X from a measurable space (X, ) and let € © C RF,

If for alli,j € {1,... ,k} and all @ € O the partial derivatives % and
% exist and are continuous, and if there exist two measurable functions
i00j

G(x) and H(z) such that for all @ € ©, all x € X and all i,j € {1,... ,k}

of $|9 0 f (x|6)
< —— <K
‘ ‘ G(z) and 96:; ‘_H(x),

where [ G(z)dp < 0o and [ H(z)dp < oo, then for all i,j € {1,... k} it

holds that
/8f8(12|0) dp = i/f(ac|t9) du=0 and

(|0)dp =0

/ fz|6) , _
09,00, aeae
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Proof. Without loss of generality let @ = 6 be one-dimensional. Let

In(2|0) = M for a null sequence (h,). Then g,(z) 2= —‘9fl(9$0“9)
and
of (z|60)
(z]0) = L)

for some intermediate value @7. Therefore |g,(z|0)| < G(z) for all z and one
can apply Lebesgue’s Dominated Convergence Theorem (see Witting, 1985).
It follows that

i [ analo)du= [ Jim gntewyan= [ 2L

n— 00

/gn(xw)du:hin[/f(xwmn)du—/f(xw)du] ~ 0

yields the first assertion.
Now let 8 = (61, 0) be two-dimensional and

b 1 a :59,9 +hn a 1‘9,9
gn(x|91,92):h—[ e 13912 . f(a|011 z)} _

The second assertion can be proved completely analogous to the first one. [J

and

Lemma 18. Let lo(39) and [,(9) be defined by (A.27). A constant K ezists
such that for all 9 € O, for k,l € {1,... | K, } and for t = 0,1 it holds that

ol; (9
o) <, %0 <k < (B.43)
819l
Proof. 1y, 11, %, %, 83:59019 and 33 59119 are continuous functions of o and ¢,
and the parameter set [mg, M| X [m,u, 1] is compact. O

Lemma 19. Let $§ = {H(.|A) : XA € A} be a family of cumulative hazard
functions that fulfills assumptions 2 and 3. Let a family of univariate survival
functions & be defined according to (4.10) and let assumptions 7(a), 7(b) and
7(c) be fulfilled. Then a positive constant Ky exists such that for all 9 €0,
all x > 0 and fori,j € {1,..., K,} it holds that

sup In Ly, (z]9) - S¢(z|9) < K, fora=31, (B.44)
9€6
sup alnLl—l(mw‘ - S8¢(x|9) < K, fora=1,3,1, (B.45)
9€6 9;
82 In L11($|’l9) a ~
sup W‘ L 5% (2]9) < K, fora=11. (B.46)
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Proof. The inequality (B.44) is a direct consequence of assumption 7(a). The
derivatives have to be considered separately.

Inequality (B.45):

InL ) InL ) =
19, = o Oln L («]9) _ 0 thus sup anl—lm)‘ - S(z]9) = 0.
Do 9c6 do
2 0 = o - OlnLy(z]9) _ 20H(z|A) N ‘lnLn(x|19)‘ < 2 < 2
Jdo 1+ 02H (z|A) do o ms
and
InL v = 2
sup 8111—1(:15|)‘ L S¥(z|9) < — .
9e6 do My
5 9 — Oln Ly (z|9) OlH(x|A)  o*H(x|X) Oln H(x|A)

O\ a\;,  1+o2H(z|A) — o)
From assumption 7(b) it follows that

O1n H (x| \)
sup —a)\
J

In Ly (z]9) ‘ ~
96

- S*(z|9) < su
S22 ald) < sup

- Spld) < ¢

Inequality (B.46):

82 In LH (l‘|’l9)

1. ¥; = o1 or ¥; = o1 : Then = 0 and therefore

00,00
8111 LH(III|’19) ~
sup|——————1| - S§¥(z|9) =0.
ocol 0000, g
0%1n Ly (z]9) 2H (z|A) 402 H?(z|\)
gandvi=o D0 1+ 02H(z\)  [1+ o2H(@\)?
and hence
82 In LH(I|’19) 2 4 6
it Sl Redal D G T G
do? ‘ 0?2 o2 m?
and
2InL =
Sup‘an—lg(ffh”‘ LS89 (x|d) < % _
9co oo m?2
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3. ¥; =0 and ¥; = A, : Since

PInLy(z[9) [ o*H(=A) o H%(z|X\) 2 O0lnH(z|A)
Qo0 1+ o02H(z|A)  [L+02H(z|A)]2]| o Ok
2InL v 4 In H(x|A
it follows that aga—g)\f”‘ < - 51167)\(:7“‘ and using assump-
tion 7(b) yields
82 In Lll(.fb'|’l9) ~ 4
——— - S} (z]¥) < —C
sup| 5 e | SEeld) < -
4. ¥; = Ay and ¥; = \; : It holds that
9”InLyy(z|9)  0*InH(z|A) o’H(z|A)
ONON  ONON 1+ 02H(z|A)
+8lnH(x|)\) Ol H(z|A) [ o?H(z|A) o H?(x|\)
Ok o\, 1+ 02H(z|\) [1+02H(z|\)]?
and therefore
0*In Ly, (z]9) ‘ < ‘82 In H(z|\) ‘ ‘aln H(z|\) ‘ ‘aln H(x|X) ‘
OO\, OO\, Ok o\ '

Using the assumptions 7(b) and 7(c) it follows that

‘ 82 In L11(1'|’l9)

. « "§ < 2 .
a)\ka)\l ‘ SL(I‘| ) - 02 + CI

96

O

Lemma 20. Let $ = {H(.|A) : X € A} be a family of cumulative hazard
functions that fulfills assumption /(a). The parameter set O and the func-
tions goo(x,y|9), hi(z,y|?) and he(z,y|d) are defined according to (4.6),
(A.31), (A.33) and (A.35), respectively. Obviously go(z,y|d) <1 holds for
all x,y >0, all ¥ € O and all . In addition two positive constants K; and
K, exist such that hi(z,y|9) < K;, i =1,2, for all x,y > 0 and all 9 € o.

Proof. Using assumption 4(a), (B.40) and (B.43) one can conclude that
hi(z,y|9) <2M2KCy = K, and hy(z,y|9) < M2KCE = K. O

Lemma 9 is given on page 61. Some inequalities derived in the proof of this
lemma are used in the proof of the subsequent lemmata. This is reason that
the proof of lemma 9 is given first.
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Proof of lemma 9
Since

090, O0lngoq _ Olngo,
20, ou, JeeT Y gy, 9oe

and

Ingo(z,y|9) = —11(9) In Ly (z|9) — 11(F) In Ly (y|9) — lp(F) In Ly(x, y|9)
(B.47)

using (B.41), (B.42) and (B.43) it follows that

Pgw(:v ,y| )

o ‘ < K(lnLH( 19) + 1n L1y (y|9) + In Ly (2, y|9)

O1n Ly (z]9) dln Ly (y|9) dln Ly(z,y|9)
90, ‘ " ‘ 0v; ‘ ‘ 01, Dgo,a(L yl9)
< 2K (In Luy (2]9) + In Lis (y]9)

81nL11(x|19) 3lnL11(y|19)
+ o, |+ a9,

ERERTE)

Applying go.o(z,y|9) < SE(z]9) and goa(z,yld) < SE(y|9), respectively,
yields

agoo‘éﬂ‘ <2 K(In L1 (z]9) S§(z]9) + In Ly1 (y|9) S7(y]9))

+ 2K(‘81“L‘ SO (x|9) + ‘M‘ S2(y]9) )
and therefore from (B.44) and (B.45) it follows that

‘agoéﬂ‘ <8KKy=rcy fora=141. (B.48)

It holds that

0*go,1 _ [32 In go,1 I d1ln go, ) dln go1 )
00:00;,  Lovoo; * av; o9, | T
9% 1In gy 990,12 0go,1/2
_ L 4 220172 290,
90,00, 1T Ty T,
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From (B.47) using (B.43) and (B.48) it follows that

0? 9
—gg;g(gbm )‘ < K go1(z,y|9) <ln Ly1(z]9) +In Ly1 (y|9) + In Ly(x, y|9)
iUV
81nL11(.fL'|’l9) alnLH(y|19) alnL4(x,y|19)
+) 90, + 90, |+ o0, |
‘31nL11(:1:|19) N ‘ﬁlnLH(yh?)‘ 81nL4(:1:,y|19)‘
20, 20, 00,
‘82 lnL11($|’l9)‘ I 82 lnLH(y|19)‘ 82 lnL4(x,y|19)‘
00,00, 00,00, 00,00,
+4ch .
One can write
82 In L4(l‘,y) _ 1 aLu(x) 4 aLH(y) aLH(l') 4 8L11(y)
L11($) 82 In Lll(x) i Oln Lll(x) ) Jln Lll(x)
L4(£U, y) 8191819] 8192 819]
i Lll(y) 82 In Lll(y) 4 Jln Lll(y) . Jln Lll(y)
L4(£U, y) 8191819] 8192 819]

and therefore it holds that

02 1; Lg(x, y) ‘ < “ alnaLH(x) ‘+‘61n;11(y) H U alnaLH(x) ‘+‘6lnaL11(y) H
909, |= 5 0; 5 9,
] 0?In Ly (z) ‘ 0? In Ln(y)‘ ] ]
99;0 99;00,;
N ‘81118[;911(:1:)‘ . ‘81118[;911(:1:)‘ N ‘81118[;91-1(?4)‘ . ‘81118[;91.1(?4)‘
< 2“6lnaL$i1(x)z‘ N ‘6lnaLﬁ1i1(y]) H Ualn;;jl(;) ‘ N ‘6lnaL1;ley) H
oo | o] 10
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and one can estimate using (B.41) and (B.42)

0? x,y|9
PO B < 2 K gua(o.19) (10 Lual®) + 1o Lus(419)

99,00,
N 81n[511;@|19) ‘ N ‘alnlgz;‘(mﬂ)‘
J J
4 82 In L11($|’l9) ‘ 82 In Lll(y|"~9) ‘
89,00, 89,00,
a9, a9, a9, a9,
+4cp .

Applying go,1 (2, y|?) < Sp(z|9¥) and go:(x,y|¥) < Sip(y|¥), respectively,
yields

0* ,y|9)
_;%ﬁﬁ%_‘ (an|0sL|w+hum@wwumw>
alnLH .I'|’l9 8lnL11(y|19)
+2K( —‘S z|d) + ‘8—19] 5L(?J|19)>
0?1n Ly (z|9 0?1n Ly, (y|9
+2K(—7%%§Ll 5y (af) + [ LG g, 1)
0V
InL In Ly (y|9
o[ | 2 2y 1 | L) gz 1)
3111[/11( [9) 1/2 Oln Ly (y[9) 1/2
Ean (e10) + |2 (419)
+4dcp.
From (B.44), (B.45) and (B.46) it follows that
0o (x, y|d) 2 2
) < = .
‘—aﬁiaﬁj ‘ < 16K Ky +8KK2 +4¢ = dy
0

Lemma 21. Let $ = {H(.|A) : A € A} be a family of cumulative hazard
functions. Let & be a family of univariate survival functions defined ac-
cording to (4.10) and let assumptions 2, 3, 4(a) and 7 be fulfilled. Let the
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function goo(z,y|9), hi(z,y|?) and hy(x,y|I) be defined by (A.31), (A.33)
and (A.35), respectively. Then for i,j € {1,...,K,} positive constants ¢y,

dy, co and dy exist such that for a = %, 1

Ohy (z,y|9 02hy (z, y|9

[P IO gyt pl) < ‘#ﬁj)\ (1) < dr
Ohs(x,y|Y 82hy(z, |0

‘%‘ - goa(z,y|9) < ¢ and ‘#{gj)‘ gor(z,y|9) < ds

for all z,y > 0 and all 9 € O.

Proof. One can write
hi (2, y|9) = 1L(9) - hii (2]F) + 1o (F) - hao(z, y|9)

and therefore it holds that

ahl all h 8[0 O0ln hll Jln th

'h11+lo' 819

+1

ov; o9 o9 o o - (B:50)

From assumption 4(a) and (B.40) it follows that hy(z, y[9) <MZCy —( for
k=0,1,all z,y > 0 and all 9 € ©. Using (B.43) one can estimate

Jln hyy(x]9) J1n hyg(x, y|9)

8h1(x y|19 .
— | <
| | <2KC+KC 5 -+ KC 5
(B.51)
It holds that (see (A.36))
Inhyy(2]¥) =2Ino + Inp(x|A) —In Ly (z|A) (B.52)
and consequently
‘8lnh11 ‘ <9 dlno ‘8lnu(x|)\)‘+‘8lnL11(x|19)‘
09 2v; 2v; 2v; '
If ¥; # o then 38111;0 88111;0 = 1 < mi Using
i i o s
9o.a(x,y|¥) < SF(x|¥) one can conclude that
Olnhyy (x 2 Oln pu(x|A)
Z ) < il Sl LA I
o0, ‘ hala,19) < o [ S el)
8lnL11( |’19)
B T L
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and therefore assumption 7(d) and (B.45) yield

Jln hH (l‘|’l9)
o0v;

Since (see (A.37))

2 A
goa(z,y|9) < — +C1+ Ky=cyy fora= 1,1 1. (B.53)
ms

N
N

Inhip(z]¥) =2Ino + Inp(x|A) — In Ly(x, y|A) (B.54)
with (B.42) it follows that

Jln hlo(x,yh?)‘

09;
1 1 In L InL
<2‘8 no ‘8 n,u(x|)\)‘+‘an 11(x|19)‘+‘8n 11(y|9) ‘
Using assumption 7(d) and (B.45) one gets
J1n hyg(x, y|9) 2
‘ 20, ‘ g()axy|19)<ﬁ+01+2K0—010f0ra—i%,1.
(B.55)
Inequalities (B.51), (B.53) and (B.55) yield
oh 9) -
‘ﬁ‘ Go.a(z,y|?) < C[2+011+cm]—clfora—i %,1.
From (B.50) it follows that
82h1 8211 8210 all Jln hH alo Jln hm
= -h o+ o Ty O I
90,00, _ o000, ™ T ave0, " T a0, a9, ™ T o9, Taw,
all Jln hH alo Jln hm
il Ry 4 =2 -h
0, Tan, ™ Tas, Tas, M
82 In hll 82 In th
[ - N S A :
T ge0, T B, M
O0ln h,n O0ln h,n 0ln hm O0ln hm
[ - : Ry 41 - : hia
T e Tae, M ey e, Mo
Using (B.43), (B.53) and (B.55) one can conclude
0?hy (z, y|9 ~
‘#ﬁj)‘ < go.a(2, y|9) < KC[2 + 2611 + 2¢10 + ¢y + )]
~ (10 1In hyy (x|9) 0% 1n hyg(x, y|9) L
R (‘ 00,00, ‘ ‘ 00,00, D goa(w, y|?) for a =3, 1.

(B.56)
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From (B.52) it follows that

% Ino

82 In hn(l‘|’l9) ‘

0% In pu(z|\) ‘
09,00,

82 In LH (l‘|’l9) ‘
89:00, '

00,00,

If9; # 0 or ¥; # o then | 21 | =0 and if ¥; = 0; = o then |17 =1L <L

Since go.o(z,y|9) < S¢(z]9) one gets

82 lnhu ;L‘|’l9 821nu($|A)
T 94999 ey Y 7‘ . Qo ]
00,00; ‘ go.aw,y|9) < mg 00,00, St (z[9)
82 In LH(III|’19)
Z T S |9
o0, | Srld)
and thus assumption 7(e) and (B.46) yield
82 In h11 2
W‘ goaxyw)<m_+02+K0—d11f0Ya—%,1. (B.57)

S

From equation (B.54) it follows that

0? lnhlo(x,yh?)‘ < ?*Ino 0* lnu(x|)\)‘ 0*In Ly(z, y|9)
00,;00; 00,00 00,00
, ?*Ino 1 1
and together with (B.49), 2 | = 2 < 5 Go.a(x,y|¥) < S¥(x]d) and
go.a(,y|P) < SE(y[9) this yields
0*In hyg(x, y|9) 2 O*In p(z|N) | .
82 In LH(I|’19) 82 In Ln(y|’19)
2 et S B o et o e
2 a0, 1oL+ 555, SEwl9))
Jln L11(1'|’l9) a/2 Jln Lll(y|"~9) a/2
2 || s+ [P sl
Oln L11($|19) a/2 Oln L11(y|19) a/2
Earm (el0) + | 5 (419)

resulting in

‘82 In hyo(z, y|9)

2 A 2
59,50 ‘ “g0.a(2,y0) £ —5 + G+ 4Ky + 8K§ =dyy  (B.58)

S
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for a = 1,1, if assumption 7(e), (B.45) and (B.46) are taken into account.

From (B.56), (B.57) and (B.58) it follows that
0%hy (z, y|9 -
% . go,a({L’, y|’19) SKOD + 2611 + 2610 + C?U + C%l + d10 + dn]
i0Vj

=d, for o = 3, 1.

From (A.35) and (A.38) it follows that
hZ(II’.a y|19) = 10(19) ' h20(x7 y|19)

and therefore it holds that

oh ol Jdlnh
319?:?;.h20+10-87i20.h20' (B.59)

Since (B.40) and assumption 4(a) yield ho(z,y|9) < M} C?2, using (B.43)
one can conclude

‘3h2(x ,y|9)

‘ < K Mic? [1 n ‘alnhQO(x’y|’9) H .

B.
a9, (B.60)

It holds that (see (A.38))
In hoo(z, y|¥) = 4lno + In p(z]|P) + In p(y|¥) — 21n Ly(z,y|9)  (B.61)

and hence with (B.42) it follows that

‘alnhgo(x,yh?)‘ <4. Jlno ‘8lnu(x|19) ‘ N ‘6lnu(y|19)‘
0v; - o0; ov; ov;
alnLH(x|19) alnLH(y|19)
NER B e REH o el K
If ¥; # o then ‘ if ¥; = o then ‘31‘“" = % < mi Using

Go.o(x,y|) < So‘(x|19) and go.o(z, y|19) < S%(y|9), respectively, one gets

d1n hyy(z, y|9) 8ln,u x|)\

s00)) gy o i) <| st (el + 2L sy 0
1S T Sttt =G5 sp) -

and therefore assumption 7(d) and (B.45) yield

01n hyg(x, y|9)
d9;

4 .
‘.go,a(fr,ylﬂ) < — 420, + 2Ky = ¢y for a = 4, 1.
ms
(B.62)
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Together with (B.60) this leads to

‘ahZ(xa y|’l9)

90, ‘ - go.a(T,y|9) < K M} Oyl + co] = ¢y for a = %,1.

From (B.59) it follows that

82 h2 . 82 lo h n % 0ln h20 B 8l0 0ln h20 h
90,00, _ 09,00, "* a0, “av, ™9, "o, ™
82 In h20 8 In hgo 8 In h20
lo—=——=—"-h ly - : - hao .
T ga0, T e Tan, ™

and therefore using |hgo| < M} CZ, (B.43) and (B.62) one can conclude

0*ha(z, y|9)
0 L, Yjv)| 9

09:99, ‘ 90,1 (x, y|9)

02 1n hoy(, y|9
< K M;Cj [1 + 20 + 3 + ‘ &;Séﬁj 9) ‘ '90,1($7y|19):| :
Equation (B.61) yields
0?%1In h20(l‘,y|"9)‘ <4 0?Ino 0? lnu(m|19)‘ 0? lnu(y|19)‘
00,00 - 00,00, 00,00,
0?In Ly(x, y|9)
00,00

Since | 2o | = L < L g1 (2,y[9) < Sp(x|9) and g (z, y9) < Si(y|9),

oz = mza

respectively, using (B. 49) it follows that

02 In hog(x, y|9 4
a;(.)éﬁ.m )‘ goa(z,yl¥) < — m?
1 J
0% In p(z 0% In p(y|A)
v, 319 ‘SL ?9)+ | =55, a0 ‘SL yIo)
8 lIlLH 8 lnLll y|79
2(‘ 80,00, ‘SL z|9) + ‘ 80,00, ‘SL |19)
OlIn Ly (2]9) gl/2 dIn Ly (y[9) gl/2
+2 [\— (ef9) + | S S (1)
Oln Ly (x|9) 1/2 Oln Ly, (y|9) 1/2
U 0V, (z]9) + ‘ 0V, ([9)
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and therefore assumption 7(e), (B.45) and (B.46) yield

0% In hoo(z, y|9 4 .
3;(_)3(19_y| )‘ Goa(@,y[9) < — +2Cy+4 Ko + 8 K3 = diy
7 ] s

and thus follows

‘ 82h2(x7 y|’l9)

50,50, ‘ < gon (7, y]9) < K MYC2[1+2c9 + 3y + day] = ds .
O

Now the proofs of the technical lemmata that prepare the proof of the
main theorem about asymptotic normality in the bivariate correlated gamma
frailty model are given.

Proof of lemma 10
From (A.31) it follows that

990,07, y|9)
ov;

39o.a/2(x, y|?
= 2 go,a/2(7,y|V) - 9, /259 y19) : (B.63)

Hence from (A.32) one can conclude that

a!h,a ohy 390,a
o0; | < |59, | e Tl | and
0”1, 0*hy . L9 ‘3h1 . . dgo,2 ‘
00;00;1 = 190,00, 7T 50,1 7% " |75y,
ahl aggg a2.9004
2‘_ cooa | 225 L 7
250,195 e, | " 130,00,

and therefore lemmata 20, 9 and 21 yield

‘w‘gmmca:& and
Y,

%10z, y|9
%‘Sdl+4clco+f(od0:f[l'

Denote §1,4(%,y) = g1,4(y, z). From (A.34) and (B.63) it follows that

agl,a/Z

agO,oz -
“Ja/2 T 91,0/2 " EX)
(2

892 a
) oo+ ho -
90,0 + N2 90,

0v;

< Ohs

‘agl,a/Z
— 1oV,

0v;
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and

0% 92,0 0%hs _ 49 Ohy a90,04/2 Ohy 990,a/2
90,001 = 190,00, 9 T =99, 172" |5y, 39, 17012 | gy,
9”90 g1 a/2| - o a/2 oG a/2
[ 5 2|2
5000, T 180,00, | 92T a0, |1 o,
‘391,a/2 _ ‘agl,a/Z ) 3291,(1/2
20 00, |92 5,99,

Obviously it holds that ¢; o < hy and g1, < hy (see equation (A.32)). Hence,
applying lemmata 20, 9, 21 and 10 yields

893 ls fZB (;’ = 2 ﬂd
‘M‘<02—|—K200+ ! G a
‘%:?)‘<d2+4C200+K2d0 2H 1 .

Proof of lemma 11

From equation (A.31) it follows that
In ggyl(l', y|’l9) = —ll (’19) In L11(1'|’l9) — ll (’19) In Lll(y|’l9) — l() (’19) In L4(l‘, y|’l9)
and therefore using (B.43) one can conclude

d1n goq(x,y|9)

‘ < K(ln L1 (z|9) +In Ly1 (y]|9) + In Ly(z, y|9)

9Y;
Oln Ly (z|9) 0ln Ly (y|9) Oln Ly(z,y|9)
+‘ 99 ‘“L‘ 90 ‘Jr‘ 99 ‘
and
821 y|9
R0 0| o (anmm +1n Ly (y]9) + In Ly(w, y19)
iUVj
8lnL11(x|19) alnLH(y|19) alnL4(x,y|19)
+‘ 91 ‘“L‘ 9, ‘“L‘ 9, ‘
‘31HL11(37|19)‘+ ‘alﬂLu(yW)‘ N ‘alnh(ﬂc,ylﬂ)‘
0, 0, 00,
021n Ly, (z]9) ‘ 9?In Ly; (y|9) ‘ 0 In Ly(z, y|9) ‘
90,00 00,00; 00;00; '
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Hence (B.42) and (B.49) yield

‘alngo,l(fv,yh?)
ov;

S MO (.CL', y)
with

Mo(r,) = 2K [supla Lu(a}9) + supln Lus (119
9eb 96
O0ln L11(1'|’l9) ‘

-+ sup 90

9eb

Jln Ly (y|9) ”

9eb 9V;

and

9”1n go1 (z, y|9) >
’ < M,
90,00 ‘ o(,y)

with
0lIn LH(I|’19) ‘
09;
‘aln Ly (y|9) ‘
99,

My(z,y) =2K (sup In Ly (x]|9¥) + sup In Ly (y|9) + sup
96 9€6 9€0

‘aln Ly (y]9) ‘ N Sup‘ dln Ly, (z[9) ‘ +sup
0v; 9cO 819j 96
PinLyl0)] P 019)
09,00 09;00;
Oln Ly (x) ‘ N Oln Ly (y) ]
o;

ov;
Oln L11 (y) ‘
a9, '

+ sup
9e€d

+ sup
9e€d

9€6

sup
9cO

. [Sup‘alnLll(x)‘ n
96 8193'

sup‘
9eb

Since goo(z,y[¥) < S§(x]|¥) and goo(z,y|9) < S§(y|¥) applying (B.44),
(B.45) and (B.46) leads to

Moy(z,y) - gou(z,y|¥) <8KKy=¢  and
My(z,y) - go,a(T,y|9) <8 KKy(2+ Ky) = dy .

Proof of lemma 12

From (A.32) and (A.33) it follows that

In g o(z,y|9) = Inp(x|A) + In Ry (2, y|9) + a In g1 (z, y|9) (B.64)
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with
l—o 01 . l~€1 (19) /:70(19)

z.,yl9 + = . B.65
Bale i) = 7000y T L al®) ~ Inl@l) | La(m.glo) T )

For [ = 0,1 it is obvious that

- Oki(9) 02k ()
< < < = . B.
0<k(¥) <1, ‘ 5. ‘_1 and e =0 (B.66)
It holds that
1 1 1 9

+ < . B.67
Rl(xay|19) [Lu(xw) L4(xay|79)]_ -0 ( )

Lemma 11 and (B.64) yield

‘Slngm @, y[9) ‘ < ‘mnﬂ z|A) ‘ ‘alnR(})g” i) ‘+M0 7,y) and
(B.68)
LD [P | P
Y (B.69)

From (B.65) it follows that

00. T, T o0, I. L 09, L. o,

OmR, 1 (0ky 1 0ky 1k 9InLy ko Olnly
09, '
Using (B.66), (B.42) and (B.67) one can conclude

Oln Ry (z,y|9) ‘

ov;
‘ d1n Ly (x|9) ‘ ‘ 91n Ly(z,y|9) ‘
1 1 1 a9; aY;
+ + +
Ri(x,y|9) (Lu(wﬂ) Ly(z,y|9)  Lu(z]9) Ly(z,y]9) )
L11(1m|19) + L4(a:1,y\19) |+ ‘Eﬂn Ln(x|19)‘ N ‘Sln Lu(y|19)‘

Ry (37, y|19) 0v; ov;

: _291 (1 N ‘8lnlgéi(x|19) ‘ N ‘81n[511;l(y|19)‘> ‘

(B.68) and (B.70) yield that

‘8lngl7a(x,y|19)‘ < M (x,y)
8192 - 11— o1

< (B.70)

144



B.3. ASYMPTOTIC NORMALITY IN A BIVARIATE CORRELATED FRAILTY MODEL

where
Oln pu(x|A)

Mi(,y) = sup| 2

AEA

+2(14sup
96
Since goa(z,y[9) < S§(x[9) and gos(z,y|9) < S§(y|?), applying assump-
tion 7(d), (B.45) and lemma 11 leads to
My (2,9) - goa(z,yl9) <+ +2(1+2K,) =&
It holds that

‘ + MO(ny)

0ln LH(I|’19) ‘
09;

8ln Ln(y|’19)
sup —819 ‘ .

9€6

82 lan _ i 82R1 i 8lnR1 8lnR1 . (B7]_)
00;00; _ R, 00;00; = 09; 0V,

(B.65) leads to
82R1 . 8k1 1 0ln LH ako 1 0ln L4 akl 1 0ln Lll
09;00; C00; Ly, v CO0; Ly v, 819 Ly, 09,
8k0 1 8ln L4 kl 8ln LH 8ln LH ko 8ln L4 8ln L4

T 99,1, 00, | Lu 09, 09, L., a0, o,
ki *InLy ky0*Inly
Ly 99;09; L4 09;00;

From (B.42), (B.49) and (B.66) thus follows

‘82R1(x,y|19)‘ <[ 1 N 1 }
00;00; Ly (z|9)  Ly(z,y|9)
_ {‘alnlgé(xh‘})‘ N ‘8lnL11 (y]9) ‘ ‘alnLH ‘ N ‘alnlgq;(yh%‘
i j
N UalnLH(ﬂﬂ)‘ 8lnL11 y|19 ] [ alnLH x|19 ‘+ ‘8lnL11(y|19) ”
9V 0V,
0? 1HL11($|19)‘ 0? lnLH y|19 ‘}
00,00, 00,00,
and therefore (B.67), (B.71) and (B.70) yield
0% 1n R, (z|9) 2 [ 0% 1In Lu(x|19)‘ 0%1n Ly (y|9) ”
09;00; - 1 -0 09;00; 09,00,
8 Oln Ly (z|Y OlnL 9
TaZay (H‘ alz;i( | )‘+‘ 811;2_(y| )D
. <1 N ‘alnLH(xW)‘ N ‘8lnL11(y|19) D ‘
29, 29,
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82 In LH (l‘|’l9)

~ O0ln L11(1'|’l9) ~
Denote R;(z) = sup‘—‘ and R;;j(x) = sup then,
9co 09, ’ 9€O 09;09;
using (B.69), one can estimate
‘32 lng1,a(fv,yli9)‘ _ Mi(z.y)
90;00; T (l-o)?
with
~ 0% In pu(z|N) . .
Wy (2, ) = sup| - HE 4 2 Ry (@) + 2 R ()
veol  00i00; ! !
+8[1+ Ri(r) + Ri(y)[1 + Ry(w) + R;(y)] + Mo(z,y) -
Using go,a(7,y|9) < S§(2|9), goa(w,y|d) < S§(yld), assumption 7(e),
(B.45), (B.46) and lemma 11 it follows
My (z,y) - goa(z,yl9) < Cy + 4 Ko+ 8[1 4+ 2 K> +dy = d; .
U

Proof of lemma 13

Denote 1 (z, y|9) = g1.0(y, x|¥). From (A.34) it follows that

821ng271_
09,00;

h29071 82 lnhg 821ng071 8lnh2 Glngo,l 81nh2 8lngo,1

o [aﬁiaﬁj+ 99,09, + 99, ov, )( a0, v, )]
91,1911 821ngl7% 821n§1’% 6lng1,% 6ln§17% 6lngly% 6ln§17%
o [aﬁiaﬁj 99,00, ( 99, | a0, ) 00, | o9, )]
1 [(alnhg 0ln go, Glngl,% aln@,%

1

BN AN T >h290,1+( 20, T ow, )917%91,%]

(g s+ (Ce S Yo

Using the notation Ni(z,y) = My(y,z) and Ny(z,y) = M (y, x), lemma 11
and lemma 12 one can thus estimate (the dependence on z, y and ¥ is omitted
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here)

82 In g2.1 62 In hg ~ Oln hg Oln h2
’ 7, ‘ M, ‘ M,
90,00, | = o000, T [ 29, 0] [ a0, |+ "]
M; + Ny + (M, + Ny)?
(1—01)
81nh2 M1—|—N1 alnhQ M1+N1
M, ‘ Mo+ -+ -1

(B.72)
Equation (A.35) yields
Inhy(x,y|¥) =2Ino +1n g, + Inp(z|d) + In u(y|d) — 21n Ly(x, y|9)

and therefore with (B.42) it follows that

Oln hy(x, y|9) < 2 N 1 N ‘alnu(xw)‘ N ‘alnu(yw)‘

0V; Tms o dY; dY;

8ln LH(III|’19) 8ln Ln(y|’19)
R T Rl e e B S

and with (B.49) it follows that
02 lnhQ(x,y|19)‘ < 2 1 0? ln,u(x|19)‘ 0? ln,u(y|19)‘
‘ 82 In Lll(.fb'|’l9) ‘ 4 ‘ 82 In Lll(y|’l9) ‘
0v,;00; 0v,;00;
99, 99, a9, a9, ‘

(B.74)

8ln LH(III|’19) 82 In LH(III|’19)

If one denotes R;(z) = sup

‘ and Rj;(z) = su

CSC) 09, , 9eO 0;00, ,
- 1 Y - | v
R;(x) = sup O plz]d) and R;j(x) = sup w‘ then one can con-
9€O 9Y; sco  00i00;
clude from (B.72), (B.73) and (B.74) that
‘821n92,1(x7y|0)‘ < M2(x7y)
00;00; T (=)
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where
My(z,y) = # + % + Rij(z) + Ry (y) + Rij(x) + Rij(y)
+2(Ri(x) + Ri(y)) (R () + R;(y)) + Mo (,y)
+ [mi + )+ i(y)+2Ri($)+2Ri(y)+M0($ay)]

i(y) +2 Rj(x) +2 IA%J(y) + My(z, y)]
(Ml(mvy) + Ml(yam))Q

it 2 Bi(w) + Raly)+2R(0)+2Ri(9) + Mo(w, )+ Mi (2, y) + Mi y, )]
[,ﬁ, ooy HRy(@) + Ry(y) +2R;(x) + 2R, (y) + Mo (2, y) + M (, y) + M (y, rv)]-

Using go,1(z,y[d) < So(z|9), go,1(z,y[d) < So(y[d), the assumptions 7(d)
and 7(e), (B.45), (B.46) and the lemmata 11 and 12 one can finally conclude
that

My(x,y)-go1(z, y|9) < 142420, +2Ko+8Kj+do+[1+-2+2C +4K,+Co)?
+2di + 48 + [1 + 2 + 20 + 4Ky + Co + 261 = ds .

0
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Appendix C

Results of simulations

C.1 Numerical algorithms used in maximum
likelihood estimation

The maximum likelihood estimation described in this work was performed
with the help of the software GAUSS (http://www.aptech.com). GAUSS
is a data analysis environment based on the GAUSS Matrix Programming
Language. It provides several application packages, among them modules
for maximum likelihood estimation (MAXLIK) and constrained maximum
likelihood estimation (CML). This section gives a short and very general
introduction to the numerical algorithms that have been used. A detailed
description can be found in GAUSS Applications (1996) or Judd (1998).

C.1.1 Maximization of the log-likelihood function

The maximum likelihood package (MAXLIK) includes several procedures
that iteratively find the maximum of the log-likelihood function

InL(x|0) = In L(z1, ... ,7,|0) =Y In f(x;]6)
=1

with respect to 0. Here f(.|0) is the density function and xq,... ,x, are the
individual observations.
If 6, is the current parameter vector, then the succeeding vector is

Oi11 = 01 + prdy,

where dy, is the direction vector and py is the scalar step length. The starting
value 6 is provided by the user.
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There are several methods of finding a direction vector and a step length in
each iteration. Define

Oln L 0%?InL

to be the gradient and the Hessian matrix of the log-likelihood function,
respectively. (@) is the vector of the first partial derivatives and (@)
is the matrix of the second partial derivatives of In L with respect to the
components of 6.

The most important methods of calculating a direction vector provided by
GAUSS are the Newton-Algorithm and the BFGS-Algorithm. The Newton-
Algorithm is based on an approximation of In L by a quadratic function. The
new direction vector is calculated as

Sp = X(0),) 1 T(8),) .

It may be very expensive to compute the Hessian matrix or its inverse at every
iteration, and in addition the Hessian matrix might be ill-conditioned. For
these reasons other algorithms exist that do not calculate the Hessian matrix
directly at each iteration, but rather approximate it by another positive
definite matrix. One of them is the algorithm of Broyden, Fletcher, Goldfarb,
and Shanno (BFGS). In this algorithm the new direction is calculated as

where Fy, is a positive definite matrix which is easier to compute. The matrix
F, is updated after calculating the vector @, as

Fr(0p1 — 01)(0r11 — 0,)Fy N P,
(@ri1 — 01)Fr(0141 — 64) Y (0 i1 — 6y)

Frii=F —

where 1, = ¥(0y41) — ¥(6;). A common choice for the starting matrix Fy
is the identity matrix I.

The iterative methods described of course assume the existence of the second
partial derivatives of the log-likelihood function and the positive definiteness
of the Hessian matrix. In GAUSS the derivatives can be supplied analytically
by the user. Otherwise they are calculated numerically.

GAUSS provides different methods of computing the step length p,. All
these methods attempt to find a value for p that increases the function

m(p) = In L(xz |0 + pdy) .
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A necessary condition for 6" to be a local maximum of In L is ¥(6*) = 0.
Based on this the iterative procedure of calculating the MLE is stopped by
GAUSS if the normed gradient || (0})||/(1+ |In L(6)]) is small.

The numerical algorithms that are used in the maximum likelihood package
(MAXLIK) of GAUSS are described in the corresponding manual (GAUSS
Applications, 1996).

Many statistical models contain constraints on the parameters. One way
to avoid the problems which arise with those models is to carry out the
maximum likelihood estimation for a transformation of the parameter vector.
This was done for the four-dimensional correlated frailty model by estimating
the shape parameters of the components of the frailty variables instead of
the correlations and variances of the frailty variables. However, optimization
algorithms also exist, that allow for an incorporation of constraints on the
parameters.

The GAUSS package Constrained Maximum Likelihood (CML) provides pro-
cedures for the calculation of MLEs of statistical models with general con-
straints on the parameters. These constraints can be linear or nonlinear,
equality or inequality constraints. A detailed description of the algorithms
can be found in GAUSS Applications (1995). The theory of constrained
nonlinear optimization is summarized in Judd (1998).

C.1.2 Calculation of standard errors

As can be seen in theorem 2, under certain conditions on the density function
f(.|@) and on the parameter space, for the asymptotic distribution of the
MLEs it holds that

vn(0, — ) 5 N(0,1(6)") . (C.1)
Here I(0) denotes Fisher’s information matrix. (C.1) is equivalent to
Vn1(0)7?(, —8) 5 N(0,1) .

If the Law of Large Numbers (see Sen and Singer, 1993, Theorem 2.3.6) can
be applied then

1 ?InL(X|0) 1 0%Inf(X;]0)

l = - —_= — —Z
2= (0) n 0000 n ; 0000’
P E52 In f(X1]6)

20000 10
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Consequently ﬁ 2(8)Y/2 L5 1(8)/2. Then based on Hilfssatz 6.39 in Witting
and Miiller-Funk (1995) one can conclude that

2(0)/2(0, — 6) 5 N(0,1) .

From the existence of continuous second partial derivatives of In f(.|@) with
respect to all components of @ the continuity of 3(0) in @ follows. The
consistency of the MLE and Satz 5.107 in Witting and Miiller-Funk (1995)

then yield £(6,)"/% 2 £(8)'/2. From a second application of Hilfssatz 6.39
(Witting and Miiller-Funk, 1995) it therefore follows that

2(6,)"%(6, — 0) 5 N(0,1) .
This implies Var(2(8,,)'/?8,)) — 1 for n — co. Hence the approximation
Var(0,) ~ (0,,) "

is valid for large values of n. It is used to calculate (approximate) standard
errors of the maximum likelihood estimates. That means that the covariance
matrix of the maximum likelihood estimates is approximated with the inverse
of the Hessian matrix.

This approximation is also used for constrained maximum likelihood estima-
tion. Usually it is assumed that the standard statistical inference described
above is valid as long as the parameter estimates are “sufficiently distant”
from the constraint boundaries, and if the sample size is high.

Schoenberg (1996) discusses statistical inference in models with constrained
parameters. He also explains the methods for analyzing the distribution
of the estimated parameters which are implemented in the GAUSS module
CML.

C.2 Histograms of the empirical distribution
of MLEs in the four-dimensional model

On the following pages the figures which contain the histograms of the empir-
ical distribution of the maximum likelihood estimates in the four-dimensional
correlated gamma frailty model are given (see Chapter 5). In addition each
histogram includes the normal density function that corresponds to the esti-
mated values of mean and standard deviation. The interval axis shows the
range of the values of the estimate whereas the scale axis shows the number
of estimates with a value in a certain interval. Each figure gives the results
for a different parameter. The structure of the figures is basically the same.
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Each line of charts represents the histograms for a different distribution of
the age at the time of observation (A). The first and the third column show
the results derived in the fully parametric estimation approach, whereas the
second and the fourth column do the same for the semi-parametric estimation
approach. The sample size used to get the results in the first two columns
was 1000 pairs and for the last two columns a sample size of either 5000 or
10,000 pairs was used.

The caption under each chart gives the interval over which A is distributed,
the sample size, and the estimation approach. All charts for one parameter
have the same scale so that they can be compared directly.

Since there are only MLEs for the parameter a; and b, in the fully paramet-
ric estimation approach, the results for these two parameters are presented
together in figure C.9. Instead of the estimation approach the caption under
each chart includes the parameter.

The figures are discussed in section 5.3.1 on page 81.
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C.2.
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C.3 Skewness and kurtosis of the MLEs in
the four-dimensional model

Table C.1 shows the empirical estimate of the skewness of the distribution of
the maximum likelihood estimates in the four-dimensional correlated gamma
frailty model. The empirical distribution of the MLEs was derived in the sim-
ulation study described in Chapter 5. The values are given for the different
distributions of the age at the time of observation A and for the sample sizes
1000 and 10,000 pairs. In each cell of the table the upper number gives the
skewness of the estimate derived in the fully parametric estimation approach
and the lower number gives the value of the skewness for the estimate derived
in the partly semi-parametric approach. That is the reason that there is only
one line of values for the parameters of Sy, i.e. for a; and b;.

In table C.2 one can find the empirical estimate of the kurtosis of the distribu-
tion of the maximum likelihood estimates in the four-dimensional correlated
gamma frailty model. The results are given again for the different distribu-
tions of A, the sample sizes 1000 and 10,000 pairs and for the two different
estimation approaches. The structure of the table is the same as the structure
of table C.1.

Based on the values given in tables C.1 and C.2 tests for normality of the
empirical distribution of the MLEs have been carried out. The asterisk (*)
indicates rejection of normality with 0.05 significance level in a two sided
test. The tests are described in section 1.4.2.

The results presented in tables C.1 and C.2 are discussed in section 5.3.2 on
page 81.
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C.4 Asymptotic behavior of the variances of
the MLEs in the four-dimensional model

Table C.3 shows the empirical variances of \/n (6, —6) for the maximum likeli-
hood estimates of the different parameters of the four-dimensional correlated
gamma frailty model. This is done for the different sample sizes n = 1000,
5000, 10,000, different distributions of the age at the time of observation, and
the two different estimation approaches. In each cell of the table the upper
number gives value derived in the fully parametric estimation approach and
the lower number gives the value derived in the partly semi-parametric ap-
proach. There are only results of the fully parametric estimation approach
for the parameters a; and b;.

The figures given in table C.3 are discussed in section 5.3.3 on page 83.
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SUMMARY

Summary

A model that can help in assessing the overall contributions of the genes and
the environment to the ageing of an individual is presented in this disserta-
tion. Here it is formulated for twin pairs, but it can easily be generalized for
other groups of related individuals. The model can be placed in the frame-
work of multivariate survival models and random effects models. It combines
the ideas of survival analysis and demography with those of genetic epidemi-
ology.

The ageing process is simplified as a 3-state process consisting of the states
“healthy”, “ill” or “disabled”, and “deceased”. In the approach presented
here it is not the genetic parameters of the age at onset of disease or disability,
and life span that are estimated but those of unobserved latent variables
called frailty. The frailty variables represent the individual susceptibility to
disease or death.

The main advantage of the model is the type of data one can use. As one ob-
servation unit it is possible to include groups of related individuals with some
or all members deceased at the time of observation. Such groups would be
excluded in an analysis that only examines disease status. The current health
status of the living individuals and the exact life span of individuals who are
already deceased are the only information necessary for the application of
the model.

Theoretical as well as practical aspects of the proposed model are discussed
in the dissertation. These are, on the one hand, theoretical properties such as
the identifiability, the consistency, or the asymptotic normality of parameter
estimates. On the other hand practical questions that arise in the application
of the model are also considered. On the base of simulated data, properties
of maximum likelihood estimates and the advantages of the model in com-
parison to a more traditional approach are discussed. Finally, the model is
applied to a real data set.

The dissertation leads to new insights of the modeling and analysis of depen-
dent and not fully observable survival times.
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ZUSAMMENFASSUNG

Zusammenfassung

In dieser Arbeit wird ein Modell vorgestellt, das dabei helfen kann, den all-
gemeinen Einflufl der Gene und der Umwelt auf das Altern einer Person zu
untersuchen. Das Modell wird speziell fiir Zwillingspaare formuliert, es kann
aber auch fiir andere Gruppen miteinander verwandter Personen verallge-
meinert werden. Die Arbeit hat ihren Platz in der multivariaten Lebens-
daueranalyse und im Bereich der Modelle mit zufélligen Effekten. Metho-
den der Lebensdaueranalyse werden mit Methoden der Demografie und der
genetischen Epidemiologie kombiniert.

Der Alterungsprozefl wird vereinfacht als ein Prozel modelliert, der aus
den drei Zustanden “gesund”, “krank” und “verstorben” besteht. Mit dem
vorgestellten Modellierungsansatz werden nicht die genetischen Parameter
des Alters zum Erkrankungszeitpunkt bzw. der Lebensdauer direkt bestimmt,
sondern die genetischen Parameter von gewissen, nicht beobachtbaren zufalli-
gen Groflen, die Frailty genannt werden. Die Frailty-Variablen reprasentieren
die individuelle Anfélligkeit fiir Krankheit bzw. Tod.

Der grofite Vorteil des vorgestellten Modelles ist die Art von Daten, fiir die
es anwendbar ist. Es ist moglich Gruppen von Personen miteinzubeziehen,
in denen ein oder mehrere Gruppenmitglieder zum Beobachtungszeitpunkt
bereits verstorben sind. In einer Analyse, die sich ausschlie§lich mit dem
Gesundheitszustand befafit, wiirden solche Gruppen von Individuen ausge-
schlossen werden. Die einzige Information, die fiir die Anwendbarkeit des
Modelles erforderlich ist, ist der aktuelle Gesundheitszustand der lebenden
Personen sowie die Lebensdauer der verstorbenen Personen.

In der Arbeit werden sowohl theoretische als auch praktische Aspekte des
prasentierten Modelles diskutiert. Das sind zum einen theoretische Eigen-
schaften wie die Identifizierbarkeit, die Konsistenz oder die asymptotische
Normalitat von Parameterschatzern. Zum anderen sind es praktische Fragen,
die die Anwendbarkeit des Modelles betreffen. Auf der Basis von simulierten
Daten werden Eigenschaften von Maximum-Likelihood-Schitzern und die
Vorteile des Modelles gegeniiber einer herkdmmlichen Analysemethode be-
trachtet. Das Modell wird schlieflich auch auf reale Daten angewendet.
Diese Arbeit fiihrt zu neuen Erkenntnissen iiber die Modellierung und Analy-
se von abhangigen, nicht vollstandig beobachtbaren Uberlebenszeiten.
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